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Introduction

This thesis is devoted to studying the large time behavior of the solutions to the Cauchy problem of the
dissipative Schrodinger equations

i2u(t,r) = Hu(t,z), x €R", t >0 (L)
u(0, z) = uo(x), '
where H = —A + V(z) is the linear Schrédinger operator. Here we always assume that V() is a complex
potential satisfying the short-range condition
[V (z)] = O({z)™"), (1.2)

for some p > 2 and the dissipative condition IV (z) < 0.

This chapter is organized as follows. In Section 1.1, we present an introduction and some classical
results about Schrodinger operators. The main goal of this thesis will be given in Section 1.2. In Section
1.3, we will state the main results of this thesis and then give the sketch of the proof.

1.1 Presentation

In quantum mechanics, the Schrodinger equation is a partial differential equation that describes how the
quantum state of some physical system changes with time. It was formulated in late 1925, and published
in 1926, by the Austrian physicist Erwin Schrodinger. In classical mechanics, the equation of motion is
Newton’s second law and which replaces Newton’s law in quantum mechanics is Schrodinger’s equation.
It is not a simple algebraic equation, but a linear partial differential equation in general. This differential
equation describes the wave function of the system which is also called the quantum state.

Let Hu = —Au+V (x)u. Here u is the wave function representing the position, —Au = — ?:1 8§j wis
the kinetic energy and V' is the potential energy. In [58], it is indicated that there three general mathematical
problems arisen in quantum mechanical model : (1). Self-adjointness ; (2). Spectral analysis ; (3). Scattering
theory. Our main risk is to try to answer these problems for the model (1.1) if V() is a complex potential
with a non-positive imaginary part. The self-adjoinness for the Schodinger operator is usually easy to obtain
as long as the potential is a real function and satisfies some scale condition at infinity, especially assumption
(1.2). So (2) and (3) are more important.

If V (x) is real function satisfying (1.2), then H is selfadjoint on L? with domain D(H) = H*(R") and
the results about its spectral analysis and scattering theory are very classic and complete. The low-energy
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8 CHAPITRE 1. INTRODUCTION

analysis has been discussed by lots of mathematicians, such as [1], [6], [7], [8], [9], [17], [18], [23], [25],
[27], [31], [32], [33], [37], [35], [46], [49], [51], [75], [76], [81], [84] and the references therein. The main
difficulty is to analyze the threshold eigenvalue and resonance in some weighted Sobolev space. 0 is called
an eigenvalue if there exists a L? function u such that Hu = 0 and called a resonance if there exists a
function u satisfying Hu = 0 for some u € L*({z)*dz) \ L?*(dz), s > 3. The one-dimensional and two-
dimensional cases are discussed in [7], [8], [9], [35] and the references therein. The three-dimensional and
four dimensional cases have been studied in [31] and [33] respectively. For dimension larger than four it
has been discussed in [32]. Based on the delicate analysis of resolvent on low energies and the limiting
absorption, the large-time behavior of the unitary group e~*# can be obtained in weighted Sobolev space.
On the other hand, the classical dispersive estimates have been studied in [17], [18], [25], [63] ,[84] and the
references therein.

If V(x) is complex, then H is non-selfadjoint. Suppose that H is dissipative. The limiting absorption
principle on the positive axis from the upper complex plane was established in [60] by using the Mourré’s
commutator method. In [77], it was proved that 0 is regular point and the eigenvalues of /I can not accu-
mulate to the real axis near 0. Furthermore, if IV (z) is sufficiently small, the discrete spectrum of H is
a perturbation of the eigenvalues and the resonance of Jt H. Based on the spectral analysis, the expansion
of e~ can be obtained in weighted Sobolev space in [78]. Besides these, in [57] J. Rauch proved that
the time-decay if V(x) has a exponential decay at infinity and in [26], M. Goldberg proved a dispersive
estimate for some non-selfadjoint Schrodinger operator.

The scattering theory for the short-range Schrodinger operators is complete. There are lots of classical
methods to treat it, such as Cook’s method, Enss’ method([56],[58]) and so on. The quantum scattering for
non-selfadjoint operators appears in many physical situations such as optical models of nuclear scattering
([19]). Its Hilbert space theory is studied in [40], [50] and [13], [14], [15], [66]. See also [3], [4], [38]. In
particular, one can construct the scattering operator for a pair of operators (H, Hy) where Hj is selfadjoint
and H is maximally dissipative, if the perturbation is of short-range in Enss’ sense. Several equivalent
conditions for the asymptotic completeness of dissipative quantum scattering are discussed in [14].

1.2 Goal of this thesis

In this thesis, we consider the dissipative Schrodinger operators, a class of non-selfadjoint operators.
Let A be a closed operator with the domain D(A) which is dense in some Hilbert space H. If for each
x € D(A),
S(Az, x) <0,

then A is called a dissipative operator. Moreover if there is no proper dissipative extension of A, then A is
said to be maximal dissipative. By Hille-Yosida Theorem, one can prove that —i A can generate a contraction
semi-group on H.

In this thesis, we always assume that V' (z) = V) (z) — iV, (z) satisfying Vi (x), Vo (z) are real functions
and Va(z) > 0 and Vo(z) > 0 on some open set. Then under assumption (1.2), H(¢)(we emphasize that
H depends on ¢) is maximally dissipative. Therefore, the solution of the Cauchy problem (1.1) can be
represented by the semi-group e~ . Thus the main goal of this thesis is to study the behavior of e~#H#
when ¢ tends to infinity. Here € > 0 is a sufficiently small constant such that we can treat the imaginary part
of H(e) as a perturbation of the real part H; = —A + Vi (z).

An important problem is the completeness of the scattering operator for the pair (H, —A). In [14], E.B.
Davies proved the existence of the wave operators and scattering operator, and some equivalent conditions
for the completeness for the dissipative scattering. However, to our knowledge, there is still no result on the
asymptotic completeness itself in this framework. One of the purposes in our work is to give a result on the
asymptotic completeness of dissipative quantum scattering. Here we assume that 0 is a regular point of H;,
which means that 0 is neither a resonance nor an eigenvalue of ;.



1.3. COMPLETENESS OF THE SCATTERING FOR (H (¢), —A) 9

Second, we will discuss the large-time behavior of the semigroup e~ *(¥) in some weighted Sobolev

space. Actually, it is a direct corollary of the low-energy estimate of the resolvent. Here we mainly focus on
three cases respectively : zero is only an eigenvalue but not a resonance of H; in dimension three ; zero is
only a resonance but not an eigenvalue of //; in dimension four ; zero is both a resonance and an eigenvalue
of H, in dimension four. Furthermore we can show that the global estimate of the resolvent we need in the
proof of the completeness of the scattering still holds. But unfortunately this estimate can not hold in the
selfadjoint case. So we can’t prove the completeness of the scattering.

1.3 Completeness of the scattering for (H(c), —A)

The quantum scattering for non-selfadjoint operators appears in many physical situations such as optical
models of nuclear scattering ([19]). The first purpose of this thesis is to give a result on the asymptotic
completeness of dissipative quantum scattering.

Denote Hy = —A and H; = —A + Vj. The wave operators

W_(H,Hy) = s lim ¢!t g=itHo (1.3)
——00

W, (Hy, H) = -, lim ¢!tHo o —itH (1.4)
—+00

exist on L?(R") and on H,., respectively, where H,.. is the closure of the subspace
M(H) = {f € L*3C; st / (™ f, g)|* dt < Cyllgl|*. Vg € L?}.
0

See [14, 66]. It is known that Ran W_(H, Hy) C H,. (see Lemma 2 of [14]). The dissipative scattering
operator S(H, Hy) for the pair (H, Hy) is then defined as

S(H, Hy) = W,.(Ho, H)W_(H, Hy). (1.5)

W, (Hy, H) should be compared with the adjoint of the outgoing wave operator in selfadjoint cases, because
for the pair of selfadjoint operators (H, Hy), the scattering operator S(H;, Hy) is defined as

S(Hy, Hy) = W, (Hy, Ho)*W_(Hy, Hy).

A fundamental question for quantum scattering for a pair of selfadjoint operators is to study the asymp-
totic completeness of wave operators which implies that the scattering operator is unitary. In dissipative
quantum scattering, the scattering operator S(H, Hy) is a contraction : ||S(H, Hy)|| < 1. The completeness
of dissipative scattering can be interpreted as the bijectivity of S(H, Hy). The equivalence of the following
two conditions is due to E. B. Davies (Theorem 7, [14]) :

1. The range of W_(H, Hy) is closed ;
2. The scattering operator S(H, Hy) is bijective on L.

In fact, E.B. Davies proves more general results in an abstract setting which can be applied to our case under
the assumption (1.2) with p > 1.
Denote
W_(e) =W_(H(¢e), Hy) and S(e) = S(H (e), Ho)

the wave and scattering operators defined as above with H = H (¢). Denote

R(z) = (H-2)"
Ri(z) = (Hj—2z)", forj=0,1
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and the working spaces
HR") = {u e S'R"): (z)*(1 — A)su € L*(R")}
Let £(r, s;7', s") be the bounded operators from H"*(R") to H"*' (R").

Theorem 1.3.1. Assume the condition (1.2) with p > 2 and n > 3. Suppose that 0 is neither an eigenvalue
nor a resonance of Hy. Then one has for some g > 0

Ran W_(e) =RanIl'(¢), 0 <e <ey, (1.6)
where II'(¢) = 1 — Il(¢) and 11(¢) is the Riesz projection associated with discrete spectrum of H (¢).

Since one can prove that II(¢) is of finite rank, thus Ran W_(¢) is closed and the scattering is complete.
The proof of Theorem 2.1.1 is based on a uniformly global limiting absorption principle for the resolvent
of H(e) on the range of IT'(¢)

Theorem 1.3.2. Under the assumptions of Theorem 2.1.1, one has the uniform global resolvent estimate
[(x) =TT () R\ + 0, )IT' () (z) *|| < C; (N V2 N eR (1.7)

uniformly in €, where R(A+10,¢) = lim,,_,o, R(A+ip, ) in £(0,s;0,—s), s > 1. Here Il'(¢) = 1 —1I(¢),
I(e) = >_, 1;(e) being the Riesz projection of H(e) associated to ogisc(H (€)).

By the technique of selfadjoint dilation for dissipative operators([55]), this gives a uniform Kato smooth-
ness estimate for the semigroup e~*(°), The condition that 0 is neither an eigenvalue nor a resonance of
H, is necessary for such uniform estimates. We identify the range of W_(¢) for ¢ > 0 small, making use of
the asymptotic completeness of the wave operators for the selfadjoint pair (Hy, Hy).

1.4 Asymptotic expansion in time of ¢~/(%)

Secondly, we consider the Cauchy problem of the following dissipative Schrédinger equation

(1.8)

i0wu(t,x) = H(e)u(t,z), t >0, x € R", n >3,
u(0, ) = uo(x),

—iH() in some weighted L?

The main task in the second part is to get the asymptotic expansion of e
space as t tends to infinity.

So far there have been many works on the low-energy spectral analysis for the self-adjoint Schrodinger
operator and time-decay of the resulting unitary group (cf. [1], [7], [8], [9], [31], [32], [33], [35], [46], [49],
[51], [75], [76], [81], [84] and the references therein). Among these works, the low-energy analysis can be
done in the operator space £(0, s;0, —s) for some s > 1. It is well known that the large-time expansion
of the unitary group Ui (t) = e 1 in £(—1,s;1, —s) is closely related to the behavior of the resolvent
Ri(z) = (H; — z)~! for z near 0. The main difficulty in studying the behavior of R;(z) near 0 comes from
the existence of the zero eigenvalue and the zero resonance. Let M = {¢ € H""%: H ¢ = 0, for any s >
+} be the null space of Hy in H"~* and then M N L? is called the eigenspace of H; at zero. If M \ L?
is nontrivial, 0 is called a resonance of H; and ¢ € M \ L? is called a zero resonant state of H;. Under
the assumption (1.2) for py > 2, it is known that dim(M /(M N L?)) < 1 in dimension three (see [31])
and dimension four (see [33]), and M C L? in dimension n > 5 (see [32]). The one-dimensional and two-
dimensional cases are discussed in [7], [8], [9], [35] and the references therein. In these works, V] is treated
as a perturbation of Hy. In [75] and [76], there permits a decaying of critical order O(#) as |r| — oo
on Vj(x). It is clear that this kind of potential can not be seen as a perturbation of Hy in the low-energy
analysis. It must be treated together with /, and the zero resonance can appear in any dimensional case.
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In this paper, we focus on three cases : zero is only an eigenvalue but not a resonance of Hy,i.e. M C L?
in dimension three ; zero is only a resonance but not an eigenvalue of H;, i.e. M N L? = () in dimension
four; zero is both a resonance and an eigenvalue of H; in dimension four. Actually, the first case can be
extended to n > 4 if zero is only an eigenvalue of /. Since for n > 5, 0 can be only an eigenvalue of
H;, the result is complete for n > 5. On the other hand, this method we use in the eigenvalue case can be
applied in the four-dimensional resonance case but it is invalid for the three-dimensional resonance case.
This will be explained in detail below.

Similar to the selfadjoint case, the large-time behavior of the semigroup generated by the dissipative
Schrodinger operator also depends on the low-energy spectral analysis. There are some works about the
non-selfadjoint case such as [26] and [57]. In our case, under the assumption (1.2) and € small enough, the
crucial point is also to get the asymptotic behavior of the resolvent R(z,e) = (H(g) — z)~! for z near 0. In
[77], it is proved that O is a regular point and

R(A+10,1) = lim R(\ tik,1)
K—04
existin £(—1,s;1, —s) for s > 1 on [, ] for some ¢ > 0 under the assumption (1.2) for py > 2. On
the other hand, in [60], we know that R(\ + 0, 1) € C*(]0, 00[; £(0, s;0 — s)) for some po > 2 and s > 3.
Then by the formula proved in [78]

(Ut,1)f,g9) = i /(R()\ +i0,1)f, g)d\, t > 0 (1.9)
21 Jg

for f,g € L*® for s > 1, the author gave an expansion of the semigroup U (¢, 1) for the large time in

L(0, s;0, —s) under some additional conditions on the derivatives of V' =V} — V5. Meanwhile, the author

constructed a dissipative example such that there exists a positive resonance and R(\ — i0, 1) does not exist

at this point.

For later use, we denote o (H (¢)) (04isc(H (€)) and o.55(H (£))) by the spectrum (the discrete and essen-
tial spectrum) of H () respectively. By Weyl’s essential spectrum theorem, one has 0., (H(c)) = R £
[0,00[and 04:5.(H () C C_ ={z € C: Iz < 0} which s a set of the eigenvalues with finite multiplicity.

In this thesis, for ¢ > 0 sufficiently small and some py; > 2 in (1.2), we can obtain the existence of
R(\ £i0, ) by Grushin method for the low energies and by the method of perturbation for A € [\g, o[ in
L£(0,s;0,—s) for some s > 1 and some fixed positive \g. Thus we can use the relation

+oo
e O (¢) = QLm / (R(A+10,¢) — R(A —i0,¢))e ™\, t > 0 (1.10)
0

in £(0, s;0, —s) for some s > 1 and any fixed £ > 0 sufficiently small. (1.10) will be checked in Section
4. Here I1(¢) is the Riesz projection associated with the discrete spectrum of H(¢) and IT'(¢) = 1 — II(e).
The distribution of the discrete spectrum of H (¢) for ¢ sufficiently small has been discussed in [77]. It is
different from the self-adjoint case in which the singularity of R;(A % i0) in £(0, s;0,—s), s > 3 only
occurs at A = 0 such as in [31], [35], [32], [33], [76]. Here the eigenvalues of H () are all located on the
lower complex plane. But the accurate position of these eigenvalues can not be obtained. So the expansion
of the resolvent near these eigenvalues may not be computed directly. Fortunately, it is proved in [77] that
the distance from these eigenvalues to the positive real axis has a positive lower bound dependent on .
Thus based on this fact, we can deduce the expansion for low energies of R(z,¢) outside some discs on
the lower plane which contain the eigenvalues and the radii of which depend on e. Since H(¢) is non-
selfadjoint, there maybe exists some Jordan block structure at each eigenvalue of H(¢). From [77], one can
see that the number of the eigenvalues of H(¢) counted according to their algebraic multiplicities equals
to the number of eigenvalues of H; which is finite. Thus U (t, ¢)II(¢) is of finite rank. Furthermore since
o4isc(H(g)) € C_, then U(t,e)ll(¢) has exponential decay rate dependent on . Some properties of the
Riesz projection II(¢) will be discussed in Section 3.3 for three-dimensional case.

In this chapter, we will first consider the 3-dimensional case under the assumption that 0 is an eigenvalue
but not a resonance of H;.
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Theorem 1.4.1. Let n = 3 and N > 3 be a positive integer. Suppose that assumption (1.2) holds for some
po > 2N + 1 and that 0 is only an eigenvalue but not a resonance of Hy. Then for s €|N + %, oo[ and
o €]0,min{1, s — N — 3}[, there exists ¢g > 0 small enough such that for ¢ €]0, o], the expansion of the
semigroup generated by the dissipative Schrodinger operator H (¢) takes the form

(B3
, i3 ol _ Nia
O () = tTIT(e)+ Y 5 “Ti(e) + e R € (1.11)
j=2
in £(0,s;0,—s). Here T;(¢) is a uniformly bounded operator on € in L(—1,s;;1, —s;) for s; > 2j — %,
j=1,...,[%] and L(t,¢) is uniformly bounded on ¢, t in L(0, s;0, —s). Moreover each T} (<) is of finite
rank.

Remark 1.4.2. One can compare Theorem 1.4.1 with the selfadjoint case in [31] and the dissipative case
in [78]. First if 0 is an eigenvalue but not a resonance of H,, then for py > 5 and s > 3, the expansions of
Ri(2) and U, (t) = e~ have the form

Ri(2) = —2'Py— iz 2B_, + O(z"217),

in £(—1,s;1,—s) where z = |z|2¢' ™52 with arg z €]0, 27[,

z| — 0 and
Uy () g = —(mit) " 2B_y + O(t"27%), (1.12)

in £(0,s;0,—s) as t — oo, where Py is the eigenprojection with respect to 0 and 11,. is the orthogonal
projection onto the absolutely continuous space of H,. Here, 0 > 0 is a positive constant dependent on s.
Moreover, B_y is at most of rank 3.

Second in [78], the author discussed the n-dimensional dissipative Schrodinger operator. There the
imaginary part of the dissipative operator is not necessarily small. Then one can obtain the expansion of
the semigroup in L£(0, s;0, —s) for pg > n and s > [5] + 2 described as follows

Uty =t"2Cy+ 0t 279,

where Cy is of rank one. Here it needs some additional conditions on the derivatives of V(x) = Vi(z) —

In the selfadjoint case, the unitary group acting on the orthogonal complement space of the eigenspace
of Hy has a decay of rate t7% in L£(0,51;0,—s1) for s; > % This destroys the decay-rate 3 although the
eigenspace has been excluded. It is different from the dissipative case in which U (t,€)Il'(¢) also decays with
rate O(t_% ). On the other hand, since the imaginary part of each eigenvalue of H (¢) is equal to —ce + o(¢)
for some ¢ > 0, then U(t,e)ll(e) decays with an exponential rate. One can see from Remark 3.3.9 that
the principal term T\ (¢) is of rank one, which coincides with the result in [78]. In particular in [78], since
in the formula (1.9) applied to get the expansion the author used the limit of the resolvent from the upper
plane, the effect of the eigenvalues can not be observed. And due to (1.10), we can obtain the expansion
in the complete subspace of the eigenspace, which can be compared to the absolutely continuous spectral
subspace of H;.

In the expansion (1.11), there exists singularities on €. It is because the existence of the eigenvalues of
H (e) near 0. The singularities come from the distance between these eigenvalues and the positive axis which
is the essential spectrum of H(e). In particular, one can see that the expansion (1.12) for the selfadjoint
case cannot be seen as a limit of (1.11) when ¢ tends to 0.

Remark 1.4.3. We note that the expansion (1.11) holds for any t > 0 and the singularity of each term on ¢
has been described explicitly.
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Remark 1.4.4. It is interesting that the principal term is t—> T} (e) = t’%O(l) which is uniformly bounded
on . If € tends to 0, then the limit of the principal term exists in L(—1,s1;1,—s1) for s; > % and it is
nontrivial. In particular, the limit T1(0) is dependent on V, and its explicit representation can be obtained
in Section 3.4.

Then we state the theorem for the 4-dimensional resonance case.

Theorem 1.4.5. Let n = 4 and N > 3 be a positive integer. Suppose that assumption (1.2) holds for
po > 4N + 2 and that 0 is only a resonance but not an eigenvalue of H,. Then for s €]2N + 1, 2] and
o €]0,min{l,% — N — $}[, there exists &g > 0 small enough such that for ¢ €)0, 0], the expansion in
L(0,s;0,—35) of the semigroup generated by the dissipative Schrodinger operator H (¢) takes the form

N J—1
e MO (e) =Y “(et) Y IF T (e) + (et) N Lt €), (1.13)
k=0

J=1

where Tf(a) is uniformly bounded operator on € in L(—1,s5;1,—s;), s; > 2j+ 1forj =1,...,N,
k=0,1,...,7—1and L(t,¢) is a uniformly bounded operator on t, € in L(0, s; 0, —s). Furthermore, each
T} (e) is of finite rank.

Remark 1.4.6. Similar to the three-dimensional case, we can also compare our result with the selfadjoint
case in [33] and the dissipative case in [78]. In [33], if O is a resonance but not an eigenvalue of H,, then
one has the expansion in L£(0, s;0,—s) for s > 6 and py > 12

Ul(t)Hac = @(t)(-, ¢>¢ + O<t71)7

ast — oo, where

o] 1 6—it)\ 1

P(t) = — d\A=0(In""t
(t) /0 A2+ (a —In\)? ( )

for some real constant a dependent on Vi (x). In the dissipative case, one can see that the principal term

has decay rate of t=2. In particular, we can compute that the principal term T () is an operator of rank

one (see Remark 3.5.5). This coincides with the result in [78].

Meanwhile, we can also obtain the similar conclusion in four-dimensional case in which we assume that
zero is both a resonance and an eigenvalue of H;.

Theorem 1.4.7. Let n = 4 and N > 3 be a positive integer. Suppose that assumption (1.2) holds for
po > 4N + 2 and that 0 is both a resonance and an eigenvalue of H,. Then there exists ¢y > 0 small enough
such that for ¢ €]0,¢e0|, the expansion (1.13) in L£(0,s;0,—s) for s > 2N + 1 and the properties of the
terms stated in Theorem 1.4.5 still hold.

Remark 1.4.8. The explicit expression of the terms in the expansion of eI’ (¢) will be calculated in
Section 6. In particular, the principal term T?(¢) € L(—1,s1;1,;—s1) for s > 3 is of rank one which
coincides the result in [78]. This will be obtained in Remark 3.6.5.

Remark 1.4.9. The main part of the proof is to obtain the expansion of the resolvent near 0 and the key
point is the observation that the eigenvalues of H(g) near 0 has distance cc + o(¢) in the eigenvalue case
in three dimension case and ce|lne|™' + o(e|Ine| ™) for the resonance case in four dimensional case from
the real axis. Here c > 0 is some generic constant. We note that in the eigenvalue case for dimension n > 4
the distance between the eigenvalues of H(c) near 0 and the real axis is also ce + o(e)(See [77]). So the
methods we apply here can be also used in the eigenvalue case for dimension n > 4. Since there exists
no 0-resonance for n > b, thus the results are complete for n > 3 except the resonance case in three
dimensional case.

We note that in [77], Prof. Wang proved the number of the eigenvalues of H (¢) near zero for dimension
n > 3 under some additional condition (1.8) for the case that 0 is only a resonance but not an eigenvalue
of Hi(See Theorem 1.2(b)). Here the case n = 4 which we consider coincides with the case vy = 1in [77].
But we can prove the same conclusion without the condition (1.8) in [77].
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The proof of these three theorems are based on the low-energy analysis. In particular, we will also
discuss some properties of the Riesz projection of H (¢) associated with the eigenvalues near 0.

1.5 Notations

Vo(x) = Vi(z) —ieVa(x), Vi, Vareal, € > 0 sufficiently small;
H(e) = =A+ Vi(e);
Hy=—-A, H = Hy+ Vi;
R(z,e) = (H(e) —2) ", Rj(z) = (H; —2) ", j = 0,1
=-A+Vi(z) - Zng(aj), R(z) = (H —z)_l;
HY(R") = {f € S'(R") : (2)*(=i"' V)" f € L*([R")};
Le Lk, sk, s): H*(R") — H**'(R") linear bounded.

H(e)
£



On the wave operator for dissipative potentials
with small imaginary part

2.1 Main results

The quantum scattering for non-selfadjoint operators appears in many physical situations such as optical
models of nuclear scattering ([19]). Its Hilbert space theory is studied in [40, 50] and [13, 14, 15, 66]. See
also [3, 4, 38]. In particular, one can construct the scattering operator for a pair of operators (H, Hy) where
Hj is selfadjoint and  is maximally dissipative, if the perturbation is of short-range in Enss’ sense. Seve-
ral equivalent conditions for the asymptotic completeness of dissipative quantum scattering are discussed
in [14]. However, to our knowledge, there is still no result on the asymptotic completeness itself in this
framework. The purpose of this chapter is to give a result on the asymptotic completeness of dissipative
quantum scattering under some conditions.

In this chapter, we study the dissipative quantum scattering under the assumption that the imaginary part
of the potential is small. The main result is described as follows.

Theorem 2.1.1. Assume the condition (1.2) with p > 2 and n > 3. Suppose that ( is neither an eigenvalue
nor a resonance of Hy. Then one has for some g > 0

Ran W_(e) =RanIl'(¢), 0 <e <ey, 2.1
where I1'(¢) = 1 — Il(¢) and 11(¢) is the Riesz projection associated with discrete spectrum of H ().

Theorem 2.1.1 can be compared with the asymptotic completeness of wave operators in the selfadjoint
case which says that
Ran W, (H,, Hy) = Ran 1l

where 11, is the projection onto the absolutely continuous spectra subspace of ;. Under the condition
p > 2, II(¢) is of finite rank and Ran IT'(¢) = Ker II(¢) is closed. As a consequence of Theorem 2.1.1
and Theorem 7 of [14], the scattering operator S(¢) is bijective for ¢ > 0 small enough. The asymptotic
completeness of dissipative quantum scaterring has the following consequence on the dynamics of the
semigroup of contractions. For any f € L?, one can decompose it as f = f; + f with f; € Ran II(¢) and
f2 € Ran IT'(¢). Since H (<) has a finite number of eigenvalues, all with negative imaginary part, e ~**(¢) f,
decreases exponentially as ¢ — +o00. The existence of the scattering operator S(¢) implies that there exists
fs € L? such that

lim |l ®HE) f, —e7itHof || =0 (2.2)

t—+o00

15
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and the asymptotic completeness of the wave operator W_(¢) ensures that f., # 0if fo # 0. Theorem 2.1.1
shows that either ||e~"(°) f|| decreases exponentially (when f € Ran II(¢)) or it tends to some non-zero
limit as ¢ goes to the infinity (when f ¢ Ran I1(¢)).

The proof of Theorem 2.1.1 is based on a uniform global limiting absorption principle for the resolvent
of H(e) on the range of II'(¢) which is proved in Section 2.3. By the technique of selfadjoint dilation for
dissipative operators([55]), this gives a uniform Kato smoothness estimate for the semigroup e~*#(9). The
condition that 0 is neither an eigenvalue nor a resonance of [ is necessary for such uniform estimates.
Then, we identify the range of W_(¢) for ¢ > 0 small, making use of the asymptotic completeness of the
wave operators for the selfadjoint pair (H;, Hy).

2.2 Some preliminaries

In this section, we will first introduce some basic properties about the dissipative operator (cf. [13],[14],
[15],[41],[58]), and the scattering theory for the self-adjoint case in [56]. Let H be a Hilbert space equipped
with the inner product (-, -), and first we give the definition of dissipative operator.

Definition 2.2.1. Let A be a closed operator with the domain D(A) which is dense in H. If for each
xr € D(A),
S(Az, ) <0,

then A is called a dissipative operator.

Immediately, we can get a property for the dissipative operator only using the definition.

Proposition 2.2.2. Let A be a dissipative operator on H. Then we have the estimate
1
VA€ Crz €D(A), o< g A=Azl (2.3)

Démonstration. Yx € D(A), \ = a+if € C,, where « € Rand 3 > 0, then

I(A=Nzl* = (A= XNz, (A=)

I(A = a)a® + 82|z ]|* — 2R((A — @)z, ifx)
I(A = a)a|® + 82|z ]|* — 263(Ax, z)
Bl

v

]

Remark 2.2.3. Furthermore, it is easy to see that if Ran (A — \) is dense in H, then C, = {z € C | Sz >
0} C p(A). In fact, if Ran (A — \) is dense in H, then for each x € H, there exist x,, C Ran (A — \) for
A € C* such that x,, — x. Set y,, € D(A) satisfying (A — Ny, = x,. Then by proposition 1.2, we have
that

1
ynll < = [l7all-
SA

Therefore, there exists a y such that y,, — y in H. Because A is a closed operator, then © = (A — \)y. So
A — Mis invertible and for Vx € H, one has

} 1
I(A =22l < Sl

Definition 2.2.4. Let A be a dissipative operator in H. Moreover if there is no dissipative extension of A,
then A is said to be maximal dissipative.
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There are some equivalent conditions to the maximal dissipative operator :

Proposition 2.2.5. Let A be a closed dissipative operator in H. Then the following assertions are equiva-
lent :

(1).IN € p(A)NC,;

(2).C4 C p(A);

(3). A is a maximal dissipative operator.

Démonstration. We will complete this proposition by proving that (2) and (3) are both equivalent to (1).
"(1) <= (2)". It is obvious that (2) includes (1), and so we only to prove that (1) implies (2). We claim
that if A € p(A) N C, then D(A, 3) C p(A). In fact, if there exists n € D(X, 3) but ) ¢ p(A). Then

Ran (A — n) is not dense in H. So there exists a ¢ € Ran (A — 17)L ND(A*), and for each ¢ € H,

(A" =g, 0) = (¢, (A=n)p) = 0.

Thus, ¢ € ker(A* — 77). On the other hand, by the invertibility of A — A, there exists ¢ € D(A) such that
¢ = (A — X)), and then one has

0= ((A" = n)p,¥) = (A" = N, ¥) + (A = n){p,¥) = [oll* + (A = n){p, (A = N) ).

Hence

el = (n—=A) (g, (A= X)""p)

In = AMllelllIl(A =X [lel

SA L
2 A

IN

IN

lell®

1 2
Sl

It is a contradiction. So D(\, 22) C p(A) and then by this one can obtain that {n € C, : Ry = R\ or Iy =
A} C p(A). Consequently, one can obtain C; C p(A).

"(1) <= (3)"If there existsa A € C,Np(A) and a dissipative extension B of A, i.e. D(A) C D(B) and
Blpay = A.ForVyp € D(B),set ¢ = (A—X)"H(B—N)¢ € D(A). Then (B—X)¢ = (A=) = (B—N)p.
Since B — \ is a bijection from D(B) to H, ¢ = ¢ € D(A). So D(A) = D(B). Thus A = B. It means that
A is a maximal dissipative operator.

On the other hand, assume that A is a maximal dissipative operator. If (1) is not true, i.e. there exists a
A € C, but A ¢ p(A). Then there exists a ¢) € ker(A* — )\ {0}. One has

S(AY,Y) = S, AY) = (SV[[¢]* = 0.

Thus, ¢ ¢ D(A). We define an operator B with domain D(B) = D(A) @ {¢} as By = Ay, if o € D(A)
and By = A. Then for each ¢ = ¢ + p1p with p € D(A) and o € C., one has

(Bo, o) = (Ap,0) = Mulv), ) + i, A") + Al ]|*
= (Ap, ) = (i, 0) = Xiplp, ¥) + M|y

= (A, ) — R(Au(w, ) + Alul?[lv]®

Therefore
(B, ¢) = S(Ap, o) — (SN)|ul?[[¢]? < 0.

So B is a nontrivial dissipative extension of A. This is in contradiction with (3).
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Remark 2.2.6. From proposition 2.2.2 and 2.2.5, We know that for a maximal dissipative operator A, (2.3)
actually gives us a resolvent estimate

1
VA€ Cy Cp(A), A=V < 5 (2.4)

S
Then we come back to the schrodinger operator we consider. Due to condition V5 > 0, this kind of the
schrodinger operator is obviously dissipative. In fact, it is a maximal dissipative operator, and for this we

only need to check the following lemma.
Lemma 2.2.7. 3\ € p(H)NC,.

Démonstration. We sete = 1/2in (2?) and let A = i0 € iR, and then

o 1 o -
Va(Hy +i0) M| < Sl HW(Hy + )| + Cll (H +8) 7|

1 1. C
< Z(1+3)+—
_2(+5)+5
d+1+20C

20

Set § > 2C + 1. Then || Vo (H; + 16) ! || is strictly less than 1 and the same is true for ||(H; — i6)~!V3|. So
by Neumann’s series, 1 — i(H; — i(S)‘IVQ has a bounded inverse. Therefore,

H —i6 = (H; —i0)(1 — i(H; —i6)"'V3)
also has a bounded inverse. It completes the proof. U

Thus by Hille-Yoshida Theorem in [58], —iH generates a contraction semigroup {e~*#*},5,. Then we
consider the notions of the wave operators and the scattering operator for the pair (H, Hy).
Denote the wave operators

W_(H, Ho) = s — lim e 1tH gitHo (2.5)
Wi (Ho, H) = s — lim_ e!tHo o —itH (2.6)

Then we consider the abstract version that V' is a closed operator with domain D(H,) on H. There is an
important condition called Enss condition in the study of scattering operator.

Definition 2.2.8. Let R > 0 and F(|z| > R) be a characteristic function of R™ \ D(0, R). Denote
h(R) = |V (Ho — i)' F(|lz| > R)|l.
If
/00 h(R)dR < oo, and h(0) < oo,
then we call V' satisfies Enss conditioon.
With the help of the Enss condition, The following theorem provides the existence of the wave operators.
Theorem 2.2.9 (Theorem 9.3 in [66]). Let V be a closed operator on L* with :
1 ||Vl < alHogl| + bll¢
2. 3(¢, Vo) <0, forall p € D(Hy);

, for some a < 1;

3. The Enss condition holds for V.
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Let H= Hy+ V. Then
1. W_ defined by (1.3) exists on L*;
2. W, defined by (1.4) exists on Hy-, where Hy = {p € L? : Hp = \p with X € R};

3. The only possible limit point of real eigenvalue of H is 0 and any non-zero real eigenvalue has finite
multiplicity.

For the dissipative Schrodinger operator we discuss, we only need to prove the following proposition
which provides us the existence of the wave operators.

Proposition 2.2.10 (Proposition 4.1 [56]). The complex potential V' = Vi — V5 with the assumption (??)
satisfies Enss condition.

Démonstration. Choosing a cutoff function x(z) € C*°(R") with x(z) = 1if |z| > 1, x(z) = 0if |z| <
and |Vx| < C. Let xg(z) = x(z/R). Then

1
2

h(R) = |[V(Ho—i)'F(lz| > R)|
1F (|2 > R)(Ho +4)~"V"|

< lxr(Ho+4) "'Vl
< |(Ho +9)"XrV (| + [l[xr. (Ho + 1) V7]
= 1)+
And for (1),
(1) < |(Ho + ) H[lIxgV |l < R, for R > 0 large enough.
On the other hand,

[xr, (Ho+1i)""] = —(Ho+ i) '[xr, (Ho+)](Ho+14)~"
= —(Ho+14)"'(2V - (Vxgr:) — Axr)(Ho +1)~"

By [Vxr| < CR7L, ||Axg|| < CR % and ||(Hy + 1)~ 'V| < C, then

(2) < 2(Ho+ i) IIVXR(Ho + 17V I + 1(Ho + )7 | Axr(Ho + )7V

<
< C(R™+ R)|F(|z| > R/2)(Hy + i)V

Hence, h(R) is an integrable function plus some terms with order R~! near the infinite, and then by putting

this estimate back to the above formula, we get h(R) is integrable. [
Denote
M(H) = {¢ € L*(R"); 3Cy > o,s.t./ ey, o)Pdt < Cyllg|*, Vo € L*(R™)}, (27)
0

and H,.(H) = M(H). Then we have the following propositions :
Proposition 2.2.11. 1. H..(H) C Hi;

2. W_maps L* to Hao(H). So Hao(H) is an invariant space of W_(H, Hy).
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Démonstration. (1). First, we claim that for each ¢ satisfying H¢ = A¢ with A € R we have V¢ = 0 and
then H*¢ = A\¢. In fact,

Migll* = (Ho,¢) = (Hi6,6) — i(Vag, 9),

so (Vag,¢) = 0. Since Vo > 0 it follows that Vo = 0. V¢ € M(H), and ¢ € Hi-, by the definition of
M(H), then

0 = lim [{e7™ ¢ o)

t——+o0

{
= lim [{¢,e""p)|
{

t—+00

_ it
- tLlin |¢,6 >|

= [(o, ).
It follows that M(H) C Hj-. Thus Huo(H) = M(H) C H-.
(2). Vo € M(H,), Let = W_¢. And for Vi) € 2,
| e o npae = [ e wWog ) P
0 0
= [ e, g P
0

N / (™" oo, W2a)|dt
0

Col W2 ||

Coll|,

since ||W*|| = |[W_|| < 1. On the other hand, we will check that M(Hy) = L*(R"™). Let Hq.(Hp)
be the absolutely continuous sgectral space of Hj,. Due to theorem 1.3 in [56], there exist a dense set
K(Hy) = {¥ € Hau(Hp) : ;A‘” € L and suppf, is compact} where s, of H,.(Hy) is the spectral
measure associated to ¢ and “ —5- is Randon-Nikodym derivative. Moreover, also by this theorem and for
any Hilbert-Schmidt operator and Y € K(Hyp), we have

IA A

| e touar < g,

where || A||2 is the Hilbert-Schmidt norm of A. By taking A = (-, p)¢, then K(Hy) C M(H,) and it follows
that H,.(Ho) C M(Hy). In light of H,.(Hy) = L* we have that M(H,) is dense in L. So this proves the
proposition.. 0

Remark 2.2.12. In our problem, it is known that there is no real eigenvalues of the dissipative Schrodinger
operator and they are all on the lower-half complex plane(cf. [77]).

So by the above, we define the dissipative scattering operator for the pair (H, Hy) as
S(H,Hy) = W, (Hy, HYW_(H, Hy). (2.8)

An importance problem is the asymptotic completeness of the wave operator. In the self-adjoint case,
the definition of the asymptotic completeness in the self-adjoint case is given by

Ran W, (Hy, Ho) = Ran W_(H1, Ho) = Hac(H1), (2.9)

where H,.(H;) is the absolutely continuous spectral space of H;. We have seen that Enss condition plays
an important role in the existence of the wave operators, and in fact, it is also sufficient to the completeness
in the self-adjoint case.
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Theorem 2.2.13 ([56]). Let Hy = —A and let H, be the self-adjoint operator Hi = Hy + V where V
satisfies the Enss condition. Then

1. H,y has empty singular continuous spectum ;
2. The wave operator W (H1, Hy) are complete ;
3. Eigenvalues of Hy can accumulate only at 0 and nonzero eigenvalues have finite multiplicity.

Due to the assumption (??) of V; and similar to Proposition 2.2.10, V; satisfies Enss condition and then
by Theorem 2.2.13 the wave operators of H; are complete. So we can define the the scattering operator in
the self-adjoint case for the pair (Hy, Hy) as

S(Hy, Hy) = W (Hy, Ho)*W_(H,, Hy). (2.10)

For the dissipative Schrodinger operator, an important problem is the invertibility of the dissipative scat-
tering operator S(H, Hy) on L?. The relation between the invertibility of S(H, Hy) and the asymptotic
completeness of W_(H, Hy) is described by the next theorem.

Theorem 2.2.14 (Theorem 7 [14]). Assume that there exists a set D dense in L*(R") such that
/ Vet og||dt < oo (2.11)
0

for all ¢ € D. The following conditions are equivalent :

1. The range of W_(H, Hy) is a closed subspace ;

2. The scattering operator S(H, Hy) = W (Hy, H)W_(H, Hy) is invertible on L.
Lemma 2.2.15. If' V satisfies Enss conditions, then (2.11) holds for V.

Démonstration. Denote D = {p € H*(R") N C*> : spt » C R™\ {0} is compact. }. It is easy to check
that D is dense in L?(R™). For each ¢ € D, there exists a constant a > 0 such that spt ¢ C R™\ D(0, a).
Foreacht € R, and x € D(0, at),

(€ (Hy ~ o)) = oy [ O R (1 ~ i)

o AR

Since |x + 2t&| > 2t|¢| — |x| > 2at — at = at, then using the stationary phase method, one has

i . 1 — ~ n—
|WWm—wmm='@$4s [ - )0
c n—1 a
_ B o) (r, 0)r™2de 5 do)|
cSn— 1
_ e_ﬂ O (F((Hoy —1)e)(r, 0)r"‘2)drd9|.
feSn—1

Repeating several times by the same way, one has

C

|(€itHo(H0 — Z)(p)(il')| < W



22 CHAPITRE 2. COMPLETENESS OF THE SCATTERING

for some C' > 0 depending on ¢. Consequently,

itHo ([ _ Vo) (2 C
I (] < at)(e"(Hy ~ o)) < 5
and then -
AHNMSMWWW%wwmmw<m
So

| wvetala = [V 7 (F (el < at)+ Flol = a)et(Ho— gl
0 0
<V (H =) [ IF (ol < at)e oy — iyl
0

b [ IV H = F (el 2 an)l(Ho ~ i)l
0
< Cy.
Here the second term is dominated by Enss condition. [

Therefore, by Proposition 2.2.10 and Lemma 2.2.15, (2.11) holds for V. So we only need to prove that
Ran W_(H, Hy) is closed and then the invertibility of the scattering operator S(H, Hy) is achieved. Below
we will prove that the Riesz projection of all the eigenvalues is of finite rank, and then we hope that the
conclusion which is similar to (2.9) for W_(H;, Hy) in the self-adjoint case is also true.

Below we consider that the imaginary of H is small enough. That means H = H(e) = —A+ V) —ieVs,
where ¢ > 0 is small enough. And the resolvent R(z) is replaced by R(z,¢).

2.3 Proof of Theorem 2.1.1

In this section, we consider a simple case that 0 is a regular point of H;, which means that O is neither
eigenvalue nor resonance of ;. Here we call O is a resonance if the equation Hu = 0 has a solution
u € H%=*\ L?for s > 1. Then by the assumption (??) and Weyl’s theorem, one has 0. (H,) = 0css(Ho) =
[0,00) and there may be some eigenvalues of H; on (—oo,0). In particular, there is no positive eigenva-
lue(ct. [58]). If po > 2 in (0.1), then eigenvalues of H; can not accumulate to O(cf. [58]). And in [77] the
author confirmed this conclusion for /. Throughout this work, we count the eigenvalues according to their
algebraic multiplicity.

So there exists a constant ¢y > 0 such that H; has a finite number of eigenvalues A\; < Ay < -+ < A} <
—co. Let Ny = 22:1 n;, where n; is the multiplicity of A;. Let 11, be the projection of [, associated with
the \;.Then we have the following lemma that the eigenvalues of H (¢) are the perturbation to those of H;.
Below, we consider the eigenvalues of H (¢) without multiplicity, which means that if ) is an eigenvalue of
H with multiplicity m, then we call these are m eigenvalues of H.

Lemma 2.3.1. For e > 0 small enough, N (¢) denote the number of eigenvalues of H (), Then there exists
some g > 0 such that for 0 < € < g,

N(é) = Nl.
More precisely, for each \j, there are n; eigenvalues in
Fi2{2€C:—ce <Q2< —Cg, Rz — \j| < Ce}, (2.12)

for some ¢,C > 0. Let F & U§:1 F;. One has
IR(z,e)]| < Cre™ (2.13)

for some Cy > 0 and z ¢ F with Rz < —c.
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Démonstration. : We only need to consider the spectral of H (¢) near \;. Let IT) = 1 — IT;. Then L*(R") =
Ran II; @ Ran IT’. We define
Ey(z) = (I HLIT — 2) 71 = I (10 HA O — 2) 7'

Since that H; is a self-adjoint operator, for |z — )\j\ > 0 small enough, there exists a positive constant C;
depending on |z — ;| such that
1E(2)] < C;.

Let E(z,e) = (II;H (¢)IIj — z)~'1I/, Then
E(z,e) — Er(z) = W ((IH ()} — 2)~" — (I, H 1T — 2)~ "I,
= eIl (I Hy I — =)' Va () T0 (I H ()10 — 2) 7',
= icEi(2)Va(z)E(z,¢).
Thus
E(z,e) = (1 —ieVa(x)Ey(2)) 1 EL(2)

So fore > 0 and |z — \;| small enough, F(z, ¢) is holomorphic and uniformly bounded in £(L?).
Let {4,0,(3 ) }.2, be abasis of Ran I1;. We define the mapping R, : L>(R") — C" and R_ : C" — Ran II;
by

nj
Riop={<¢,¢? >}  VYoe L*(R"); R_a= Zakcp,(f), Va = {a};., € C".
k=1

Then they satisfy that Ry R = Id¢»; and R_R, = II;. We can construct the Grushin problem :

P(z,e) = (H(i%)+_ - }B_) : L2(R™) x C — L*(R™) x C™.

Thus we can find a approximate inverse matrix :

Q(z,¢) = (E(z;f) R_(H(f)_— z>R+) '

Then Pe.£)0(e) — ((H(s) )é@(z ) +11; H’(Hgd) - Z)R—>
(o4
; (;H(: — z)gl(z,:) — 1T H}(H(gz)— z)R_> N ((1) (1))
(0 o) o 1)
Here

A = (H(e) — )1 H (e)IT; — )11 — 11}
= (I H(e)IT; — 2) (I, H (e)IT; — 2) 'L + IL;(H (€) — 2) (I H ()1 — 2) "I, — 11
= IL(H(e) — 2)(IH ()T} — 2) I
So A% = 0. By Neumann series, P(z,€)Q(z, ) is invertible, and the inverse matrix is

(P(2,2)Q(z,6)) ! = <1 . A -B * AB)
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That means

1z e) = (ng) R_(H(f)_— Z)R+) (1 6 A —-B Jlr AB)

E(z,¢) —E(z,e)B+ R_
R.(1—A) R,AB— R, (H(e) - z)R_>

P
(

_ ( E(z,¢) R — E(z
(

~—
—~
m ™
~—
—
™
~—
|
I\
~—
|
—~
b
o
~—
|
N
~—
~—
~

Ry — R, (H(e) —2)E(z,e) R ((H(e)—2)E(z,¢

(1>

E(z,¢) E+(z,5))
E_(z,e) E_i(z,¢))"

By P(z,e)P(z,6) = 1 and P~Y(z,e)P(z,e) = 1, if EZ}(z,¢) exists, then we obtain the following
expression of the resolvent

R(z,e) = E(z,¢) — Ey(z,6)E} (z,€) E_(z,¢), (2.14)

and £, (z,¢) and E_(z,¢) are holomorphic and uniformly bounded in £(L?) for 0 < ¢ < ¢ and |z — )]
small enough. We can deduce that the eigenvalues of H(¢) in a small neighborhood for \; coincide with
the zeros of F'(z,¢) = det E_,(z,¢). It is easy to check that

E_(z,e) = Ri(z— X\ +icVo+ (\j—z—icVa)E(z,e)(\; — 2z —icVa))R_
(z — M\j)den; +ieR, Va(z)R_ — 2Ry Vo E(2,6)VaR_

Denote
Z — )\j

£

E° . = (2= \)Idens +icR Va(z)R_ = ig(

Idens + Ry Va(z)R-),

and
FO(z,e) = det E°  (z,¢).

On the other hand, R, V(z)R_ is a positive definite matrix in C", due to the assumptions of V5(z). Let
{11, - 11, € Ry be the eigenvalues of R, V5(x) R, then Fy(z, ) has n; zeros

zi =\ — ieui, where k =1,...,n;.
Let \; — isui be one of the zeros of Fy(z, £) with order p,. For a appropriate a;, C; and Cy > 0,
|Fo(z,€)| > C1e™, |F(z,¢e) — Fo(z,e)| < Cope™ ™!

for |z — \; + z'g,uﬂ = aie. For € small enough, then we apply Rouché’s theorem to conclude that there are
also pg zeros of F(z,¢)in B(\; — iepl, are) C C_ 2 {z € C: Iz < 0}. So F(z,¢) at least has n; zeros
21,..., 2y, in Fj with |2z, — A\g| < cpe for ¢, > 0. Conversely, let z is a zero of F'(z, ¢) with multiplicity
p in C_. Then it is easy to check that —Me < Jzy < 0 for some M > 0 depending on V5. By the same
method, we can also get that there exist p zeros of Fy(z, €). This shows that F'(z,¢) has n; zeros in C_.

From the proof, we know that for € > 0 small enough, there exists a constant C' > ¢ > 0 such that the
zeros of F(z,¢) are all in F; defined by (2.3.17). On the other hand, for z ¢ F;, one has |z — z]| > ¢, for
some ¢; > 0 and the inverse of E° , by

_ P!
(B2 ) = Z : j’

where P,g is the eigenprojection of EY . associated to ,ui. So

E_y(z,6) = E° (1 —*(E° ) 'Ry VhE(2,e)VaR_) = E° (1 + O(¢)),
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for z ¢ F;. Then in light of Neumann’s series, one can obtain that
EZi(z,6) = (E2,) 7+ O(1),

and
I1EZL(z,0)|| <

o | Q

5 (2.15)

for z ¢ F; and some C' > 0.
It follows ||R(z,¢)|| < €, for z ¢ F with Rz < c. O

Using the property of eigenvalues, we can get the limiting absorption principle for the dissipative Schro-
dinger operator, which is a perturbation to the self-adjoint case.

Lemma 2.3.2. Set II(c) = > i1 j(e) and ' (¢) £ 1 — I(g), where 11;(¢) is the Riesz projection asso-
ciated to the eigenvalues which are in F;. Then

()] < C,
for some C' > 0 and € > 0 small enough. If 0 is neither an eigenvalue nor a resonance of Hy, then

R\ +1i0,¢) = lim (H(e) — (A +ip)) ™"

pu—04
exists in £(0,s;0,—s) for s > 1 with the estimate
() I () R(A + 0, &)IT () (x) || < C5(A\) "2, A € R (2.16)
uniformly in . Here for \ €] — 00, —co], R(A +1i0,e) = R(\, ).

Démonstration. Fixed a 6 > 0, there exists ¢, > 0 small enough such that 7; C {z : |z — \;| < d} for
€ €]0, £¢]. Then the Riesz projection associated to \; can be represented by

IL;(e) = = R(z,e)dz. (2.17)

2T J)2on|=s

By lemma 2.3.1 and the perturbation method, we can deduce that

[R(z,e)l = [[Ri(2)(1 + icVa(z)R(z,¢€))]
< R +el[Val = [ Bz, €))
< 9(1+8€)

) €
< C(1+0C)
- )
é 0/6_1

for z € {z : |z — \;| = ¢}. Therefore, together with (2.17), we have ||II;(¢)|| < C; for a constant C; > 0.
Thus, TI(¢) is a bounded operator on L*(R™).
Case A > —cy.
For the selfadjoint Schrédinger operator, fix a small constant ¢ > 0 small enough and then for A > ¢, it
is proved in [60] that
()" RO\ + 140, ) (z) || < Cy(N) 73, % > . (2.18)

For A € (—c¢,¢), due to [76] and the assumption that O is a regular point of H, there is a constant C' > 0
independent on A such that

(@) Ra(A +i0) (@) | < O3, T >
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where
Ri(A+1i0) = lim (H, — (A +ip)) "

u—=04

For A € (—cg, —c|, it is easy to check that
[(z) " Ra(A +40) (@) || < [[{z) " *[| oo [[ B (A + i0)[|[[{z) "*[| e < CefA) 2.
Therefore by the formula
() RN +10,¢){(x)* = (1 —ie{x) *Ry(\ +i0){x) " *(x)* Vo (x)) " (x) SRy (X +i0)(x) "

we have 1
[(2) "R\ +i0,)(z) || < CO)2, A € (—co, c), % > s, (2.19)

for ¢ > 0 small enough. Consequently, together with (2.3.23)and (2.3.24), we have that for A > —c,
(@) "R+ i0,2) ()] < O3, B2 > . (2.20)

On the other hand, for A > —c,

2mi =8

b R(A+1i0,¢e) — R(z,¢) &
B 21 |z—X;|=6 zZ—A

1
_ 1 j{ Rlze) .
271 lz—X;|=6 zZ—A

z — A| has a positive lower bound for |z — \;| = J, which is independent on § and «,

R(A+10,¢)II;(e) =

Note that if A > —cg,
SO

. L[ IR § o
11, < — - < < (.
|R(A + 140, e)IL;(e)| < i s N ldz| < C \z—m:(s(s ldz| < C
Since

I'(e)R(A+1i0,e)IT'(e) = R(A+i0,¢) — R(A +10,¢)II(e)

and together with (2.3.23), (2.3.21) is true for A > —cj.
Case \ < —¢y.
First,

1
Li(e) - 1; = —5— \Z_Aj\:(sR(Zaé)—Rl(Z)dZ
1
- ieR(z,e)VaRi(2)dz

210 J )2z 1=6
S R(z,e)VaRy(z)dz

21 Jiaon =5
Let IT,. = 1—3 ", TI; be the projection of the absolutely continuous spectrum of H, S;(e) £ e (1L (e) -

I1;) and S(g) £ Y7, S;(e). Then S(g) = —e~*(I'(¢) — II,c) € £(L?) is uniformly bounded and

- 27

1 -
155(a) < —f s IRz, )[[[IVallzoe | Ra(2)[[ldz] < CO7, s > 1
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Since H, is a self-adjoint operator and the spectral of H; on I1,.L*(R"™) is [0, 4+o0], then
IR (M acl] < ()71 A < —co.
Due to the identity
R\, e)Il'(e) = —eR(\,€)S(e) + (1 + icR(\, e)Va) Ry (M),
then for A < —c¢, we have
[{z) I (e) R(A, )IT'(e) () " [{2) "l ee e RN, ) 1S () I {z) ™[ oo
[1{2) [ zee (1 + [leR(A, €)[[[[Va][ oo ) [| Br (M) ILael [ {2) || £
Cs(\)
for s > 1. =

IN + IA

For our main theorem, we need a Kato’s smoothness estimate(cf.[40]) for the semigroup of contractions
about non-selfadjoint operators. Let H be a Hilbert space, and H is a maximally dissipative operator on
H. —iH is generator of a semigroup of contraction S(t) = e~ t > 0. According to the theory of
Foias-Sz.Nagy(cf. [22]), there is a Hilbert space G D H and a unitary group U(t) = =% on G such that

U ()| = S(t),t > 0,
where I1 is the projection from G to . Then G is called a selfadjoint dilation of H.
Lemma 2.3.3. Assume that there exits A € L(H) continuous such that
sup  JA(H — (A+ i) A% <,

AER,6€]0,1]
then -
| UAS@OF + 1450 FIP)ae < C 1P, vF € 3
0

Démonstration. Let (G, G) be a selfadjoint dilation of (H, ), then

(H—dlz/)ﬁ%@ﬁ:/‘ﬁmU®Mﬁ:H@—d1m
0 0

for &z > 0. By duality, we also have
(H" =27 =1I(G = 2) |

Therefore
I(ATT)(G — =) H(AID)*|| <,

for z € {A : 0 < |SQz| < 1}. By classical Kato’s smoothness estimate for the selfadjoint operators(cf.
Lemma 3.6 and Theorem 5.1 in [40]),

/ (AT (g2t < Cllg2, Vg € G.
0

with
CE sup [[(AI)(G —2)7" = (G —2)7)(A)*|| < 2y

0<32<1

For g = f € ‘H, we have
| 1asw s <2117
0

Using the same method, one can consider —H* and then will obtain

/O JAS ()" fIdt < 2 1
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In fact, using the high energy estimate in (2.2.21) and Proposition 2.2 of [78], one can obtain a slightly
better smoothness estimate : Vs > 1, 3 C; such that

/ [(2)=(D) P ()™ O f|? dt < Cl| 1P, Vf € L? 2.21)
0
uniformly in 0 < € < €. Since 0 is a regular point of /;, an estimate similar to (2.3.26) also holds for H; :

/ () " Tl ™ f)|2 dt < O4||fII?, Vfe€L? s> 1. (2.22)

oo

1

Theorem 2.3.4. Assume that 0 is neither an eigenvalue nor a resonance of Hy, p > 2 and n > 3. Then for

e > 0 small enough,
Ran W_(H (e), Hy) = Ran IT'(¢),

Furthermore, Ran W_(H (¢), Hy) is closed and then by Theorem 2.2.14, the dissipative scattering operator
S(H (g), Hy) is bijective.

Démonstration. Firstly, we claim that Ran W_(H (¢), Hy) C Ran II'(¢). Assume that X is an eigenvalue of
H(e) with A < 0 and II,(¢) is the Riesz projection associated to A. Then there exists & € N such that
(H(g) — A\)*II\(g) = 0. Thus for ¢, ¢ € D(H,), one has

o (—it)]
(Mi(e)e "M, ¢) = = i (IL\(e)(H(e) = A 0, ).
j=0
Hence,
()W (H, Ho)p, )] = lim_[{Ty(e)e™ " e i, )]

k=1 ,;
. - + 4
< lim € ’\JZFHH,\(@(H(E) _)‘)jS@HHQhH
j=0 7"

t—+o00
= 0
This means Ran W_(H(¢), Hy) C Ran II'(¢), and then
W_(H(e), Ho) = II'(e)W_(H (), Ho) = II'(e)W_(H (), H1)W_(H1, Ho).
By Theorem XIII in [58], it is known that W_(H;, Hy) is complete, i.e.
Ran W_(Hy, Hy) = Ran II,,.
So
W_(H(e), Hy) =1TI'(e)W_(H(e), Hy )11, W_(Hy, Hyp),
where 11, is the eigenprojection of the absolutely continuous spectrum of H;. On the other hand,

d

. . d ;. ;. *
E<H/<€>€7115H(z-:)€th1 Hacu7 U> — _<€th1 Hac“y eth (E)H/<€)*U>

dt
= (iH e e, e O (2)*0)

+ (e N T u, i H* (e)e ™ O (e)*v)
= i{Il'(e)e ™E(H, — H(e))e M u, v)
= —(Il'(e)e  tHEOV T, u, v)
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for Vu,v € S. Therefore
t
(T () tHE T 4y v) = (IT'(e) Hgets, v) — e/ (IT'(e)e A Vye M 1, u, v)ds.
0
Since for 2> > s > 1 and by taking A; = (z)°Il,. and A. = (x)°II'(¢) in Lemma 2.3.3,
t . . t . .
| / (IT'(e)e  “AVye A T u, v)ds| = | / (e T HETT () VaILee M, v) dt|
0 0

t
= | [ (VT TR ) O

< C{/ ) 5 T e a2 alt}2
e Oy
0
< Cllullfjoll,

then by taking ¢ — oo, one has
I'(e)W_(H(g), H))Il,, = II'(e)11,. — e K (g),

where - .
K<€> é / e*itH(E)H/<€>‘/2€itH1 Hacdt _ / 7th(E H/( )V HaceltHl dt (223)
0 0

satisfying
(K (e)u, v)| < Cllull|lv]]
uniformly in € > 0 small enough. This means that K (¢) is uniformly bounded in £(L*(R™)). Then one can

check that
II'(e)I1,. — eK(e) : Ran II,. — Ran IT'(¢)

is bijective for € > 0 small enough. In fact, we have

' (e)ac(Hy) — eK(e) = I (e){1 +&(S(e) — K(e))} = {1 — &(5(e) + K(e)) Hlae(H1).

For ¢ > 0 small enough, 1 + &(S(e) — K(¢)) and 1 — ¢(S(¢) + K(e)) are invertible in L?(R"). For
g € RanlIl,. such that (IT'(¢)Il,. — eK(g))g = 0, then {1 — ¢(S(¢) + K(¢))}g = 0. Thus g = 0. So
II'(e)I14e — eK () is an injection for € > 0 small enough. On the other hand, for f € Ran IT'(¢), set

g=17+> (—eIl'(e)(S(e) — K()* ,
k=1

where I1;(H;) = 1 — Il .. For ¢ > 0 small enough the series is convergent and one has (IT'(¢)II,. —
eK(e))g = f. Thus II'(¢)Il,. — €K () is a surjection. So it is a bijection from Ran II,. to Ran II'(¢).
Then because of Ran W_(Hy, Hy) = Ran II,., one obtain that Ran II'(¢) C Ran W_(H(¢), Hyp). So we
can deduce that Ran W_(H (¢), Hy) = Ran II'(¢).

By Lemma 2.2.14, S(H (e), Hy) is bijective if and only if Ran W_(H (¢), Hy) is closed. In our case,
Ran II(¢) is of finite dimension and II(¢) is bounded on L?(R™), so there exists a set of functions {¢;}; M

such that II(e) f = Z ¢i(f)pj, for f € L*(R™), where ¢; is a bounded operator on L?(R"™). So we can
find a dual basis {¢;} 21, such that II(e) = Zj:1< , 0;)p;. It follows that IT'(¢) = 1 — ijl( . ¢;)p; and

then Ran IT'(¢) is closed. So S(H (¢), Hy) is bijective on L?*(R™) for ¢ > 0 small enough.
]






Asymptotic Expansion in Time of the Solutions
to Dissipative Schrodinger Equations

3.1 Main results

In this chapter, we consider the solution to the following Cauchy problem of the dissipative Schrodinger
equation

3.1

iOwu(t,z) = H(e)u(t,z), t >0, z € R", n > 3,
u(0,x) = up(x).

By the assumption (1.2), we know that H () is maximally dissipative with domain D(H (¢)) = H?*(R").
In this case, C;, = {z € C : 3z > 0} is included in the resolvent set p(H (¢)) and H () generates a
contraction semigroup U (t,c) = e~*#(¢) on L2, Thus the solution of (3.1) can be expressed by u(t,z) =
U(t,e)up(x). The main task in this chapter is to get the asymptotic expansion of U(t, ) in vL(0, s; 0, —s),
s > 1 large enough as ¢ tends to infinity, i.e. Theorem 1.4.1, Theorem 1.4.5 and Theorem 1.4.7.

This chapter is organized as follows. In Section 3.2, we will recall some known results of the free
resolvent and the distribution of the eigenvalues of H (<) which can be found in [77]. We first state the low
spectral analysis of H (¢) for the 3-dimensional case in Section 3.3 and then discuss the large-time expansion
of the semigroup in Section 3.4. In particular, we will discuss some properties of the Riesz projection of
H () associated with the eigenvalues near 0 in Section 3.3. At last, we will discuss the case that 0 is only a
resonance but not an eigenvalue of H; for the dimension n = 4 in Section 3.5 and the case that O is both a
resonance and an eigenvalue of H; for the dimension n = 4 in Section 3.6.

3.2 Preliminaries

In this section, we first recall some properties about the free resolvent Ry(z) = (—A — 2)~! which will be
used later. It is well-known that R (z) is a convolution operator from H~%*(R™) to HY75(R"), s > 1. Let
27 = |z|7e"*&% and In z = In |z| + i arg z with arg z €]0, 27| for v €]0, oo[. The convolution kernel is

1
1 eizé\aﬂ

T Ar |z

Ks(z; z)

31
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if n = 3 and )
122

(4
87T|l’| 1 (ZQ‘LE’D

Ky(z; 2) =

if n = 4, where H f”(g ) is the first Hankel function. Then without proof, we present the following two
lemmas about the expansions of the 3-dimensional and the 4-dimensional free resolvents near zero. Let
B(2,0) = {z € C: |z — 2| < §}. If no confusion is possible, we denote || - || the norm of functions on >
or the matrix norm on [? or the operator norm on L?.

Lemma 3.2.1. Let s > N + 1 for N € Nand a €]0,min{1, s — N — $}[. Then there exists > 0 such that
for z € B(0,9) \ R, we have the expansion of the 3-dimensional free resolvent in L(—1,s;1, —s)

where each G; is a Hilbert-Schmidt convolution operator in L(—1,s;;1,—s;), s; > max{1,j + 3} with
mﬂ;!_l and Gy 1o(2) is a C" operator-value function of z from B(0,)\R, to L(—1, s; 1, —s). More
precisely, G, is a finite-rank operator for j odd. Moreover, we have the estimates for o =]0, min{1, s —

N — 1}

T2

kernel

_,d . Nt
()~ Grsal2) (@)l < Ol ™2

* k=0,1,...,N.

Lemma 3.2.2. Let s > 2N + 1 for N € Nand o €]0,min{1, % — N — 1}[. Then there exists § > 0
such that for z € B(0,6) \ Ry, we have the asymptotic expansion of the 4-dimensional free resolvent in

L(—1,s;1,—5)

N

1
Ry(z) = Go + Zlnk zszG? + Gnial2),
k=0

J=1

where Gy € L(—1,s0;1,—5¢) and all G;? € L(—1,s;;1,—s;) are Hilbert-Schmidt convolution operators
for s; > 2j + 1 and Gno(2) is a C*N operator-value function of = from B(0,0) \ Ry to £(—1,s;1, —s).

In particular, each Gjl is of finite rank for j = 1,..., N. Moreover, one has the estimates
d* N+a—k
@)™ 7 Gnal2) (@) < C7T k= 0,1, 2N,

These results can be found in lots of works (see [31],[33],[75],[76],[84]). From these two lemmas, it is
easy to check that

1
M={pe€ H"*:(1+GoV1)¢p =0, forany s > 5} (3.2)
both for the 3-dimensional case and the 4-dimensional case.

Definition 3.2.3. If dim M = 0, then we call that zero is a regular point of H,. Otherwise, zero is an
exceptional point of Hy. Furthermore, if My # () and My = (), zero is said to be an exceptional point of
the first kind. If M, = 0 and Mo # (), then zero is said to be an exceptional point of the second kind. And
if My # 0 and My # (), then zero is said to be an exceptional point of the third kind.

And then we list some properties of the functions in M.
Lemma 3.2.4. (a). If n=3, then for any ¢ € M and ¢y, ¢ € M N L?, we have

. o
G- { o TS (33)

(GaVign, Viga) = (91, ¢a). (3.4
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(b). If n=4, then for any ¢ € M, we have

_ 1 =0, ifoel?
G%‘/I(ﬁ - _W<Vl¢7 1> { 7& 0, lf(ﬁ ¢ LQ7 (35)

Then we apply the Grushin method to analyze the discrete spectrum of H () near 0 which is valid for
all dimension n > 3 (see [77]). Because GV is compact in £(1, —s; 1, —s) for pg > 2 and s €]1, pg — 1],
M is a finite dimensional space and we denote m = dim M < oco. Moreover, it can be check that the form

M x M 3 (¢, 0) = (¢, —Vip),

is positive definite. Then by the Gram-Schmidt process, one can choose a basis {;}7., of M such that

1 . j=k
(pj, —Vigy) = jk:{ 0 i%k . (3.6)

Let () be the projection from H'~* to M such that for ¢ € H' 5,

Qb= (6, —Vig)d;

7j=1
and let Q' = 1 — . In [76], the author gave a proposition of the projection () as follows.

Proposition 3.2.5. (1). For s > 1, one has the decomposition
HY* = M @Ran (1 + Gol}).

Q is the projection from HY~* onto M with Ker QQ = Ran (1 + G, V).
(2). Q' (1 + GoV1)Q' is invertible on the range of Q' and (Q'(1 + GoV1)Q')'Q" € L(1,—s;1, —s5) for
s> 1.

Let R(z,e) = (H(g) — 2)7, for 2 ¢ o(H (e)). Because of
R(z,€) = (14 Ro(2)(Vi —ieVa)) ' Ro(2), (3.7

we have that the eigenvalues of H () coincide with the poles of z — W (z, &)™t = (1+ Ry(2)(V1 —ieVy)) ™!
in £(1,—s;1,—s), s > 1. By an argument of perturbation and Proposition 3.2.5, one can prove that for §
and ¢ sufficiently small, (Q'W (z,e)Q’) '@’ exists on H~* for z € B(0,4) \ R,. One can construct the
Grushin problem as follows.

For s > 1, let

W@@z@%dngHxW%HHXW,

where T : C™ — M and S : H~% — C™ are defined as

Tc:chqﬁj, c=(c1,...,cpq) €C™,
j=1
S(b = (<¢7 _‘/1(251)7 ety <¢7 _%¢m>)7 ¢ € Hl’is'

It is easy to check that
TS =Q, ST =1d cm.

Moreover the inverse of WW(z, €) is given by

» E(z,e) Ey(z¢)
E(z,e) =W (2,¢) = (E(z,é?) E+(Z75)> ’
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where
E(z,e) = (QW(z,¢)Q) '@,
E (z,e) = T—E(z,e)W(z,¢e)T, (3.8)
E (z,e) = S—SW(z,e)E(z¢), (3.9)
E_,(z¢) —SW(z,e)T + SW(z,e)E(z,e)W (z,e)T.
Thus it is easy to verify that
W(z,e) ™' = E(z,e) — B (2,6)E_y(2,6) 'E_(z,¢) (3.10)

on H%~*. Moreover, E(z,¢) and Eg(z,¢) are holomorphic and uniformly bounded for z € B(0,4) \ R,
and £ > 0 small enough, where 3 is one of —, + and —+. In particular, £, (z,¢) is an m X m matrix with
the representation

(E_i(z,8))kj = (=W (z,e) + W(z,e)E(2,e)W(z,¢€))p;, —Vidx). (3.11)

Thus by (3.10), to get the expansion of the resolvent near zero, it is sufficient to discuss the inverse of
E_.(z,¢). Let F(z,e) = det E_, (z,¢). Then 2 is a pole of W (z,¢)~! if and only if F'(zp,¢) = 0.

In [77], the distribution of the eigenvalues of H (¢) under assumption (1.2) has been proved for e > 0
sufficiently small. First since py > 2, there are only finite number of eigenvalues of H; on | — oo, 0] denoted
by 1 < ... < < 0 (see Theorem XIII.6 in [58]). Let p; be of the multiplicity n; for j = 1,...,[. It
was proved in [77] that for ¢ > 0 small enough, H (¢) has n; eigenvalues located in the domain {z € C :
|z — pj| < Ce,—Ce < Jz < —ce} for some 0 < ¢ < C'. On the other hand, if 0 is an exceptional point
which means that 0 is an eigenvalue or a resonance of Hj, the distribution of the eigenvalues near 0 of H (¢)
was provided by the following proposition.

Proposition 3.2.6 (Theorem 3.2. in [77]). Suppose py > 4.

(a). If zero is an eigenvalue of multiplicity m, but not a resonance of H1, then there exist 9, £q > 0 such that
for0 < e < ey, H(e) has m eigenvalues in B_(0,6) = B(0,6) UC_.

(b). If n = 4 and zero is a resonance, but not an eigenvalue of Hy, then there exist 6, g > 0 such that for
0 < € < e€g, H(g) has one eigenvalue in B_(0,9).

This theorem covers the first two cases we consider and for the third case we will give a proof of the
distribution of the eigenvalues of H (¢) in Section 6.

It is permitted in [77] that the real part of potential function has a critical decay rate O(|z|~2) for |z|
sufficiently large and it includes the cases we consider here. It is proved that each eigenvalues of H (¢) has
negative imaginary part —ce + o(e) for some ¢ > 0 if 0 is only an eigenvalue but not a resonance of H;. But
if zero is a resonance of {4, it can only include the 4-dimensional case but it is invalid for 3-dimensional
case.

Due to (3.10), we divide R(z, €) into two parts as follows

Ri(z,e) = ?(z,s)Ro(z),

RH(Z, 8) = E(Z, 6)R0<Z),

where E(z,e) = —E,(z,e)E_,(z,e) ' E_(z, ). As we presented below, for § > 0 and £ €0, ¢o] small
enough, R(z,¢) is uniformly bounded analytic operator in 2 = B(0,26) \ Ry and Ry/(z,¢) is of finite
rank in £(—1,s;1, —s) for s > 1 and any fixed z € Q N p(H(¢)).
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3.3 Analysis of the resolvent in dimension three

In this section, we will discuss the asymptotic behavior of the resolvent near z = 0 under the assumption
that n = 3 and that 0 is only an eigenvalue but not a resonance of /.

Firstly, we consider the expansion of R;(z,¢) for z € €. Under the assumption of Theorem 1.4.1, the
expansion of W (z,¢) in £(1,—s;1,—s) for s €|N + %, £2] has the form

N
W(z,e) = (1+ GoVi) — icGoVa + Y 22G;(Vi — ieVa) + Ga(2) (Vi — i€Vh), (3.12)

Jj=1

for z € ). On the other hand,

E(z,e) = (QW(z,6)Q)'Q
= (Q(14 GoWi —ieGoVa + N(z,€))Q) Q'
(1 —icE(0)GoVaQ' + E(0)N(z,¢)Q") 1 E(0)

= E(0)+ i(—l)l“(—iaE(O)GOVZ + E(0)N(z,¢)) E(0)
= E(0)+ S\lfl (e) + No(z, ) (3.13)
where £(0) = (Q'(1+ GoV1)Q')'Q', Ni(e) = 32, e (E(0)GoV2) E(0) and
N(z,e) = O(|2|2), Na(z,€) = 22 E'(¢) + 2  E2(¢) + 22 E3(¢) + O(|2|*)

are analytic in D(0,0) \ R, . Thusl with the help of an argument of perturbation, for ¢, €y small enough and

s €]N + 1, 2], we have that

N
E(z,e) = Y 22Ej(e) + Enta(z,), 2 € Q, € €]0,5), (3.14)

where

Ey(e) = (Q(1+GoVi —ieGol2)Q)™'Q = (Q'(1+ GoV1)Q') Q'+ O(e),

El(&f) = —Eo(g)Gl(‘/l — i&%)E@(g),
and other terms can be also computed explicitly in £(1, —s; 1, —s). In fact, £;(¢) is a uniformly bounded
operator on € in £(1,—s;;1,—s;) for so > 1 and s; > j + %, 7 = 1,..., N. Furthermore, the remainder
Enia(z,¢€) is a uniformly bounded operator on ¢ €]0, 0] and z € Q in L£(1, —s; 1, —s) satisfying that

dk o
(@)™ T Evalz,€) (@) < Clz|** % k=0,1,...,N.

In particular, one can see that £;(¢) is of finite rank for j odd.

Lemma 3.3.1. Under the assumption of Theorem 1.4.1, for z € §Q, then we have the following expansion

N
Ri(z,6) = Y 22Ry(€) + Rinyal(2,6),

=0
where Ry ; = S1_o Ex(€)Gi_ € L(—1,55;1,—s;) for 5o > 1 and s; > j + 5. j=1,....N. The
remainder Ry n+o € L(—1,s;1, —s) satisfies that

dk (a3
()™ Ruvsalz, €))7 < Clz|=* " k=0,1,...,N.

Furthermore Ry () is of finite rank for odd j.
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Suppose that €3 and 9 are small enough such that the expansion of free resolvent in Lemma 3.2.1 and
the assumptions of Proposition 3.2.6 (a) are valid. Then we call 2; £ B(0,26) \ (B(0,c;e) UR,) the

intermediate energy part and (), £ B(0,2¢ci¢e) \ Ry the small energy part. Here c; defined below is a

constant such that all the eigenvalues near 0 are located in {25. In the next two parts of this section, we will
discuss the expansion of R;;(z,¢) in the intermediate and the small energy parts.

3.3.1 Intermediate energy part

This part would not determine the expansion of the semigroup, and it yields a term with any decay rate in
the expansion of the semigroup for s large enough. Throughout this subsection, we suppose that ¢ €]0, £,
z € () and that the assumption of Theorem 1.4.1 is valid. By (3.12) and Lemma 3.2.4, we have that for
Z € Ql

<W<Z>5)¢j7 ‘/1¢k>
= ie(Vagj, o) + 2(¢5, dr) — ic2(G2Vagy, Vigy,)

N .
+ 22 (G (Vi = ieVe) by, Vidw) + (Grra(2) (Vi — ieVa)dy, Vidy).
j=3

Here we use the relations (3.2), (3.3) and (3.4). Then by (3.11) and (3.14) we have
E_i(ze) = E_yo(z,6)+e2E_og+c27E_y1(e) +e2E_4 5(c)

2N
+3 22E_j(e) + E_i nialz,0), (3.15)
§=3

where

ie(Vads, dr) + 2{(d;, b,

)
(E—+,0)kg(€) = —<V2E0(5)G0V2¢ja ¢k>,
(E_r)kj(e) = —((VaEi(e)GoVa + VaEo(e)G1Va) by, O,
(Bt 2)ij(e) = —i(GaVady, Vigw) + ((iGa(Vi — ieVa) Eg(e)GoVa + eGoVa B (€)GoVa

+1GoVaEo(e)Go (Vi — ieVa) + eGoVa By (e)G1Va)pj, Vigy),
(E—t3)i(e) = (Gs(Vi —ieVa)dj, Vigw) + ((iGs(Vi — ieVa) Eo(e) GoVa

+eGoVaFs(e)GoVa + iGoVaEo(e)Gs (Vi — ieVs)

+iGo(V1 — ieVo) E1(e)GoVa + iGo Vo Ey(e)Go (V) — ieV3)

+eGoVaEa(e)G1Va + iGo (Vi — ieVa) Eg(e)G1Va)dj, Vidy),

and other terms can be calculated directly. In particular £__ o(<) and E_, i(e),j=0,..., N are uniformly
bounded matrices on € and E_ y..(z,¢) satisfies that

d* N
| B vsalz: ) < Cla 575, k= 0,1, N,

It is obvious that U = ((¢;, Px))1<jk<m and V = ((Vag;, d))1<jr<m are positive definite, because of the

assumption on V(). It follows that there exist m zeros {—ig);}72, of Fy(z,€) = det E_ o(z,¢), where
0< A <...<M\,.Moreover, we have

By o(z,6) = ie A ((A*) WA + %)A,
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where Y = A* A and A is an invertible matrix. Let P; be the eigenprojection of (A*)~'V.A~! corresponding
to A;. Then one has

B m _A_le A* -1
E_io(z6)! = #Eg)\)
J

In [77], using the Rouché’s Theorem, the author proved that there are m zeros {z;(e)}L, of F(z,¢) =
det E_, (z,¢) satisfying that

3
2,

|z;(e) +ie)j| < ce

for some ¢ > 0. Set ¢; = 2),,, and then for z € 2; we have
1 1
|z +ieh;| > |z| —eX; > <|z], e < —|2].
2 C1

It follows that £, o(z,¢)~! = O(|z|™!). By these observations, we can prove the following lemma.

Lemma 3.3.2. For py > 2N + 1, s €N + 3,2, z € Q, and ¢ €]0,¢¢], we have the expansions of
E_.(z,¢)"! and its derivatives as follows

d* -1 d* -1 N~ AR AT
297 = P9+ Ae) = (CUWDY TS + A=)
(3.16)
where Ay(z, ) is a matrix with | Ay(z,€)|| = O(|z|*2), k=0,...,N.

Démonstration. Let E'(z,¢) = E_;(z,€) — E_1 ¢(z,¢). For z € 0, we have
E—+<Z>€) = E—+,U(Za 5)(1 + E_+70(Z,€)_1E/(Z, E)) = E—+,0<z>€)(1 + O(’Z‘%))a
and by Neumann’s series one can check that for § and &y small enough F_ (2, )~! exists with
IE—+(2,8) Il < CocollE—r0(z,8) [ < Oz 7).
Then we can obtain that
E——l—(Za 6)_1 = (1 + E—+,0(z7 €>_1E/(Z, 6))_1E—+,0(Za 6)_1
= E_o(z,e)7" + Ao(z,¢),
where
Ao(z,e) = —E_o(z,6) 'E'(2,6)E_;(2z,e)7"
It is easy to check that || Ag(z,)|| = O(|z|~2). On the other hand, it can be also checked that
& 4 Vi —~ AT R(AY)”
- = /|
dz ]E_+0(Z ° = Z (2 + ieh)i
d’
dzi
for 5 > 1. Therefore noting that
dk
dzk

P Y (6 LT+ Bl B ) e (B of0) )

Jj=1 ji+. +Jp—J q=1
Jq=1,q=1,...,

o (B_yo(2,6) 7 E (2,€)) = O(|2|7*2),

—F (z,e) ' =1+ E_,o(2,6) ' E(2,¢))” %Eﬂ](z,e)l

dk=i
dzk=3
we can obtain (3.16). L]

(1+ E_yo(z,6) ' E'(2,¢)) " E_ i o(z,8)7",
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Lemma 3.3.3. Forpy > 2N + 1, s €]N + 1, 2], 2 € Oy and € €]0, ), we have the expansions of E(z,¢)
and its derivatives as follows

dr ~ TAR(ADTLS o

—F = (=1)*"'k! E

=1

where Ey(z,¢) € L(1,—s;1, —s) with ||(z) > Ey(z,€){(x)*|| = O(|2|*~2).

Démonstration. In light of (3.8) and (3.9), it is easy to check for z € (2 that,

N
Ei(ze) = (1+eE,g(e)+ex2E q(e) + > 2By j(e) + By vial(z,0)T,
=2

(3.17)
1 N j
E_(z,e) = S(1+ecE_p(e)+ez2E_;(¢) + Z 22E_(e) + E_nia(2,€)),
j=2
(3.18)
where
E+70(€) Z'EO(E)G()‘/Q,
E+71(5) = ZEO(€)G1‘/2 + ZEl (€)G0‘/2,
Eia(e) = —Eo(e)Ga(Vi —ieVy) + icEq(e)GoVa + icEy () G1Va,
E+73(€) = —E()(E)Gg(‘/l - 28‘/2) + iEEg(E)Go% — El(E)GQ(‘/l — ZS%)
+i€E2(E)G1‘/Q,
and
E,70(€) = iGo%E0<€),
E_71(€) = ZGo%El (8),
E_72(€) = iéGo‘/QEQ(éT) — GQ(‘/l — i&‘/Q)E()(&T),
E_3(e) = ieGoVaEs(e) — G3(Vi —ieVa)Ey(e) — Go(Vi —icVa) By (e).
By the same way, E, ;(¢) and E_ ;(¢),j =4, ..., N can be calculated directly and the remainders satisfy

—5 dk s N+«
@) > B a2, )2l < CJ2]

+* k=0,1,...,N.

Actually, one can check that £ ;(¢), E_ ;(¢) € L£(1,—s;;1,—s;) are uniformly bounded operators for
sp > land s; > j+ %,j = 1,..., N, and the remainders £ yi.(z,¢) and E_ ni,(%,€) are uniformly
bounded in £(1, —s; 1, —s). Since ¢ < O(|z]) for z € §2;, one has

E.(z,e) = (1+0(z|)T:C™— H"*,

E_(z,e) = S(1+0(z]): H"* —C™,

and the properties of their derivatives

k

. d gl
@) Bzl < O(=744),

" . gl
IS B )@l llnne < O(27),

for k = 1,..., N. Consequently, noting that E(z,e) = —E, (z,e)E__(z,¢)E_(z,¢), we can complete the
proof of lemma. 0
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By Ry/(z,¢) = E(z,)Ro(z), we have the following lemma.

Lemma 3.3.4. Forpy > 2N +1, s €|N +3, 2], z € Q) and € €]0, &), we have the expansions of R;(z, €)
and its derivatives as follows
dz kRH(Z &) = (=) k!Z (2 +deX)ktt Ol )

=1

in L(—1,s;1, —s).

3.3.2 Small energy part

Since the zeros of Fy(z, €) are { —ic\; }JL,, one can choose a constant ¢ > 0 such that z;(g) € B(—ig);, coe) C
C_ and B(—ie)j, cae) N B(—ieAg, coe) = 0 for \; # A, j, k = 1,...,m. In this part, we want to discuss
the expansion of Ry;(z,¢) in Qs 2 Qy \ (UJL, B(—ie)j, ca¢)). Throughout this subsection, we always as-
sume that z € Qy and £ €]0, ). Note that the expansions (3.14),(3.17),(3.18), (3.12), (3.15) of E(z,¢),
Ei(z,e), W(z,e) and E_(z,¢) respectively are valid for z € {25 C Q. The object of this subsection is

to prove the following lemma. Furthermore, some expressions of the terms will be given in the proof (see
(3.23) and (3.23)).

Lemma 3.3.5. Suppose that3 < N € N, pg > 2N + 1 and s €[N + 3, 2], a €]0,min{l,s — N — 1}],
z € Q, € €]0, g¢]. Then we have the following expansion

N J
~ 1 22
E(Z,{f) = EWO( +ZW1 26[;]+1 j
=2
1
+mW1,N+a<275) + LTWsz(Z,g),
e 2 T3 £ 2 +1

(3.19)

where Wo(e) = iTV1S + O(e) € L(1,—s0; 1, —s0), W;(e) € L(1,—s;;1,—s;) are uniformly bounded
one forsg > land s; > j+ %, j=1,...,N, and W n1a(z,¢€), | = 1,2 are uniformly bounded operators
one, zin L(1,—s;1,—s). In particular W;(e), Wi n+a(2, €) are of finite rank for any fixed = € 2y and the
remainders satisfy

d* N
Iz Wivsaa (2, €))% < Clz :

=0,1,...,N, 1 =1,2,

and Wy io2(A+10,6) = Wiia2(A —10,¢) for X € [0, 2¢c1¢[. Furthermore, it follows that for z € €y

1 . %
R[[(Z,z’:‘) = gRZO(g)—i_ZERQl +Z

1

+WR2,1,N+04(27 €)+ LT_HRQ,27N+Q(Z7 £),
E 2 2 £ 2
(3.20)
where Ryo(e) = 1TV 'SGo + O(e) € L(—1,s0; 1, —80), Ra(g) € L(—1, 8451, —s;) are uniformly boun-

ded on ¢ for sy > 1 and s; > j + %, j=1,....N, and Royn+alz €), | = 1,2 are uniformly bounded
operators on ¢, z in L(—1,s;1,—s). In particular Ry j(¢), Royn+al(2,€) are of finite rank for any fixed
z € )y and the remainders satisfy that

dk o
(@) g Reavsalz e)a)l < Ol 5%, k=0,1,... N, 1=1,2,

and RQ’Q,N_;,_Q()\ + 20, 6) = RQ,Q’N_;_Q()\ — 10, E) for A€ [O, 2015[.
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Let E_Jno(z, £) = E__o(z,e) + e2E_ o(¢). To get the expansion of E(z,¢), we divide the proof of
Lemma 3.3.5 into some steps.

Lemma 3.3.6. Under the assumptions of Lemma 3.3.5, one has that

(5] , N
2 z[7]+1

~ 1
E—+,0(Z75)_1 = 530(5) + '_Bj(g) + B[%H—l(za 5)7

glF1+2

where X
Bo(e) = (1 —ieVT'E_ (&)1 (iV) ' = =iV~ + O(e),
Bi(e), j=1,..., [%] are uniformly bounded on ¢ and B[%Hl(z, €) is a uniformly bounded matrix on z, €
satisfying that for k € N
d” _
|4 B (2,2) < O).

Démonstration. Since

(ieV+2U)"" = i ATRA)T o),

— e

for z € )y, we have that B
E_io(z,e) = (ieV+ 2U)(1 + O(e)).

Thus by Neumann’s series, one obtains that for z € (), and J, £ small enough, E_+70(z, )~ ! exists with

E_o(z,e) = (1 +2(ieV + 2U) " E_y o(e)) YieV + 2U) " (3.21)
Thus we have
51 . m
. _ % 1A P (AN
(ieV+U)"" = g 121: () )
j =
5 +1 m +1A IP(A )
+

22 z)\l 22 N
Consequently, taking this into (3.21), we can obtain the conclusion. Furthermore,

Bo(e) = (1—ieV'E_yo(e)t(iv)™

= —iV '+ 0(e).
[
Lemma 3.3.7. Under the assumption of Lemma 3.3.5, one can obtain the following expansion
1 . 23
E_(z,e)' = gBo(€) — 22 By(e)E_ya( Z e
1
+6N+—Q+QCI,N+0¢(27 €) + %C&Nwz(za €),
(3.22)
where C;(¢), j =2, ..., N are uniformly bounded matrices and Cy n1.(z,¢), | = 1,2 satisfy that
d* Nta

||d —Cinta(z,8)| <Clzl 2 7 k=0,1,...,N, [ =1,2.

Furthermore, Cy n1o(A +10,) = Cay yia(A —i0,€) for A € [0, 2¢€].
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Démonstration. Note that
E_(z,¢6) = E_+0(z )1+ E_yo(z,6) (222 E_, 1 () + e2E_ 5(¢)

_|_ZZ2E,+] )+ E_i Nial2,€))).

It is easy to check that
E_y(2,2) = E_y o(z,2)(1 + O(e?)),

for 2 € Q. So E_, (z,¢)7! exists for g > 0 small enough. Then one can deduce (3.22). Actually, noting
that

E_(\e) = (1+(52)\E£+(5)+5)\2E3+(5)+§:)\jEj+(6)
FEYOL DB (4,9 B (9]
we have that
E_ (Aot = E9+(A,s)—1(1+(52AE£+(s)+5A2E3+(5)+§:MEJ' ()
BN 8))EO (A o))
= E°, (\e) 1{2 (EAE, (6) + N B2 (e) + iAjEﬂ_;(g)
EN+"‘(/\ 5))E0 (A e)™) + (—1)N((52AE£+(5)_+ eNEZ, (¢)

+ Z NEL () 4+ ENFON ) EY L (A, &) DN U1 + (2AEL, (¢)
+eNE? () + ZAJEJ )+ ENFOON ) EC, (A o) H 7).
Firstly, due to Lemma 3.21, we check that for N even

N
(EAEL () + X B2 (0)+ 3 VB (6) + BXL e L ()

« >‘2]
= (2AEL () +eN*E?  (e) + Z NET, (e) + ENf*(\ ¢) Z SnB
)\N+2
;B 2\ €))
5 2

= eAEL ()B%(e) + NE2 () B"(e)

2 B 1 3 ! 1 - .
+ E { 1<5l_—2E£+(5)Bl e) + Zgl—j—HEi]-i-l(g)Bl ’(€))
=2 J=2

NGB (OB + 3 T B (B (E)
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N+2

N
+€%+2 (2AEL, () + eN*E2_(e) + Z NET,(g) + ENF(\e) B2 () ¢)

and for N odd

(2AEL_ (e) + eN*E? (e) + Z NE' (e) + ENFo(\ e))E®, (A )

N—1
o N 1 \27
(62AEi+(€)+€A2E3+(6)+ZAJE1+(€)+EJ_VI (A,e))(EBO( €) + o) ’(e)
. =
)\N-i—l No1
+€¥+2B 7 () )
€>\E1 L(e)B%(e) + N*E? () B(¢)
+Z{A2l ! L (e)BY( +Z€l ]HE%I( e)B'7(¢))
7j=2
1
+)\2l< E2 Bl 1 +Z l ]+1 2] Bl J( ))}
A
1 _ 1 .
(=B ()BT () + Y = E¥ N (e)BF ()
E 2 =2 e 2 —Jj
N-1
1 ., 1
AV (5 B2, (6)B™T (e) + ——E%, (6)B™ 7 (e))}
g€z 2 g2
N+l N-1
al - 1 27—1 [ 21 - 1 —
— — —
+ Oy ety T B @B () + A Y =B ()BT}
l:N2—1+2 jzl—% ]:l_N2—1
=RV Nt1
N N2 ANHL
+EN (N e)(=B%(e) +ZmB](ﬁ)+ guHB (A €))
j=1 2
AL o 2 12 i N+a !
e (E2AEL, () + eN*E%, +Z)\ E7 (e) + ENF(\,e)B 7 () ¢)

In the expansion (3.22), the singularities of the terms for j > 3 odd are determined by
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—22E_ o(2,6) ' E_, 3(¢) E_, o(z,) " and the ones for j > 2 even are dependent on E_ o(z, ). The-
refore, the singularities on ¢ for j odd and even are different. On the other hand, also due to this observation,
there would appear two kinds of remainders. The first kind C y14(2,€) is dependent on the odd power of

22 and E_i Nia(z,€), and the second one Cs y14(2, €) is dependent on the even power of z2. Furthermore,
Co.N+a(z,€) is analytic on z € Q. O

Proof of Lemma 3.3.5. From (3.10), (3.17), (3.18) and (3.22), one can get the
expansion (3.19) of E(z,¢). In particular,

Wo(e) = —TBy(e)S —e(E4o(e)TBy(e)S +TBy(e)SE_p(e))
—e?E, o(e)TBy(e)SE_o(e)
= TV 'S+ O(e),
Wi(e) = —FE;1(e)TBo(e)S(1+eE_o(e)) — (1 +eE1 ()T Bo(e)SE_1(¢)
(1 + By o0) T Bo(e) B 1(2) Bole)S(1 + B_o(e)).

and the other terms can be also computed directly. Consequently, by (3.7) and Lemma 3.2.1, it is easy to
get (3.20) and

R2,0(5) = Wo(g)Go
— iTV'SGy+ O(e),

1
R271(€) = gWo(&)Gl—f—Wl(é“)Go

= —TB()(&“)SE,’()(S)Gl
—(E+71(E)TBo<E)S + TB()(E)SE_J(ZE) — TBQ(&)E__FJ({E)B()(E)S)GO + 0(6),

R27j(€> = 8[%}_1W0(6)Gj + 5[%}W1(€)Gj_1 + 26[%]_[§]Wk(€)Gj_k, j = 2, . ,N.
k=2

Here we use the relation SG; = 0 for R, (¢), and the properties of the remainders in (3.19) and (3.20) can

be easily checked. We omit the details here.
O

Together with Lemma 3.3.1, 3.3.4 and 3.3.5, we can get the following theorem about the resolvent in €.

Theorem 3.3.8. Suppose that N > 3, po > 2N + 1, € €]0,e0] and s €]N + 3, 2. Then for = € 4, one
has the expansions of R(z, <) and its derivatives as follows

d* (1) i”: TA P (A")71SG,

—R(z,6) = EEES +O(|2]772), (3.23)

dzk
=1

in L(—1,s;1, —s). For z € Qy, we have the following expansion of R(z, ¢)

R(z,e) = Rlo(e)+1Ro(e)+Z%Rl(g>

z2 1 1
— — RW (2)
+ Z < 13 ]+1 ] €4N+§+1 Nial2,€) + Rz Ry o (z,€),

for some a €]0,min{1,s — N —1 N[;Here Ri(e) = R11(e) + Ro1(e) and Rj(e) = cBHR, j(e)+ Ry j(e),
a+1

j=2,...,N and R%La(z,s) =¢c 2 Rinia(2,6) + Roinial(z,€), R%La(z,g) = Roo Nial2, ).
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Remark 3.3.9. It can be calculated directly that

R1(€) = R171(€) -+ R271(€)
= (1 — Z(l + 6E+70(6))TB()(8)SG0‘/2)(E[)(é)Gl + E1(€)G0)
(1 — Z‘/QTBo(g)S(l + €E7’0(€)>G0).

Furthermore, noting that (Ey(¢)G1 + E1(€)Go) = Eo(e)G1(1 — (Vi —ieVa) Ey(€)Go) is of rank one, Ry (¢)
is a uniformly bounded operator of rank one at most in L(—1,s1;1, —s1) for s; > % On the other hand,
we can compute the limit

lim Ri(e) = (1—-TV 'SGoVa)(Ey(0)Gy + E1(0)Go)(1 — VaTV 1SG)

e—04

= (1 =TV 'SGoVa)Ey(0)G1(1 = ViEy(0)Go)(1 — VaTV™SGy)

is a nontrival bounded operator of rank one in L(—1,s1;1,—s1) for s; > g So Ry () is of rank one for
e €]0, o).

3.3.3 Properties of the Riesz projection

At the end of this section, we shall analyze the Riesz projection associated with the eigenvalues near 0.
Without loss of generality, we suppose that —ic\;, j = 1,...,m are all simple roots of Fy(z,¢) = 0. For
z € )y, we have

|z +ie)j| > o6, |2] < 2¢qe.

Since E(z, ¢) is uniformly bounded on ¢ for z € (25, one has for z €
W(Zv 6)71 = _TE*+,0(Z> 8)713 + W (27 8)

in £(1,—s;1,—s), where ||(x) "W, (z,¢)(z)*|| = O(e~2). Consider the Riesz projection associated with

zj(e) ,
I;(e) = —— R(z,¢e)dz.

2mi OB(—ie)j,c2¢)
Therefore, by (3.7), one has

1
L(e) = —5— ~TE_ o(2,6) " SGy + O(7)dz
2m OB(—ie)j,c2¢) 7
1 m T flpl * fISG
- i ALBA) 50y, 4 ot
OB(—ie)j,c26)

271 = 24 1EN;

= TA'Pj(A*)'SGy + O(e7). (3.24)

One can see that II; = T/A~'P;(A*)"1SG) is a mapping from L** to M C L?. Furthermore, it can be
extended to a projection from L? to M. Formally, we have for ¢ € L?

¢ = TAT Py (A") " ({{, ou) Fia)-
Solet S = {(, ®x) }7, be a mapping from L? to C™. It is easy to see that S = T*. We can verify that

II; = TA™'P;(A*)~'T* is an orthogonal projection from L? to M. In fact,

HjHj — TA—lpj(A*)—lT*TA—IPj(A*)—lT*
— TA_I.P]‘(A*)_IZ/{A_IPJ'<A*)_1T*
= TATEPA) T =1L,
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and _ ~

[T} = (TA™ Py (A")'T*)* =TI,
If no confusion is possible, we also denote I1; the eigen-projection of H; = —A + V;(x) on L?. Then one
has that

S I =TA (AT =TU'T*
=1

is the orthogonal eigenprojection P, of H; associated with 0. On the other hand, by (3.24) we have the
estimate for s > %
IML(e) = Ml £(-1,50,-0) = O(e2),
which implies
lim II;(e) =11, in £(—1,s;1, —s).

€—>0+

More precisely, we can also get the estimate of the projection as an operator on L?.

Proposition 3.3.10. Suppose py > 7 and € €0, 0| small enough. Then it holds that
IT1(2) = | pamsze < O(e2), j =1,...,m. (3.25)

Démonstration. Let 11 (¢) = 37 i—1 11;(€) be the Riesz projection associated with the eigenvalues of H (¢)

near zero and then Py = 119 (0) be the orthogonal projection onto the eigenfunction space of H; associated
with 0. Denote Pj = 1 — F. It is known that

1
Rlz S T
IO = i@y
)" BRI <

for z € C\ Ry and s > I, where (Rz)_ = min{0, Rz}. First, we consider the inverse of P}(H (¢) — z) P}
on L. Denote Ey(z) = (P}(H, — z)P})~' P} and we have

1
(1922 + |(R2)-[?)2

I

| Eo(2)]| <

and

[{z) ™ Eo(2){x)~°[] <

|Z|’

Let {¢; };”:1 C L? be an orthogonal basis of the eigenfunction space M. It is known that the eigenvalues
of H(e) are all in B(—ic);, coe) for j =1,...,m, where \;, j = 1,...,m are the zeros of

Fo(A) = det(M — ((Vas, or))1<sk<m) = det(M@s, or) — ((Vady, dr))1<jb<m),

where {¢;}72, is the basis satisfying (3.6). Let Q = B(0,Che) \ {B(0,Che) U {z € C : [Jz] < de}} for
some ¢’ > 0 and C; > Cy > 0 satisfying that UTL, B(—ic);, coe) C B(0, Cz¢). Formally, We note that

(Py(H(e) — 2)P}) ' P} = Eo(z) + Z ie) 1 Eo(2) v/ Va(v/VaEo (2)v/Va ) / Vo Eo (2)

and for z € 0,

IVVaEo(z,€)v/Va| < O(72).
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So E(z,e) = (Py(H(e) — z) P}) ' P exists and we have the estimates

1E(z,0)]| <
()" *E(z,e)(x) %] < O(77),

for z € Q and s > 7. We define the mapping R_ : L? — C™ and R, : C™ — Ran P, by
R_p = {{¢, ;) }YIry, for ¢ € L?;

Ria = Zajqﬁj, fora = {a}}7., € C™.

j=1

Then they satisfy that R_R, = Idcw and Ry R_ = F,. Following a linear transformation from {¢;}, to
{#;}j21, we can obtain that IT; = R, P;R_. By the Grushin method, one can deduce that

R(z,e) = E(z,6) — B (2,6)E_(2,6) ' E_(z,¢),

where

Eoi(26) = R_((H(2) - 2)E(ze)(H(e) — 2) — (H(e) = 2) Ry
Therefore, it can be checked that for z € Q,

1B+ (z,€)lesr2 = O(1),
1E-(z,8)[[ 2 = O(1).

On the other hand, it can be calculated that
(BE_y)ju(z,€) = 205 + ie(Vaspr, ;) — 2 (VaE(z,€)Vagr, ¢5).

Let E_,(z,¢) = zI, + eV where V = (Vayy, ¢;). So we have that

E_y(z,6) " = E° (z,6) ' + O 7).

J=1 z+4i
which is the same projection on C™ defined before. Thus we have that

Here E° , (z,&)~! = " %, and P; is the eigenprojection of V? associated with the eigenvalue ),
J

m

R.P,R_ 1
R(z,¢) = E(z,¢) — Z% + 0(e72).
=1 !

Consequently, we have the following expansion of the Riesz Projection 11;(¢)

1
I1; - R d
;i(€) 271 Poion ene (z,e)dz
I ¢ R.P.R_ .
T o ]{ — Iy + O(e?)
2 j=1 OB(—ie\;j,c26) Z+ Z€>\j
= I + 0(8%).

Here we use the analyticity of F(z,¢) in Q. So we have the estimate (3.25). O
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Second, similar to the case considered in [79] where it is supposed that 0 is neither a resonance nor an
eigenvalue of [, we can deduce the global estimate in the following proposition.

Proposition 3.3.11. For py > 7, s > % and € > 0 small enough, then the global estimate
[(2) "I () R(A % 00, )IT () (2) *|| < Coe™2, A€ R (3.26)
holds for some Cy > 0.

Démonstration. Let § be the constant defined as before. Then for |A| > J, it is the same to the regular case
in [79]. On the other hand, we note that for x > 0 small enough such that A + ix € Q and dist (A £
ik, 0B(—ie)j, coe)) > de forsomed > 0and j =1,...,m,

R(\ ik, e)llj(e) = ~5 i e R\t ir,e)R(z,¢)dz
—1EA;,C2E
1 R(z,e) — R(A L ik,¢) "
a 2mi OB(—ie)j,c2¢) Z = (/\ + Z’%)

1
_ ot NCON
2mi OB(—ie)j,c2¢) Z = ()‘ + Z’i)
_TAT'P(A") 718Gy
A ik +ie;

+0(732),

in £(—1,s; 1, —s). Consequently, we have in £L(—1, s;1, —s)

1 *\—1
R\ xin,e)(1 - i () = R(Axir,2) + Z TA/\ jzpmf—ll—)ze)\SGO T O(g_%) - O<5_%)~

Let [T (e) = TI(¢) — I(”)(¢) be the Riesz projection associated with the eigenvalues of H(g) which are
near the negative eigenvalues of H; (see [77]). As shown in [79], one can see that

IR\ £ ik, e)TD(e)|| < Cs.
So let x tends to 0 and (3.26) can be obtained for |\| < 4. O

Remark 3.3.12. For the selfadjoint case satisfying that 0 is only an eigenvalue of H, and py > 7, s > .,
one has the estimate

1(2) " Mo Ry (A £ i0)T,e () || < ColA| 72,

for A € R\ {0}, where 11, is the eigenprojection onto the absolutely continuous space of Hy. Furthermore,
in [31], it was indicated that the singularity is due to PyV,G3V1 Py. If this term can be canceled, then one
can also deduce the global estimate

() " T Ry (A = 0) e () ~°|| < Co.

Thus applying the selfadjoint dilation (see [60], [22], [78]), one can establish Kato’s smoothness estimate
(see [40]) both for H, and H(c). Then by the same method of perturbation as in [79], the asymptotic
completeness of the scattering operator for the pair (H (¢), Hy) can be proved. Actually in [31], the authors
gave an example in which V() is the spherical square well potential defined as follows

_ _%7 |I| < To,
Vl(x) = { 0, ]:E\ > 71

for some Vy > 0 and rqy > 0. And then one can choose some suitable Vi, and ro such that 0 is only an
eigenvalue but not a resonance of H, and PyV,G3V, Py = 0.
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3.4 Proof of Theorem 1.4.1

First, we state the existence of R(\ + 40, ) and their derivatives in some weighted L? space for A > 6.

Lemma 3.4.1. Under assumption (1.2) for po > J + 1 and s > J + %, one has that %R(A + 40, ¢),
A€ [d,00j=0,...,J exist in L(0,s;0,—s) for any fixed § > 0 and ¢ €)0,c¢] where ey = £¢(6) small
enough. Moreover, the estimates
4’ j+1 .
]|(:1:>_SWR()\ +1i0,e)(z) | < CS,]-,(;O()\)_%? A€ 0,00, 7=0,...,J (3.27)

hold.

Démonstration. Under assumption (1.2) for py > j + 1 on V}, and s > j + %, dd—/szl(A + 40) exists in
L(0, s;0, —s) satisfying the estimate

L . s it
o) By A £ 0) (@) < Copah)E A2

for any 0 > 0. One can see this from Theorem 9.2 in [31]. With help of Neumann’s series, one can obtain
that
()™ (1 — deRi(A £ i0)Va) )| < C,

for A > ¢ and ¢ €]0, g9] where g9 = £0(d) > 0 small enough. Noting that
R(A%1i0,¢) = (1 — ieRy (A £40)Va) "' Ry (X £0),

and
iR(A +i0,¢) = (1 — ie Ry (\ £i0)Vx )—1iR (X £40)
d)\ 3 - 1 2 d)\ 1
d

+ig(1 —ieRy(\ & 2'0)1/2)—1531@ +i0)Va(1 — ie Ry (A £40)V5) " Ry (X £i0),

by induction we have that for s > j + %, R(\ £0,¢) exists in £(0, s;0, —s) for A € [0,00[,j =0,...,J
with the estimate (3.27). L]

Before we prove Theorem 1.4.1, we check the formula (1.10) in the following lemma.

Lemma 3.4.2. Under assumption (1.2) for po > 3 and s > % the formula (1.10) holds for t > 0 in
L£(0,s;0, —s).

Démonstration. Since py > 3 and s > 5 Lemma 3.4.1 holds for J = 2. Then from Theorem 2.1 in [78],
we have that for € €]0, o] small enough

1 .
Ulte) = —— / RO+ 0, £)e ™ dx (3.28)
21 Jg
holds for ¢ > 0 in £(0, s;0, —s). Choose L > 0 sufficiently large such that og4;..(H(c)) C F £ {2z € C :
|Rz| < L, —Ls < Sz < 0}. Then applying Cauchy’s integral formula, we have that
1
L3

L
{/ R(A, s)e’it’\d)\ — (—L —ipu, g)efit(*L*iu)dﬂ
oo 0

1
2

U(t,e)Il(e) =

1
L L3
—1—/ R(p —iL,e)e” W= Bqy, + / R(L — iy, e)e”"E=qy,
I 0

L 00
— / R(\ —i0,e)e” ™ d\ + / R(\+10,¢)e ™ dA}. (3.29)
0 0
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Because the integration in (3.28) is convergent, the first term in (3.29) will tends to 0 as . — oo. Noting
that for L large enough,

[{z) " Ra(£L — ip)(x) || = O(L™2)
and R(£L —ip,e) = (1 —ieRy (L — ip)Va) "Ry (+L — iu), one has that

() R(£L — ip, e){x) %] = O(L7%).

Therefore, we have that the second and fourth terms equal to O(L*é). On the other hand, it is easy to see
that the third term in (3.29) has exponential decay on L. Consequently, let L tend to the infinity, we can get
(1.10).

O

To get the expansion of the semigroup for £ > 0 large, we need to divide the integration term in (1.10)
into three parts : the small energy part, the intermediate energy part and the high energy part. Let x;(\),
j=1,2,3be C*([0, 00, [0, 1]) cutoff functions satisfying that

* x1(A) + x2(A) + x3(A) = 1, for A € [0, o0,
* supp x1 C [0, 2cie[, supp x2 Cleig, 20] and supp x3 CJd, ool
cxiN) =1 e [0 c16] 3 X2(A), A € [2¢18, 0] 5 x3(\) = 1, \ € [26, 00l

( )| < Cre™®; |%X2(/\)| < Cre™*, for X € [cy¢, 2¢1€] and |%X2(/\)| < CpoF,
for \ € [0, 25] ; |d,\kX3(/\)| < Cpo .

Denote the integration in (1.10) by I(¢). Let
+o0
L) = / (RO +10,2) — R(A — i0,2))y; (A,
0

and thus 1(t) = I;(t) + I(t) + I5(¢).
Proof of Theorem 1.4.1. Applying the stationary method and interpolation, we obtain that

() La(t) ()|
()" Is(£) ()"
for pg > 2N + 1, s €]N + 3, 2] and o =]0, min{1, s — N — 1}[. Here we use the estimates (3.23), (3.27)
and the properties of the cutoff functions.

In light of Lemma 10.2 in [31], one has that for s €|N + %, 2] and a =|0, min{1, s — N — 1}|,

IAIA
S
]
=
Jr
S

N+a 1

HuvsAmmeme@xwaM<>|w-<

On the other hand, note that
/ X1 (A)(A +i0) 2 e dN
0

= / (A +i0)2e " dA + / (x1(A) = 1)(A + i0)2 e~ d
0 0
£ [+1I

)-

Due to the Fourier transform of the homogeneous distribution Xi()\) for s ¢ N (See [24]), we have that

kr_ k
I=—-2sin—TI'(=
sin — (2—1—
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For the second term, with help of integration by parts and the properties of y, it follows that
IT = O(e2 1y,

for any | € N. Since (A +i0)2 = (—1)¥(\ — i0)2 and Rﬁla()\ +1i0,¢) = R%La(/\ — 40, €), we have that

[55H) 241
L(t) = et 2Ra(e) + Y eaja 5; Roj_1(e) + O(e~ 3 a2 1y,
=2
where ¢, = —4sin £T'(£ + 1). Then let
_ G251 N +1

TJ(E) = om R2j—1(5)7 J= 1""?[7]’

and then the expansion (1.11) in Theorem 1.4.1 can be obtained. By Lemma 3.3.1 and 3.3.5, T}(¢), j =
1,...,[%H] are finite-rank operators. In particular, by Remark 3.3.9, one can obtain that T} () is of rank
one.

3.5 The four-dimensional case I

In this section, we will prove Theorem 1.4.5. We consider the case that n = 4 and that O is only a resonance
but not an eigenvalue of H;.

3.5.1 Resolvent analysis

As in the 3-dimensional eigenvalue case, we will first discuss the behavior of the resolvent near zero. It is
known that dim M = 1 (See [33]). Let 0 # ¢ € M be a resonant state of H; at 0 satisfying (¢, —V1¢) = 1
and (V1¢, 1) # 0 by (3.5).

By (3.2.2), it is easy to check that

N

W(ze) = 14+GoVi —icGoVa+Inz Yy 2/GHV; —iclh)
j=1
N
+3 AGHW —ielh) + O(2NT). (3.30)

j=1

Thus, by Neumann’s series for 9, €9 > 0 sufficiently small, we have the expansion

N j
E(ze) = Y Y ZW*zEl(e) +0(z""), (3.31)

=0 k=0

for z € Q and e €]0, £o], where each E¥(¢) is uniformly bounded in £(1, —s;;1, —s;) for s; > 2j + 1 and
fork > 1, E]k(e) is of finite rank. More precisely, it can be computed that

Eg(e) = (Q(1+GoVi —ieGoVa)Q)™'Q
= (Q1+GW)Q)Q +0(e),

Ei(e) = —Ey(e)Gi(Vi —ieVa)Ey(e),

Ei(e) = —Ey(e)Gi(Vi —icVa)Eq(e).

Thus we have the following lemma about R;(z,¢) in = B(0,26) \ R..
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Lemma 3.5.1. Under assumption of Theorem 1.4.5, we have the asymptotic expansion in L(—1,s;1, —s)

Z Z ZIn* 2RY () + Rintalz,6), (3.32)

§=0 k=0
for z € Q), where
Riy(e) = Ej(e)Go,
Riy(e) = Ei(e)Go+ Ey(e)Gh,

R(l),l(g) = 0(5)G0+E0( )GY,
j—k+1
Ri,(€) = Ej Go+Z ()G + Z B o) € L(=1,5531,—s;),

for k < jand s; > 2j + 1. Furthermore, R’fJ for k > 1 is of finite rank and the r-th derivative of the
remainder Ry n.o(2,¢) € L(—1,5;1, —s) has order O(zN+t*"") forr =1,2,...,2N.

Below, we will state the expansion of R;;(z,¢) in £(—1,s;1,—s), s > 4N + 2 for z € (). By a direct
calculation, we can compute that

N

Ei(ze) = (L+eE%(e)+ Y > /W 2EX (e) + O("T)T, (3.33)
i=1 k=0
J . ;

E (z,6) = S(+¢E2(e)+> > # " 2E* j(e) + O(z"*)), (3.34)
j=1 k=0

where
EQo(e) = iE(e)GoV,
EY (e) = ieE)(e)GoVa — EQ(e)GY (Vi —ieVa) = —Eq(e)GY (Vi — ieVa) (1 4+ € EY (e)),
Bl (e) = ieEl(e)GoVa — EY(e)GI(Vi — ieVa) = —EJ(€)GL(Vi — ieVa)(1 + £ EY 4 (e)),

and
Eg,(}(g) = ZCJO‘/2 ( )7

) = ieGoVaE) () = GY(Vi —ieVa) Eg(e) = —(1 + e E2 (¢))GY (Vi — ieVa) Eg (¢),
EL (e) = ieGoVaEy(e) — Gi(Vi —ieVa) Ef(e) = —(1 + e ()G (Vi — ieVa) Ey (e),

and other terms can be computed explicitly. Then by (3.30) and (3.31), we have the expansion of the scalar
function £_ (z, ¢) that

N
E_i(z,e) = eE’ y(e) +Zszlnszﬁ+J(5)+O(zN+a),

j=1 k=0
where
EY o = i(Vag,¢) — (Vo (e)GoVag, d) = i(Vag, ¢) + O(e),
El | = —S(Gi(Vi —icVa) +ieGoVaEy(e)G1 (Vi — icVa)
+ieG1 (Vi — ieVa) By (£)GoVa + e2GoVa BL (€)Go Vo) T
= =S +eE%(e)Gi(Vi —ieVa)(1 + eEY o(e)T

Vi, 1)|2
_ _—‘<(ﬁ)2>‘ +0(e),
E? | = (GY(Vi —icVa)g, Vig) +ie(GY (Vi — ieVa) EQ(e)GoVah, Vi)

+ie(GYVaEQ(e)GY (Vi — ieVa)p, Vi) — e*(VaEY () GoVad, §)
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and other terms can be also calculated.

Denote Fy(z,¢€) = %(iaa—z In z) where a = —(“"g&jgﬁvﬁﬁ

One can check that there exists a unique solution zy(¢) = 74(g)e'®® in B_(0, §). Furthermore, ro(¢) — 0.
and 0y(c) — 37+ as ¢ — 0. On the other hand, we have that M e < ro(e)|Inrg(e)| < Me for some
positive constant M > 0. Thus C~'e|Ine|™t < ry(e) < Cellne|~! for some positive constant C. Then we
can choose some constant ¢ > 0 such that for z € dB(zy(¢), ce|Ine|™1),

> (. Consider the equation Fy(z,¢) = 0.

|Fo(z,€)| > are, |[E_(z,€) — Fo(z,¢)| = O(e* + ezlnz + 2) < age|lne| ™,

for some positive constants a;, as > 0. By the analyticity on z of Fy(z,¢) and E_, (z,¢) and using the
Rouché’s Theorem as in [78], it can be prove that there exist g > 0 small enough and ¢ > 0 such that
E_,(z,¢) has a zero z,(¢) in disc By £ B(zy(¢),ce|Ine|™") and dist (By, Ry) > cie|Ing|~! for some
¢; > 0 and € €]0, &¢. Furthermore, we can compare this with Theorem 1.2(b) in [77]. There, it needs some
additional condition (1.8). Actually, this condition is only needed in the case 1y, = % And for v, E]%, 1], in
(3.30) in the proof of Theorem 1.2 in [77], the term of order vz,, can be treated as a high-order term as we
discuss here.

Denote 2; = B(0,20) \ {B(0, coe|Ine|™') UR, } and Qy = B(0, 2c0¢| Ine|™1) \ {By UR, }. Here ¢y
is chosen such that |z In z| > 2|2(¢) In 29()| for z € Q.

Suppose z € €2, and then we have

Cilzl|Inz| < |Fy(z,¢)] < Chlz||In 2],
for some C'; > 0. Thus by
E_i(2,6) = Fy(ze)(1+0(nz),

we have

Noting that

dZJ (Z_J+1)7 J 2 2a
and z
d7 B L dix
@E—-ﬁ-('zag) b= Z Cii.. le_+(Z,€) : 1H(d2jk E_i(z¢)),
=) k=1
Jr>1,k=1,.51
one can obtain that i
J .
@E,+(2,5)*1 =0(z 7' In"t 2). (3.35)
By Lemma 3.2.2 the following estimates
K2) ™ B (2 )l -r2@y = | O(lnz), — j=1,
O(z77*1), 2<j <2N,
H@E,(Z,€)<$>S’|L2(R4)le(c) = O(ln Z), ] = 1,
O(z77*), 2<j <2N,

hold. Consequently, we can get the following lemma.
Lemma 3.5.2. Under assumption of Thorem 1.4.5 and for z € €)1, we have the estimate

L . . i
(@)™ 2= Rir(z,2)a) I = O I 2| ™), j=0,...,2N.
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On the other hand, suppose that z € ()5 and we can deduce that

Cylellneg|™ < |Fy(z,¢)| € Coe|lne|™t,

2| < ciellne| ™, |zIn 2| < che,

for some Cj, ¢, > 0. Let Fo(z,e) = E°, o(z,6) + zInzE! | | = Fy(z,e) + O(e* 4 ez In z). Thus one can
prove that F(z, ) is invertible in {25 and the inverse has the expansion

Ay(  Avsi(z,9)
g ZIHZ + 5NT’

F()Zg

Mz

j=0

where |
<_E1+ 1(2))
(i(Vao, ) — e(VaEY(e)GYVa, ¢))i+1’ J=

are uniformly bounded functions of ¢ and

Aj(ff) = O ,N

Avia(s,e) = e LC) NS
(Vb 9) — (Vo B} () GaVagh 6 (o)

Therefore, using Neumann’s series, we can get the expansion of F_ (z, ¢) for z € €25 as follows
O( N+a)
-1 j k
E_(2¢) Z Z 5k+1 In “eNtatl
7=1 k=0
where
£),

Ap(
CPe) = —Ao(e)E?, (),
Ai(e) = —Ao(e)’EL, 1(e),

9!
—
—~
™
~—
I

and the other (] ¥e),j=2,...,N, k=0,...,j are uniformly bounded on ¢ and can be calculated directly.

Furthermore the j-th derivative of the remainder is of order O( N+a+1) forj = 0,1,...,2N. Thus using
(3.33) and (3.34), we have the expansion

E(ze) = ) S g JVE) O

i ST cN+atl
in £(1,—s; 1, —s),where
Woe) = —Ao(e)(1+eE o(€))Q(L+E2 y(e)),
Wi(e) = —Ao(e)((1+eEL o(€)QEL 1(e) + EY 1 (e)Q(1 + B2 (<))
—CY(1+eEL 4(6)Q(1 + eE2 4 (¢)),
Wi(e) = —edo(e)((1+eB2 o(e)QEL (e) + EL1(e)Q(1 + €E2 4 (¢)))

—Cy(1+eE] (€)Q(1+eEL y(e))

and we omit the expressions of other terms. Here o €]0, min{1, 5 — N — % [. Then by Lemma 3.2.2, one
has the expansion for z € €.
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Lemma 3.5.3. Under assumption of Theorem 1.4.5, we have the expansion in L(—1,s;1, —s)

R2] ) RQ,N+0¢(27€)
Rii(z,¢) ZZZHH okt + cN+atl

7=0 k=0

for z € Qs, where

ole) = W(e)Go,

Ryi(e) = Wo(e)GY+ W(e)Go,
Ryi(e) = eWg(e)G+ Wi(e)Go,

and the other terms are uniformly bounded on € in L(—1, s;; 1, —s;) for s; > 2j + 1. Furthermore, the j-th
derivative of the remainder Ry no(z,€) is of O(zN T~ ]) in L(—1,s;1,—s)forj=0,...,2N.

By Lemma 3.5.1, 3.5.2 and 3.5.3, we have the expansion of the resolvent near z = 0.
Theorem 3.5.4. Suppose that N > 3, pg > 4N + 2 and € €]0,¢e¢|. Then for z € Q4, one has the expansions

of R(z,¢€) and its derivatives as follows

—R(z,e) =0z Inz|™) (3.36)

in £(—1,s;;1,—s;), s, >2j+1,j=0,...,2N. For z € Qy, we have the following expansion of R(z,¢)
in L(—1,s;1,—s)

N j k
, R7(e)  Rnia(z,¢)
k J N+a\~,
22 AW e+ =

=0 k=0

fors €]2N+1, 8] and o €]0, min{1, £ — N — 1}[. Here R%(e) = e"*' R} ;(¢)+ RS ;(¢) and Ry ya(z,€) =
eV R Ntalz,8) + Ronya(2,€).

Remark 3.5.5. We can compute that
R}(g) = 52Ri1(5) + R%,l(g)
= (eE(e) — Ao(e)K(e))Gi{e — (Vi — iVa)(eEg(e) — Ao(e) K (€))Go},

where K (¢) = (14 ¢EY ())Q(1 +eE? o(¢)). Since Gy is of rank one, the rank of R} ,(¢) + e *Rj,(¢) is
at most one. Actually, as € — 04, we have

1 o lvig P
Jim By() = m B2.(5) = 21120, 0)

Therefore, R}(c) is of rank one for &y sufficiently small.

|2 <'7 ¢>¢

3.5.2 Expansion of the semigroup

Consequently, similar to the 3-dimensional case we can obtain the large-time expansion of U (¢, £) following
Theorem 3.5.4. First we state the following Fourier transform in the sense of distribution. For the proof, one
can see Section 2.4 of Chapter II in [24].

Lemma 3.5.6. For v € Rand k € N, we have that

k
0 ) dk—l iy
/ (z 4 i0)" In*(z + i0)e " dx = g (3 Dot s —— e Ty + D}t n't,
0

=0

fort > 0.
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Proof of Theorem 1.4.5 : Choose the cutoff functions y;(\), j = 1, 2, 3 satisfying that

x;(A) € C=([0, 00[5[0,11), j = 0,1, 2,3,

x1(A) + x2(A) + x3(A) =1, for X € [0, 0],

supp x1 C [0, 2c1¢| Ing| Y[, supp x2 Cleie] Ing| ™, 2] and supp x3 CJd, 0of,

x1(A) = 1L, A € [0, cielIne|7Y; x2(A), X € [2cie]Ine|™t, 6] 5 x3(\) = 1, X € [25, 0],

Fork € N, |- £y (\)| < Cre*|Ine*5 | Loxa(N)] < Cre*[Inel¥, for A € [er1e|Ine| ™!, 2¢1¢| Ine| ]
and |- Loxo(\)| < Crd ", for A € [5,20] 5 | Toxz (V)] < Cro*.

Denote the integration in (1.10) by I(¢). Let

+oo
L) - / RN +10,2) — RO\ — i0,2))y; (\dA, j = 1,2,3,
0

and thus I(t) = I,(t) + L2(t) + I3(t).
For I5(t), similar to the 3-dimensional case, one has that for any s > j + %, j>2and pg > 5+ 1,

()~ I5(8)(z) = < O(t™).

For I5(t), by using the stationary phase method and the interpolation, we can get that

Y

)TV

[{z) =" Ia(8) ()~ || < O((

|Ine|

following (3.36) where @ €]0, min{1, ==2¥=1}],
For I, (t), we first note that for A > ()

2P 230 = NI — M(In\ + 2mi)*
k-1

= X)) Ci@ri)* ' A
1=0

Thus in light of Lemma 3.5.6, it follows that the following integral holds in the sense of distribution

/OO<<)\ +i0)7 In® (A +i0) — (A — i0)7 In® (A — i0))e""**d\

— _Zc}c(zm)’f*l / M In! e " AdA

0

1—

g d
- _ch’kalZeh+ Cldlh{€2r(7+1)}’v it "
1=0 h=0

k—1

= 1 Z c?’h In" ¢,

h=0
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where " = — 17 CL(2mi)k e(hta)mich dll {7 T(y + 1)}|,—;. Therefore, together with Theorem
3.54, we have that

o0

L(t) = szjg 0 (14 x1(A) = 1)((X +40)? In* (X 4 40)

()\—ZO) In® (A = i0))e " dARE(e) + (e|Ine|™ )N O N )

- I ol Al (e|Ing|71)i—N-o
= It k —N-l-a
N Zt ’ ﬁz J In’ tRj(€)+Z okt o(t )
Jj=1 k=1 =0 j=1 k=1
+(e |1n5|_1)_N_1_aO(t_N_1_a)
= 27?225 =i JZIH tTl + (e|Ing| Hy " Ntreo@E N1,

where T!(e) = =31 . &7 "'RE(e) € £(0,55;0,—s;), for s; > 2j + 1. Furthermore, by Lemma
3.5.2 and 3.5.3, it is easy to see that each le is of finite rank. Thus (1.13) can be obtained. In particular, by
Remark 3.5.5, T (¢) is of rank one.

O

3.6 The four-dimensional case 11

In this section, we will prove Theorem 1.4.7. Here we suppose that zero is not only a resonance of /{; but
also an eigenvalue for dimension n = 4. The details of the proof will be omitted and we only need to show
the low-energy analysis of the resolvent R(z, £) near z = 0, since it is similar to the above two cases.

Without loss of generality, one can choose the basis {¢; }7., of M defined in Section 2 such that ¢, is a

zero-resonant state of H; and {¢;}7_, is a collection of zero-eigenfunctions of H;. Thus from Lemma 3.2.4
(b), it follows that G}Vi¢y # 0 and G1Vig; = 0,forj =2,...,m

It is noted that the expansions (3.30) (resp. (3.31), (3.32), (3.33) and (3.34)) of W (z,¢) (resp. E(z, ¢),
Ri(z,¢), Ey(z,¢) and E_(z,¢)) is still valid for z € Q and € €]0, £¢] small enough, although the expres-
sions of the term in these expansions may be different from those in Section 5. On the other hand, one can
compute that

_ [(Vign,1)?
E_i(z6) = ieV+e2E°, 4(e) +zlnz(( (4m)? Orctm-2) ) +eEL, i (e)

Om—1)x1 O@m—1)x(m-1)

+Z(U + SE_+ 1(€))

+ Z Z Z " 2EF () + 2N T E i nya(2,€),

7=2 k=0
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where 0, is the zero matrix of size p x ¢ and

V = SG VT =T"VT,
y ( 0 olx@_n) +<<G?v1¢1,v1¢1> 7 )

Om-1)x1 U 0 O(m—1)x(m-1)
Z;{ = (<¢k, ¢j>)2§j,kgm—1,
Y= ((G(fvléf)z, V1<b1>, ce <G(1)V1¢m7 V1¢1>)T7
= —SGIVE)(e)GOWLT = —T*VLE(2)GOVLT,
= S(>iGWs — iGHVi — ieVa)EQ(e)GOVs — eGIVLEL () GOV,
—iGVaE (e)G1 (Vi — ieVa))T,
E% () = SEGIVa —iGl (Vi — iVa) Ej(e)GoVa — eGoVa EY ()G Va
—iGV2Eg(e)GY (Vi — ieVa))T,

and each E* | ;(¢) is a uniformly bounded (m x m)-matrix on € and E_, y4(2, €) satisfies that

dl
I B nvral(z, €)] < O(Jz["F7),

forl=0,1,...,2N and z € Q.
Before we state the distribution of the poles of £_, (z,¢) for € small enough, we need the following
lemma as an ingredient of the proof.

Lemma 3.6.1. [Lemma 2.3 in [35]] Let A be an operator matrix on H = Hi & Ho :

aix a2
A:( ),aijHk—)Hj,
22

21

where a1y, ass are closed and ais, asy are bounded. Suppose aso has a bounded inverse. Then A has a
bounded inverse if and only if

a = (CL11 — Cllgagzlagl)il

exists and is bounded. Furthermore, we have

~1
At = ( 1 , a2t 1)
—Qg99 210G  Ugy A21AA12055 T gy

Let £, (2,6) = (E™ (2,€))2<pqem be a (m — 1) x (m — 1)-matrix. Then we get its expansion as
follows

E_y(ze) = ieV+aU+E y(e) + %2 InzEl | () + 2eE°, (e)

N
+ Z Z A" 2EBY, (e) + 2N E_f Nyal(2,8), (3.37)
=2 k=0
where
f/ - (qu)2<p q<m;

( —+]) <)>2<pq<m>

EY (e (
= ((E7+N+a> (2, 5))2§p,q§m’

E,+ N+a(z €

)
)

are all bounded (m — 1) x (m — 1) matrices.
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Let \;, j = 2,...,m denote the roots of det(V — XA) = 0. On the other hand, we denote 3 =
(Vv T and v = V1 Thus V can be written as

(v B
V_<6 f/)'

Leta = v — Bf/‘l [5*. Actually, one can check that a = % > 0. Similar to the case we discussed in
Section 3.5.1, one can derive that there exists a unique solution denoted by \; () of the equation

[(Vigy, 1)

ieq — ———————2zIlnz = 0.

(47)?

Furthermore, A;(g) = 7(¢)e® () satisfies that |r;(¢)| = O(e|lne|™), r1(e) — 04 and 6;(g) — 37”+ as
e — 04. In the following lemma, we describe the zeros of F'(z,¢) = det E_,(z,¢) and the inverse of
E_(z,¢) when the distance between z and these zeros has a positive lower bound dependent on &, which

is O(g|Ine|™!) according to A1 (g) and O(e) according to —ieA;, j = 2,...,m.

Lemma 3.6.2. Suppose that py > 4. There exist sufficiently small constants 0, g > 0 such that for ¢ €)0, &,
F(z,¢€) has m zeros {zj(e) }T2, € B_(0,6) which coincide with the eigenvalues according to their algebraic
multiplicities. More precisely, we have that z1(¢) € B(M (), ce|lne|™") and z;(c) € B(—ie)j,ce), j =
2,...,mforsomec > 0. Here B(\i(e),ce|Ine| ") NB(—ie);, ce) = 0 and B(—ic)\;, ce)NB(—ie), ce) =
0 for \; # M and dist (B(M\i(g), ce|Ine| ™), Ry) > cie|lne|™ and dist (B(—ic);, ce),Ry) > ¢ for
some c1 > 0.

Furthermore, for z € Q £ B(0,6) \ {B(M(e), ce|Ine|™) U (UM, B(—ie);, ce)) URL} the inverse of
E_.(z,¢) has the form

(E_s(2,)7"
_ ( f(z,e)7 —f T E_((2,6) 7! )
T B e —E () () TR () B (ze))
(3.38)
where
5(278) = (E*+(275)127 7E7+(278)1m>T7
C(ng) = (E_+(Z,€)21, ’E—-i-(zvg)ml)Ta
f(z,e) = E_y(z,)'t —&(z,0)TE_y(2,6)71C(2, ). (3.39)

Démonstration. As the proof in Section 3 and 5, it is sufficient to find the principal part of F'(z,¢). For
po > 4, one can get the expansion of £_ (z, ¢) as follows

o l(ien, D2 1 - 0%
B (se) = = (ir)? zlnz | zaﬁ )
1ef3 eV + U

N O(E?+z+ezlnz) OE*+z+ezlnz)
O +z+ezlnz) O +ez+22In%2) )"

It follows that for z € Q and € €]0, &,

[(Vig, 1)[?
(4m)?
+O(e™ + 2™+ M2 lnz 4 2™ In z).

F(z,e) = (ica— zIn 2) det(icV + 2U)
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Let Fy(z,¢e) = (ica— ngl z1In z) det(ieV+2U) and then Fy(z, £) has m zeros {\i (), —ie)a, . .., —ieAn }

in £). One can choose some ¢ > 0 such that

|Fo(z,€)| > C1e™, |F(z,e) — Fy(z,¢)| < Coe™|Ine|™

for z € OB(\((¢),ce|Ine|™!) and some C, Cy > 0. So applying Rouché’s Theorem, we have that there
exists a unique zero z1() € B(\i(e),ce|lne|™) of F(z,¢). On the other hand, the conclusion about the
other zeros of F'(z, <) can be obtained, provided that

|Fo(z,e)| > Cie™|Inel, |F(z,e) — Fo(z,e)| < Coe™

for z € 0B(—ie);, ce), j = 2,...,m. By choosing a suitable ¢, we can complete the proof of the zeros of
F'(z, ). For the expression of the inverse of £ (2, €), it is sufficient to prove the invertibility of £ (z, ¢)
and f(z,¢) for z € Q. In fact, from (3.37), one has that

E . (z,6) =ieV 42U+ O(* + ez + 22 In? 2).

Thus also by Rouché’s Theorem and choosing a suitable ¢, £ (z,€)~! exists for z € (2. On the other hand,
noting that

F(z,¢)

Fo(Z 8)

it is obvious that f(z,¢) is invertible for 2z € Q. Therefore by Lemma 3.6.1, Lemma 3.6.2 is proved. O

fz,8) =

Then we want to state the expansion of inverse of £ (z,¢) near z = 0 for ¢ > 0 small enough. We
divide € into two parts :

O = B(0,26) \ {B(0,cxe|Ine|™") U (UL, B(—ig);, ce)) URL}
Qy = B(0,2cie|lne| ™) \ {B(A\i(e),ce|Ine|™) URLY,
where ¢; > 0 is chosen such that |z In z| > 2|\ (€) In Ay (¢)] for z € €.

Then for ¢ €]0, ¢q] small enough, we can get the following lemma in which we state the estimates of
E_(z,¢) and its derivatives for z € 2, and the expansion of £__ (z,¢) for z € Q5.

Lemma 3.6.3. Suppose that the assumptions of Theorem 1.4.7 holds.
(1). For z € 1, we have the estimates

& 1 _ (0 0 i1
dzJE +(z,6)7 = (0 (=1 51(ieV + 2U) (U (ieV + 2U) L) ) +0(2" ™! ?)
(3.40)
forj=0,1,...,2N.
(2). For z € §y, we have the expansion of E_ (z, ¢) as follows
27 Inf 2 k 1
E_ ZZ eJ+1 .7 + eN+a+l ON+O¢(Z76)7 (341)
7=0 k=0
where C'J’-“(é‘), J=0,1,....,N, k = 0,...,75 are some bounded matrices on ¢ and the estimates for the
remainder term
d N+a—I
||@CN+OC(Z,€)|| =0V, 1=0,...,2N, (3.42)

hold. Furthermore, C{(g) = —iV™! + O(e).
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Démonstration. (1). For z € ()4, it can be verified that

1 2
%zlnd > CylzIn 2|,

for some C1, Cy > 0. On the other hand, let M = 2 maxa<;<,,{)\;} and then we have that for 2 € QO £ Q;\
B(0, Me), |z+ic)j| > |z| = Aje > (1 — )‘M])M and for z € O £ QN B(0, Me), |z +ichj| > c1e > &z].
So for z € €y, it always holds that |z + ic);| > Cs|z| for C3 = min{<t, 1}. Then as the intermediate part
in Section 3.5.1, one can derive that

|zInz| > Cie, |ica —

a - L S .
mE,+(2, e) L= (=1)751(ieV + 2U) T U(ieV + 2U) ) + O(z 7 In® 2),
2
forz e Qyandj =0,1,...,2N.
Then we calculate the behavior of f(z,¢)™! for z € Q. For z € O, due to the fact that e < 3]z[, we
have that

f(ze) = (iev— %zlnz + 0 +ezlnz +2)) — (ieB* + O(e* + ezInz + 2))
((ieV + 2U) "t 4+ O(In® 2)) (i + O(e? + ezIn z + 2))
2
——’<Véf71r’)21>‘ zlnz 4+ O(z).
In light of
[(Vigy, 1) (47)? - [(Vidr, 1)?
f(z,e) = —Wz’lnz(l - m(zlnz) Y f(z,e)+ (1471)3211&2)),
one can obtain that
di .
ﬁf(z,ﬁ)_l = O(z 7 'In"t2),

forz € Qf and j = 0,1,...,2N which is the same to the proof of (3.35).
On the other hand, for z € 9%, we have |z| < Me and then

E_(z,e)' = (ieV)™ = 2(ieV) UiV + 2U) "1 + O(In? 2)
= (ieV) '+ 0(e %2 + In? 2).

Denote fy(z,¢) = ica — 10491DP - 11 » and then by (3.39) together with 2| <e < Cilzlnz|,

1
(4m)2 M ‘

f(z,e) = (iev — %zlnz + 0 +ezlnz +2)) — (ieB* + O(e* + ezInz + 2))

((ieV) L+ 0(e 22 +1n 2)) (ief + O(® + ezln 2 + 2))
= folz,e) + O(z).

From
f(Z,€) = fO(Z’€>(1 + fO(ZvE)_l(f(ng) - fO(Z’E)))a

it follows that
& -1 o171
—dzjf(z, £) = 0O(z In"" 2),

for z € Q% and 7 = 0,1,...,2N similar to the proof of (3.35). Then by (3.38), we can get (3.40).
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(2). For z € )y, it is clear that

|zInz| < Cue; C5'le < |fo(z,¢)| < Cse;
2| < Cge|lne|™; |z +ide)| > cie, j=2,...,m

for some positive constants Cy, C'5s and Cs. So as the proof of (3.22) and with help of Neumann’s series and
(3.37), one can check that for z € )5,

. N
E_(z,e)" = ZFAO( g) + zInzAi(e)
j=0
N J i 1.k
27 In" 2z 1
+ZZ i A§<5) €N+a+1AN+a(z7€)’
7=2 k=1

where
AY(e) = ((V+eE", o(e)) 7t = =iV +0(e),
Aj(e) = —AY(e)EL,  (e)AY(e),

and Af(e), A¥(e), 7 =2,...,N, k= 0,...,j and Ayiq(2,¢) are bounded (m — 1) x (m — 1) matrices
satisfying the estimates

|| AM(z &)l = O(|z1"**77), j=0,1,...,2N.

Let
f]k( )= (EL-g( )12a'-->Eﬁ+,j(375)1m)T
and
C]’-“(é) = (Eﬂr,j(z, aH, ..., EEJDJ-(Z, g)™hHT
forj=0,...,Nand k =0,..., . It follows from (3.39) that for z € (2,

f(z8) = ig(v_ﬁ*f)_lﬁ)-l—gfg(s)—zlnz%+;€j_jl ]Q(g)
2 1n” 2 k 1
+ZZ ei—2 f mfN-I—a(zag),
=1 k=1

where

fole) = (B2, o)"(e) —e H{(iB" + ()" () Ap(e) (iB + e¢g(e)) — iB"V ™' B}

file) = (Ei+,1)11(5) {(fi)T(E) 0(e) (@B +£¢(e))
e))A1(e)(if +eCo(e)) + (iB" + (&) () Ag(e)(G1)" (e)}
)" (£)A3(e) (iB + ey (e))

1(e)(iB + £¢o(e)) + (18" + (&) (€)) An(e) (¢1) " ()},

and other ff(e), j=2,...,N,k=0,...,7 are bounded functions on £ which can be computed directly
and the remainder term fy,(z, ¢) satisfying that

file) = (E9+,1)“(€)—{(£

d _
|@f1v+a(275)’ =0V
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for! =0,1,...,2N. Thus applying Neumann’s series as before, one can obtain that for z € ()5,
N J i 1.k
_ 1 2 In" z 1
flz,e)t = 298(5) + ZZ T gy(e) + mgz\/m(z»ﬁ),
j=1 k=0
where

g% (8) ( (471')2 At (8))98(6)2
gile) = —fi(e)go(e)?,
and other gj’?(e), j=2,...,N,k=0,...,7 are bounded functions on £ which can be calculated explicitly

and gy (2, €) satisfies that

d _
|@9N+a(2’»5)| = O(2N+a l)

for! = 0,1,...,2N. Thus by using the expression (3.38), we can obtain the expansion (3.41). In particular,
it can be verified that

o (iB" + (€T
Cole) = ((mscg(e» z'v+sE9+,o<s>)
= —iV 1 +0(e),
M 1 1, c(eNT
cle) = —08<e>< e f))) cs )
1 e 4\

(( D (e) <011>12<e>)

(CH?M(e) (ChH2(e))
CPe) = —Coe) (U+eE", () COle)

(( 9 (e) <c9>12<e>)

(€ (e) (CD)2(e))

(1>

>

where Cf (¢) and C} () have the asymptotic expansion as follows

(CD)Me) = aile),

(CH®(e) = —q1(e)(iB" + (&) (£)Ap(e) — egp(e)(&1)" () AD(e)
—€ 90(5)(25 +5(50) (€))Ai(e),

(CDM(e) = —g1(e)Ap(e) (@B + Gy (e)) — egp(e) Ag(e)¢i ()

—£%95(e) A1 () (iB + Gy (¢)),

(CD*(e) = H{go(2)A1(e) (0B + £Go () (18" + £(&) " (€)) Ap(e)

+00()A5(2)G1 () (1B + (&) (€)) Ap(e)
+g1(2)Ag(e) (1B + €G3 () (8" + £(£9) " (€)) Ag (e)
+90()A5(e) (18 + e (€)) (&1) " (€) Ag(e)
+00()Ag(e)(iB + e () (iB” + (&) () Ai(e) + Ar(e)},
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and
e = gile),
(C))() = —di(e)(iB" + (&) (e)) Able) — go(e)(&1)" (e) Ad(e)
—g0()(iB" + (&) " (£)) Al (e),
(CY)*(e) = —gi(e)Ap(e) (@B + Gy (e)) — go(e) AL(e) (@B + £Gy (¢))
—90(e)A5(e)¢1 (e,
(C)%(e) = go(e)AL(e)(iB + £Go () (8" + £(&9)" (€)) Ap(e)
+00(€)Ap(€) T () (18" + (&) " (£)) Ao (e)
+91(e) Ag(€) (1B + ¢y () (8" + (&5)" (€)) A e)
+go(6)A8(8)(lﬂ+6Co(€))( &)" (e)Ag(e)
+90(e) Ap(e) (iB + eGo () (iB” + (&) (e)) AL (o).
Meanwhile, other terms in (3.41) can be also obtained explicitly and the estimate (3.42) holds. [

Thus, by taking the expansions (3.31), (3.33), (3.34), and (3.41) into (3.10) and then by the relation
R(z,e) = W(z,e)Ry(z), we can get the following theorem about the low-energy analysis of the resolvent.

Theorem 3.6.4. Suppose that the assumptions of Theorem 1.4.7 holds. Then we have that
(1). For z € 1, we have the estimates

—W(z,e)™' = (=1)IT iV + 2U) UiV + 2U) S + Oz in ™t 2)

in £L(1,—s;;1,—s;) and

j . . ,
%R(z g) = (=1 (ieV + 2U) UiV + 2U) T S'GY + Oz In T 2)
2
in £L(—1,s;;1,—s;j) for j =0,1,...,2N and s; > 2j + 1, where T" and S’ are defined by
T'd =3 cjbj 50 = ({6, —Vidn),...., (&, —Vien))
=2

ford =(ca,...,cn) EC™ rand p € H 5, s > 1.
(2). For z € Qy and s > 2N + 1, we have the expansions of W (z,&)™' in L(1,—s;1,—5s) and R(z,¢)
in L(—1,s;1, —s) as follows

B 27 n” 2 1
W(ze)™h = ZZ S Wi @) + e Wivea(2,9),
j:O k=0
2 1n* 2 1
R(ze) = ZZ S 1 (E) + e Bavealz:9),
7=0 k=0

where Wf(é‘) € L(1,-s;;1,—s;) and Rf(é) € L(—1,s;31,=s;),j = 0,1,...,N, k = 0,...,j are
some bounded operators on ¢ for s; > 2j + 1 and the remainder terms Wy, (z,¢) € L(1,—s;1,—s),
Rnia(z,€) € L(—1,s;1,—5) for s > 2N + 1 are uniformly bounded on z, € with the estimates
d N+a—l
2) ™ Wisalz,8)(@)°l] = O(=""7),

o) Rl ) )] = O+
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hold for 1 = 0,1,...,2N. In particular, we can derive that

Wo(e) = eEg(e) — (L+eE8 o(e)SCo(e)T(1 + £ o (e)),
Wi(e) = eEy(e) = (L+eE4 (e))SCI(e)T (1 + £ o (e))
—e{E}1()SCo(e)T (1+€E9,o(6))+(1+6E 0(e)SCy(e)TEL ()},
W) = 2E?() (1+eES 4(e))SCY(e)T(1 +eE2 (e))
—e{EY 1()SCo(e)T (1+€E° (8))+(1+8E 0(€))SCH(e)TE? 1(e)},

- W(g)(€>G87
Ri(e) = W{(e)G)+eWy(e)Gy,
Rie) = WP(e)G)+ eWl(e)GY.

Similar to the cases we considered in Section 3.5.2, the proof of Theorem 1.4.7 can be completed
following Theorem 3.6.4.

Remark 3.6.5. It can be computed that
Ri(e) = K(e)Gi(e — (Vi — ieVa)K(e)Gy),

where K(g) = eE{(e) — (1 +icEy(e)GIV2)TCY()S(1 + 1eGY(e)Va). Thus R} (e) is of rank one at most
provided that G} is of rank one. Furthermore, let € tends to zero and then one has that

lim Ri(e) = TV 'SGIVTVS

E—>0+
Vigr, 1)]?
— |< 1¢1’ >| TV_1P1V_157
(4m)?
is non-trivial, where Py is a projection from C™ to {0(1,0, ...,0) : € C} defined by P,c = (c1,0,...,0)7,
forc=(cy,coy...,cn)T € C™. Therefore, for e > 0 small enough, the principal term is of rank one.
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Comportement en grand temps des solutions de I’équation de Schrédinger

dissipative

Large-time Behavior of the Solutions to Dissipative Schrodinger Equation

Résumé

Cette these est consacrée a I'étude de I'équation de
Schrédinger dissipative dépendant du temps, surtout
a I'évolution a long terme des solutions du probleme
de Cauchy. Soit H = —A + V(x) I'opérateur de
Schrédinger dissipatif, i.e. SV (z) < 0. De plus, on
suppose que la partie imaginaire de V(z) est assez
petite de sorte qu’elle peuve étre considérée comme
une perturbation de la partie autoadjointe de
I'opérateur.

D’abord, nous étudions la complétude asymptotique
de l'opérateur de la diffusion pour la paire (—A, H),
sous condition que 0 soit un point régulier de la partie
autoadjointe de H, désignée par H;. Cela signifie que
0 n’est ni une valeur propre, ni une résonance de H; .
La preuve est basee sur une estimation globale de la
résolvante qui est uniforme par rapport a la taille de la
partie imaginaire du potentiel et sur la completude
asymptotique de la diffusion quantique pour la paire
d’opérateurs autoadjoints (—A, Hy).

Ensuite, pour mieux comprendre les comportements
en grands temps de la dynamique quantique, nous
étudions le développement asymptotique du
semigroup e~ |orsque ¢ tend vers l'infini. Nous
considérons les trois cas suivants : (1). 0 est
seulement une valeur propre, mais pas une résonance
de H; en dimension trois ; (2). 0 est seulement une
résonance, mais pas une valeur propre de H; en
dimension quatre ; (3). 0 n’est pas seulement une
résonance mais aussi une valeur propre de H; en
dimension quatre.

Abstract

This thesis is devoted to studying the large time
behavior of the solutions to the Cauchy problem of the
dissipative Schrdédinger equations. Let

H = —A + V(z) be the Schrédinger operator. We
consider that H is dissipative, i.e. SV < 0. More
precisely, in this thesis, we assume that the imaginary
part of V() is sufficiently small such that it can be
seen as a perturbation of the real part of H. Thus the
main method in this thesis is the argument of
perturbation.

First, we will study the asymptotic completeness of the
scattering pair (—A, H), under the assumption that 0
is a regular point of the real part of H, denoted by H;.
It means that 0 is neither an eigenvalue nor a
resonance of H;. The proof is based on a global
resolvent estimate which is uniform to the size of the
imaginary part of the potential function and on the
asymptotic completeness of the quantum scattering
pair of the selfadjoint operators (—A, Hy).

Second, we will discuss the expansion in time of
e~ Here we will consider three cases: (1). 0 is only
an eigenvalue but not a resonance of H; in dimension
three; (2). 0 is only a resonance but not an eigenvalue
of H, in dimension four; (3). 0 is not only a resonance
but also an eigenvalue of H; in dimension four. Main
tool is the low-energy analysis.
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