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.&";.&"= EX=H ;) @?@-," N ;) =&*B)$" 9" $";;"Y$- "% 9'$";"* ;"= I)*-)%-?,= 9<-E('9),$": .&-
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%!+# 14+#$.*<$7
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*+!)> ,-#1),$&)*' 14.(&,$*+,+$.7 D! 0+E,& +#'0&,$.& &'$ ,2!)5.& 0!* +#1),$+-# &$ &# ,!' 1&

0*.'&#,& 14)# 1.6!)$/ (4!#-3!(+& 1!#' (! 1+'$*+A)$+-# 1& (! 1&#'+$. 1& ,-)*!#$' +#1)+$'/ ,*.&

)#& ,-#,&#$*!$+-# 1& (! 1&#'+$. 1& 0)+''!#,& !)$-)* 1) 1.6!)$ 9)+ '& $*!1)+$ 0!* 1&' ')*;

,2!)5&' (-,!(&'7 D4+#2-3-%.#.+$. 1& (! 1+'$*+A)$+-# 1& (! $&30.*!$)*& '& 0*-0!%& ? (! ')*6!,&

1) 3!$.*+!)/ &$ 0&)$ <$*& 1.$&,$.& 0!* )#& ,!3.*! +#6*!*-)%& FG%)*& H7IJ7 K# 1.6!)$ '&*!

1-#, *.".(. 0!* (! ,-3A+#!+'-# 1&' 02.#-3E#&' .(&,$*-3!%#.$+9)& &$ $2&*3+9)& 14)#& 6!L-#

,-30(.3&#$!+*& MNOP

+
QR/ D-)QIS7

 !"# H7IT D& 0*+#,+0& 1& (! $&,2#+9)&

D4+#$.*<$ 1& ,&$$& 3.$2-1& &'$ 14!)%3&#$&* (! 0*-A!A+(+$. 1& 1.$&,$+-# 1&' 1.6!)$' 1& ')*6!,&

&$ 14!3.(+-*&* (4+#$&*0*.$!$+-# 1&' 1-##.&' 0!* )#& ,-**.(!$+-# 1&' *.')($!$' -A$&#)' !"&, (&'

1&)> 3.$2-1&' 1) =@8 T 0!* ,-)*!#$ 1& B-),!)($ &$ 0!* $2&*3-%*!02+& +#6*!*-)%& MNOPBQRS7

U((& 0*.'&#$& (4!"!#$!%& 1& ,*.&* )#& 0&*$)*A!$+-# ')00(.3&#$!+*& 1)& ? (! ,-#,&#$*!$+-# 1&'

,-)*!#$' +#1)+$' !)$-)* 1) 1.6!)$ ,-33& (& 3-#$*& (! G%)*& H7R -V )#& 0+E,& 1& 6-*3& 14)#&

0(!9)& ! .$. +#'0&,$.&7 D! 0*.'&#,& 1) 1.6!)$ 0&*$)*A& (&' (+%#&' 1& ,-)*!#$' +#1)+$' &$ ,*.&
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"#$ $%&'()%*#$ $%++,-.#/0)1&#$ 2%1 $3)45%0#/0 )% &#05%& "# ,35/"# 0(#&.12%# 6 ,) $%&7)'#

)+&8$ ,) $01.%,)015/ 0(#&.12%#9 :#,) #/;#/"&# %/# -,-<)015/ "# 0#.+-&)0%&# 6 ,) $%&7)'# )%=

"#$$%$ "% "-7)%09 >) 0#'(/12%# 0(#&.5=1/"%'01<# +#&.#0 -;),#.#/0 "# '5/0&?,#& 7)'1,#.#/0

,) +%1$$)/'# 1/"%10#@ "# '()%*#& 6 ,) $%&7)'# 5% )% '5#%& #0 "# $3)")+0#& )%A "1*-&#/0#$

;-5.-0&1#$ "#$ +18'#$ 1/$+#'0-#$ #0 "#$ "-7)%0$ &#/'5/0&-$9

 !" #$%&'$()&$*+ ,) -.!/0 /!1+2&$3)4  (" #$%&'$()&$*+ ,) -.!/0 ,4 &4/02'!&)'4 4& 5!

&4/02'!&)'4 ,4 5! %)'6!-4 ,4 5! 05!3)4

 !"# B9CD E1$0&1F%015/$ "#$ '().+$ .);/-012%# #0 "# 0#.+-&)0%&#

 !"!# $%&'()*+),- .%& /0/1%-+& .% 02 +%'3-)45%

>) G;%&# B9H .5/0&# %/ $'(-.) 0I+12%# "3%/# 1/$0),,)015/ +5%& ,31/$+#'015/ "#$ +18'#$ 'I=

,1/"&12%#$9 J,,# #$0 '5/$010%-# "3%/ ;-/-&)0#%& "31/"%'015/@ "3%/ 1/"%'0#%&@ "# ,) ').-&)

1/7&)&5%;# #0 "#$ +18'#$ 1/$+#'0-#$ KLMN

+
OCP9

 !"# B9HD Q'(-.) "% $I$08.# #A+-&1.#/0),
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 !"!#! $%&%'()*+' ,-.&,+/).0&

"# $%&$'(%)*% #+ (,-$.% /% #+ (*01-#+*0,) *2%$103-%4 "# &%$1%* /% .$'%$ #%( .,-$+)*( '#%.*$03-%(

+-5 6$'3-%).%( (,-2+0*'%(4 7,) &$0).0&% %(* /,))' &+$ #+ 89-$% :4:;4 <+ *%)(0,) /- $'(%+-

%(* +=-(*'% > #?+0/% /?-) *$+)(6,$1+*%-$@ &-0( $%/$%(('% /% 6+A,) > ,B*%)0$ -)% 9$+)/%-$

.,)*0)-%@ &-0( /'.,-&'% > #+ 6$'3-%).% C,-#-% &,-$ +#01%)*%$ #?0)/-.*%-$ 6,$1+)* +0)(0 -)

,)/-#%-$4 <?0)/-.*%-$ %(* +((,.0' > -)% .+&+.0*' /% 6+A,) > 6,$1%$ -) .0$.-0* +..,$/' >

#+ 6$'3-%).% .2%$.2'%4 D%**% $'(,)+).% %(* /'*%.*'% %* (%$*@ 9$E.% +- .0$.-0* /% .,11+)/%@ >

&0#,*%$ #?,)/-#%-$4 <+ 6$'3-%).% /% 6,).*0,))%1%)* %(* +0)(0 C+$0+B#% %* +=-(*'% +-5 .,)/0*0,)(

/% $'(,)+).% /% #+ .2+$9%4 7%#,) #%( 6$'3-%).%( /'#0C$'%(@ #%( 9')'$+*%-$( -*0#0(%)* .,11%

0)*%$$-&*%-$( (,0* /%( (%10F.,)/-.*%-$(@ (,0* /%( *-B%( '#%.*$,)03-%( GHIJ+K4

 !"# :4:;L 7.2'1+ /% &$0).0&% /?-) 9')'$+*%-$ /?0)/-.*0,)

 !"!#!# 1-.&,+/)*+'

D?%(* -) /%( '#'1%)*( %((%)*0%#( /?-)% 0)(*+##+*0,) /?0)(&%.*0,) &+$ #+ *%.2)03-% *2%$1,F

0)/-.*0C%4 "# %(* .2+$9' /% .$'%$ #% .2+1& 1+9)'*03-%4 7+ 9',1'*$0% ,- (+ 6,$1% /'&%)/

%((%)*0%##%1%)* /% #+ 9',1'*$0% /% #+ &0M.% 0)(&%.*'% %* /% #+ $'&+$*0*0,) /- .2+-N+9% (,-2+0F

*'%4 D%**% 6+.-#*' /?+/+&*+*0,) /,))% -) +C+)*+9% 1+=%-$ &,-$ #?0)(&%.*0,) /%( /0N'$%)*%(

&0M.%( $%).,)*$'%( /+)( #?0)/-(*$0% GHIJBK4

H- 6+0* 3-% #+ &-0((+).% *$+)(10(% +- 1+*'$0+- 0)(&%.*' /'&%)/ /- .2+1& 1+9)'*03-%@ 0# %(*

(,-C%)* -*0#% /% $%)6,$.%$ #+ C+#%-$ /- .2+1& 1+9)'*03-% O +-*,-$ /%( P,)%( > .2+-N%$4 D?%(*

#% $Q#% /- .,).%)*$+*%-$ /% .2+1& /,)* #% B-* %(* /% .,).%)*$%$ #%( #09)%( /% .2+1& %* /?'C0*%$

#%( 6-0*%( 1+9)'*03-%(4 D%**% ,&'$+*0,) %(* $'+#0('% > &+$*0$ /?-)% .-#+((% &#+.'% +-*,-$ /%

#?0)/-.*%-$ %* /% #+ P,)% (%)(0B#%4 D%( .-#+((%( (,)* (,0* %) +.0%$ 1+9)'*03-% 6%-0##%*' &,-$

/%( 6+0B#%( 6$'3-%).%(@ (,0* %) 6%$$0*% &,-$ #%( 2+-*%( 6$'3-%).%( GHIJBK4

 !"!#!2 1( /(3%'( .&4'('0+5*

<% $+R,))%1%)* /% #+ &0M.% 0)(&%.*'% %(* /'*%.*'% &+$ -)% .+1'$+ 0)6$+$,-9%4 D?%(* -) 0)(F

*$-1%)* '3-0&' /?-) /'*%.*%-$ /% $+R,))%1%)* (%)(0B#% /+)( #+ B+)/% 0)6$+$,-9% /- (&%.*$%4
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"#$% &'% (#)*+#% #$(,'$$'%- (' .*/'(/'0+ '%/ #%%1(,* 2 0$ %3%/4)' .' 5#&#3#6' )*(#$,70'

8'+)'//#$/ .' .+'%%'+ 0$' (#+/' .0 (9#)8 .' &0),$#$(' ,$:+#+106'; <13'$$#$/ 0$ */#&1$=

$#6' 8+*#&#5&' #>'( 0$ (1+8% $1,+ '/ &# (1$$#,%%#$(' .' &?*),%%,>,/* .' &# %0+:#(' >,%*'- 1$

8'0/ '$ .*.0,+' %# .,%/+,50/,1$ '$ /')8*+#/0+'; @'% (#)*+#% &'% 8&0% )1.'+$'% %1$/ *70,8*'%

.?0$' )#/+,(' .' .*/'(/'0+; A9#70' (#8/'0+ :1+)' 0$ 8,B'& .' &?,)#6'; A'//' ,)#6' 8'0/ C/+'

/+#,/*' .' )#$,4+' #$#&16,70' 10 $0)*+,70'; @' 5#&#3#6' )*(#$,70' '%/ #,$%, *&,),$* '/ 1$

8'0/ #//',$.+' .'% (#.'$('% .?,)#6' .' 8&0%,'0+% ('$/#,$'% .' DE FG#0HHI;

J$' )'%0+' .' /')8*+#/0+'- 'K'(/0*' 2 &?#,.' .?0$' (#)*+# ,$:+#+106'- .')#$.' ('+/#,$'%

8+*(#0/,1$%; "' $1)5+'0B 'K'/% #88#+#,%%'$/ '$ :1$(/,1$ .'% (1$.,/,1$% .' &# )'%0+'- (1))'

&'% 5+0,/% /9'+),70' '/ *&'(/+1$,70' #L10/*% 8#+ &'% (#8/'0+% ,$:+#+106'%; J$' (#&,5+#/,1$

'%/ #&1+% +'(1))#$.*' #>#$/ (9#70' %*+,' .?'B8*+,'$('%; @# (#&,5+#/,1$ 8'+)'/ .?15/'$,+ &'%

>#+,#/,1$% .' /')8*+#/0+' '$+'6,%/+*'% 8#+ &# (#)*+# %0+ 0$ 15L'/ .' +*:*+'$('; J$' (1++'(/,1$

8+181+/,1$$'&&' 8'0/ .1$( C/+' #88&,70*' %0+ &'% '$+'6,%/+')'$/% 8+,% %0+ &?15L'/- 10 &' %0L'/

.' &?'B8*+,'$(' FG#0HHI;

 !"!#!$ %& '()*+,&- . +-'(&*/&0

@# 70#&,/* .' &# +*81$%' /9'+),70' .?0$ %3%/4)' .?,$%8'(/,1$ 8#+ &# /'(9$,70' /9'+)1=

,$.0(/,>' .*8'$. .' &# (1$$#,%%#$(' 8+*(,%' .'% 8+18+,*/*% 893%,70'% .0 )#/*+,#0 2 (9#0K'+;

M$ .,%/,$60' .'0B :#),&&'% .' 8+18+,*/*% 893%,70'% N

 !" #$%#$&'('" ')!*($%+,-.'(&/0!" 1 ('% 8+18+,*/*% %1$/ &# 8'+)*#5,&,/* )#6$*/,70' OµP '/ &#

(1$.0(/,>,/* *&'(/+,70' OσP; A'% 8#+#)4/+'% 1$/ 0$' ,$Q0'$(' .,+'(/' %0+ &'% 8#+#)4/+'% .0

(9#0K#6';

 !" #$%#$&'('" (2!$+&/0!" N ('% 8+18+,*/*% %1$/ &# (1$.0(/,>,/* /9'+),70' OλP- &# )#%%' >1&0=

),70' OρP- &# (9#&'0+ %8*(,R70' OCpP '/ &?*),%%,>,/* OǫP; A'% 8#+#)4/+'% 1$/ 0$' ,$Q0'$(' %0+

&'% 8#+#)4/+'% .0 (9#0K#6' '/ .0 /+#,/')'$/ .' &# +*81$%' /9'+),70';

 !"!# $%&'(&)*+,%- %. /0)0.*.0(+-

"0 :#,/ 70' &# /'(9$,70' /9'+)1=,$.0(/,>' '%/ 0$' (1)5,$#,%1$ .0 AS" 8#+ (10+#$/ .'

T10(#0&/ '/ .' &# /9'+)16+#89,' ,$:+#+106'- '&&' '$6&15' #0%%, &'0+% #>#$/#6'% 70, %1$/ +*%0)*%

(,=.'%%10% N

1 @# )*/91.' '%/ +'&#/,>')'$/ +#8,.' '/ $' $*('%%,/' 8#% .' (1$/#(/%;

1 @# )*/91.' '%/ 6&15#&' '/ '&&' 8'+)'/ &?,$%8'(/,1$ .' &?'$%')5&' .' &# 8,4(' 2 &# :1,%;

1 U10/' &?*8#,%%'0+ .' &# 8,4(' '%/ 6*$*+#&')'$/ (1$/+V&*';

1 G+#$.' %'$%,5,&,/* .' .*/'(/,1$ .'% .*:#0/% O.,)'$%,1$$'&&'%- %/+0(/0+#&'%;;;P- #>'( 81%%,5,=

&,/* .?'$ *>#&0'+ &# 8+1:1$.'0+;
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 "#$%&'($&)*$&)'+ ,*& -'**)./, -'%0 1,* -)23,* 1, 45'(5&0),* 3'+*&$+&,* 6&%.,*7 .$00,*7

0%.$+*7 38./,*7999:9

 "#$03;)<$4, 1,* 05*%/&$&* ,*& $**%05 -$0 /$ 3$(50$ )+=0$0'%4,9

>+ 0,<$+3;,7 3,0&$)+,* /)()&$&)'+* *'+& '.*,0<5,*9 ?+ -,%& 3)&,0 -$0 ,@,(-/, A

 "$ (5&;'1, +, *#$--/)B%, B%#C 1,* ($&50)$%@ 3'+1%3&,%0* 1#5/,3&0)3)&59

 "$ &,3;+)B%, ,*& *,+*)./, $% 3;$%D$4, +'+ %+)='0(, 1$+* /, 3$* 1% ('1, 1, *&)(%/$&)'+

-%/*5,9

 E%,/B%,* 1)F3%/&5* 1, (,*%0, /)5,* $%@ ,D,&* -,0&%0.$&,%0* *'+& 0,+3'+&05,* 9

 "#)+&,0-05&$&)'+ 1,* (,*%0,* +#,*& -$* &'%G'%0* =$3)/,7 *%0&'%& -'%0 )1,+&)H,0 /$ +$&%0, 1,*

15=$%&*9

 !" #$% &'($% ($ %)*&+,-)*'.

I$+* /,* 1,%@ &,3;+)B%,* 1, /$ &;,0('40$-;), )+=0$0'%4, ,& &;,0('J)+1%3&)<,7 &0')* -0)+3)-$/,*

(5&;'1,* -,%<,+& K&0, ()*,* ,+ ',%<0,9 >//,* *, 1)D50,+3),+& /#%+, 1, /#$%&0, -$0 /$ ($+)20,

'L /, *-53)(,+ ,*& ,@3)&5 ,& 3'((,+& /$ 05-'+*, &;,0()B%, ,*& &0$)&5,9

 !"! #$%& %& '()*+,-()$. *$%+,/&

I$+* 3, ('1,7 /$ -)23, )+*-,3&5, ,*& *'//)3)&5, -$0 %+ 3;$%D$4, 'L /$ <$/,%0 ,F3$3, 1, /$

-%)**$+3, )+1%)&, $ %+, <$0)$&)'+ *)+%*'M1$/, $<,3 %+, =05B%,+3, &;,0()B%, frth NO%*!PQ9 ",

-0)+3)-, -,%& *, 15H+)0 3'((, *%)& A ,+ 054)(, -,0($+,+& &;,0()B%,7 /$ &,(-50$&%0, 1, /$

*%0=$3, <$0), -50)'1)B%,(,+& $<,3 %+ ('1%/, ,& %+ 15-;$*$4, 1)*&)+3& ,+&0, /,* R'+,* *$)+,*

,& /,* R'+,* 15=,3&%,%*,*9 ", 15=$%& ,*& $/'0* /'3$/)*5 *')& -$0 /, 0$--'0& 1,* ('1%/,*7 *')& -$0

/$ 1)D50,+3, 1, -;$*, ,+&0, /,* R'+,* $<,3 ,& *$+* 15=$%&* N"'%S!Q9

!"# $%&'()#'"# *" +,)#" "' *-).+/0'1*"

"'0*B%#%+, *&)(%/$&)'+ *)+%*'M1$/, ,*& $--/)B%5, C /#,+*,(./, 1, /$ *%0=$3, 1#%+ *-53)(,+7

/#,+*,(./, 1,* -')+&* 1, /#)($4, -,%& K&0, 15&,3&5 *)(%/&$+5(,+& -$0 /, .)$)* 1#%+, 3$(50$

)+=0$0'%4,9 "$ 05-'+*, &;,0()B%, ,*& ,+0,4)*&05, *'%* /$ ='0(, 1#%+, *5B%,+3, 1#)($4,*9 T)

'+ 3'+*)120, -$0 ,@,(-/, B%$&0, )($4,* -$0 3U3/, 1, ('1%/$&)'+ 6V)4%0, W9WW:7 ,@-0)(5,*

-$0 S1 (x, y)7 S2 (x, y) , S3 (x, y) ,& S4 (x, y)9 X/ ,*& -'**)./, 1, 151%)0, /$ -;$*,φ (x, y) ,&

/#$(-/)&%1, A (x, y)1, /$ 05-'+*, 1% *-53)(,+ 4083, $%@ 5B%$&)'+* *%)<$+&,* NOYZP[Q A

φ (x, y) = arctg

(
S1 (x, y)− S3 (x, y)

S2 (x, y)− S4 (x, y)

)
6W9[:
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A (x, y) =
1

2
·
√
[S1 (x, y)− S3 (x, y)]2 + [S2 (x, y)− S4 (x, y)]2 "#$ %

&'( )*+,-./0( 1/0(-.-+'0- +0' ,223/4.5,-./0 6' 7, 3)2/0(' 3)'77'8 '- 2,3 1/0()*+'0- 27+( /0

1/0(.693' 6' 2/.0-(8 27+( 7:,223/4.5,-./0 ('3, '4,1-'$ ;:+-.7.(,-./0 6' 27+( 6' 2/.0-( 2'35'-

6' 3'063' 1'--' 6)-'1-./0 6' 2<,(' 5/.0( ('0(.=7' ,+ =3+.-$

 !"# #$##> ?)-</6' 2/+3 '4-3,.3' 7, 2<,(' '- 7:,527.-+6' 6' 7, 3)2/0(' -<'35.*+'

;' 1/0-3,(-' 6' 2<,(' △φ(x, y) '- 1'7+. 6:,527.-+6' RA(x, y) @ 7, (+3A,1' (:'423.5'0- ,7/3(

2,3 BCDE!F >

△φ(x, y) = φadef (x, y)− φsdef (x, y) "#$G%

RA(x, y) =
Aadef (x, y)

Asdef (x, y)
"#$H%

,I'1 >

φadef (x, y) 1/33'(2/06 ,+ 6)2<,(,J' 6' 7, K/0' ,I'1 6)A,+-$

φsdef (x, y) 1/33'(2/06 ,+ 6)2<,(,J' 6' 7, K/0' (,0( 6)A,+-$

Aadef (x, y)8 Asdef (x, y) 3'23)('0-'0- 3'(2'1-.I'5'0- 7' 5/6+7' 6' 7, -'52)3,-+3' @ 7, (+3A,1'

6'( K/0'( ,I'1 '- (,0( 6)A,+- $

;' 1</.4 6' 7, A3)*+'01' -<'35.*+' fth 6)2'06 6' 7, 23/A/06'+3 6+ 6)A,+- '- 6'( 1,3,1L

-)3.(-.*+'( -<'35.*+'( 6+ 5,-)3.,+ .0(2'1-)$ &'--' 6)2'06,01' '(- 7.)' @ 7, 23/A/06'+3 6'

2)0)-3,-./0 -<'35.*+' δth 6)M0.' 2,3 BD+(EG8 NOEPF >

δth =

√√√√ 2 · λ
ρ · Cp · ωth

=

√
2 · α
ωth

"#$Q%

/R ω '(- 7, 2+7(,-./08 λ '(- 7, 1/06+1-.I.-) -<'35.*+'8 ρ '(- 7, 5,((' I/7+5.*+'8 Cp '(- 7,

1<,7'+3 (2)1.M*+' '- α 3'23)('0-' 7, 6.S+(.I.-) -<'35.*+' 6+ 5,-)3.,+ 6)M0.' 2,3 >
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α =
λ

ρ · Cp

"#$%&

δth '() *+,'-('.'+) /-0/0-)*0++'11' 2 13 -34*+' 43--5' 6' frth$ 78'() /09-:90*; /09- 65)'4)'- 1'(

65<39)( /-04=' 6' 13 (9-<34'; 0+ 9)*1*(' 6'( <-5:9'+4'( )='-.*:9'( 51',5'( ') /09- 1'( 65<39)(

/-0<0+6(; 0+ './10*' 6'( <-5:9'+4'( .0*+( *./0-)3+)'($

>' 65/=3(3?' (8'@/1*:9' /3- 13 -5A'@*0+ 6'( 0+6'( )='-.*:9'( (9- 1' 65<39) ') 1' )'./(

68311'-B-')09- 680+6' -5A54=*'$ 7' 65/=3(3?' 65/'+6 60+4 6'( /-0/-*5)5( )='-.*:9'( 6' 13

/*C4'; 6' 13 /-0<0+6'9- 69 65<39) ') 6' 13 <-5:9'+4' )='-.*:9'$ >3 .'(9-' 69 65/=3(3?'

/'-.') 6' 65)'4)'- 6'( 65<39)( /3- 40+)-3()' 6' /=3('$ D11' /'-.') 5?31'.'+) 6' -')-09,'-

1'( ?-3+6'9-( 6' 13 40+694)*,*)5 )='-.*:9' ') 6' 185/3*(('9-$ E1 <39) +0)'- :9' 1' 40+)-3()'

6' /=3(' '() /'9 ('+(*F1' 2 13 +0+ 9+*<0-.*)5 69 4=39G3?'; 39@ ,3-*3)*0+( 685.*((*,*)5 6'

(9-<34' ') 2 13 -5A'@*0+ 6' 18'+,*-0++'.'+) ",0*- 3++'@' H&$

I+ 3,3+)3?' .3J'9- 6' 4' .06' 68'@4*)3)*0+ '()  ! "#$%"& !'(%) *+),-.%)/ :9* 60++' 9+

F0+ -3//0-) (*?+31 (9- F-9*) 63+( 13 .'(9-'$ 7'4* /'-.') 689)*1*('- 6'( :93+)*)5( -569*)'(

685+'-?*'$ K839)-' /3-); 1'( 60++5'( /'9,'+) L)-' '@/-*.5'( 6*-'4)'.'+) '+ 6'?-5( 6' /=3(';

51*.*+3+) 1'( /3-3.C)-'( 6' /-0/0-)*0++31*)5 3,'4 13 (09-4'; 189+*<0-.*)5 69 4=39G3?' ') 1'(

-3M0++'.'+)( /3-3(*)'( /-069*) /3- 1' .*1*'9 3.F*3+) ') 6'( ,3-*3)*0+( 685.*((*,*)5 1*5'( 2 13

?50.5)-*' 6'( /*C4'( *+(/'4)5'($

7'/'+63+); 13 ()*.913)*0+ .06915' '() 6*N4*1' 2 .'))-' '+ 0'9,-'; 43- '11' +54'((*)' 689+'

/3-); 9+ )'./( -'13)*,'.'+) 10+? /09- 3))'*+6-' 1' -5?*.' /'-.3+'+); ') 6839)-' /3-); 6'

-'<3*-' 180/5-3)*0+ 69 40+)-O1' /09- 6'( <-5:9'+4'( 6*G5-'+)'( 3P+ 680F)'+*- 9+' 3+31M('

?10F31' (9- 13 /-0<0+6'9- 6' 13 /*C4'$ D11' +8'() 3//1*43F1' :9' /09- 6'( 43( (/54*P:9'( ') +'

/'-.') /3( 68'G'4)9'- 9+' *+(/'4)*0+ '+ 1*?+' '+ )'./( -5'1$

 !"!# $%&' &' ()*+,-.)*%/ 0,-(1'

7' .06' 68'@4*)3)*0+ '() 3(('Q -3/*6' 40+)-3*-'.'+) 39 .06' .06915$ E1 40+(*()' 2 ?5+5-'- 9+'

*./91(*0+ )='-.*:9' 6' 409-)' 69-5'$ >85,019)*0+ )'./0-'11' 6' 13 )'./5-3)9-' '() '+(9*)'

'+-'?*()-5' 2 183*6' 6' 13 43.5-3 *+<-3-09?'$

D+ ()*.913)*0+ /91(5' 18*+(/'4)*0+ '() -3/*6' ') ?10F31'$ D+ -',3+4='; 1' -3//0-) (*?+31 (9-

F-9*) '() /19( <3*F1' :9' 4'19* 6' 13 ()*.913)*0+ .06915'$ K' /19(; *1 +8'() /3( <34*1' 68*./0('-

9+' /9*((3+4' )='-.*:9' 9+*<0-.' (9- 13 (9-<34' 69 (/54*.'+$

R19( 9+ 65<39) ('-3 /-0<0+6; /19( 1' 6513* 6' 18*+(/'4)*0+ ('-3 *./0-)3+) 3,3+) 183//3-*)*0+

689+ ?-36*'+) 6' )'./5-3)9-' 2 13 (9-<34' 69 .3)5-*39$ >' )'./( 680F('-,3)*0+ +54'((3*-' tm

/09- 65)'4)'- 9+ 65<39) '() 6' 180-6-' 6' ST31U#V ",0*- 3++'@' W& X
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tm ≈
z2

α
(s) "#$%&

'( z )*+ ,- ./'0'12)3/ 2) ,451*.)6+5'1 )+ α )*+ ,- 2573*585+9 +:)/;5<3) 23 ;-+9/5-3 51*.)6+9$

 ! "#$%&'(%! %)!&*+,-! $#&*'.+(/

=,3*5)3/* -,>'/5+:;)* 2) +/-5+);)1+ 2)* 2'119)* '1+ 9+9 298),'..9* .'3/ ,- 6-/-6+9/5*-+5'1 2)*

290-3+*? 64)*+@A@25/) ,- 29+)/;51-+5'1 2) ,- +-5,,)? ,- ./'0'12)3/ )+ ,- /9*5*+-16) +:)/;5<3) 2431

290-3+ '3 2) ,498-,3-+5'1 2)* /)8B+);)1+* 2) *3/0-6)$ C)-36'3. 2) 6)* +)6:15<3)* 3+5,5*)1+ ,)

6'1+/-*+) +:)/;5<3) 24-;.,5+32) 6';;) 6/5+D/) 2) 2965*5'1$ E, .)/;)+ 2) <3-1+5F)/ ,496-/+

24-;.,5+32) +:)/;5<3) A ,- *3/0-6) .'3/ 6:-<3) .5G), A 31 ;B;) 51*+-1+ )1+/) 31) *3/0-6)

-8)6 )+ *-1* 290-3+$ =,3*5)3/* 29F15+5'1* 23 6'1+/-*+) *'1+ 3+5,5*9)*? ;-5* ./'H-H,);)1+ ,-

.,3* 6';;31) )*+ ,) 6'1+/-*+) +:)/;5<3) 1'/;-,5*9 )G./5;9 6';;) *35+ IJJ!#K L

Ci (t) =
Tadef (t)− Tadef (t0)

Tsdef (t)− Tsdef (t0)
"#$M&

N( Tadef (t) )*+ ,- +);.9/-+3/) .'3/ 6:-<3) .5G), 2) ,45;->) A ,451*+-1+ t? Tadef (t0) )*+ ,-

+);.9/-+3/) .'3/ 6:-<3) .5G), 2) ,45;->) -8-1+ ,- *+5;3,-+5'1? Tsdef (t) ,- +);.9/-+3/) 2) ,-

*3/0-6) *-1* 290-3+ A ,451*+-1+ t? )+ Tsdef (t0) )*+ ,- +);.9/-+3/) 2) ,- *3/0-6) *-1* 290-3+ -8-1+

,- *+5;3,-+5'1$ O) 6'1+/-*+) +:)/;5<3) 1'/;-,5*9 /)./9*)1+) ,) 2579/)1+5), 2) ,- +);.9/-+3/)

2) ,- *3/0-6) -8)6 290-3+ .-/ ,) 2579/)1+5), +:)/;5<3) 2) ,- *3/0-6) *-1* 290-3+$ P51*5? 31)

*3/0-6) *-1* 290-3+ 2'11)/- 31) 6'3/H) 2) 6'1+/-*+) 2) 1 -,'/* <3) ,- 6'3/H) 2) 6'1+/-*+)

2431) *3/0-6) -8)6 290-3+ ./)12/- 2)* 8-,)3/* *3.9/5)3/)* '3 5109/5)3/)* A #? *),'1 <3) ,-

2573*585+9 23 290-3+ )*+ *3.9/5)3/) '3 5109/5)3/) A 6),,) 23 *.965;)1$

='3/ 6-,63,)/ ,) 6'1+/-*+)? 5# )*+ 196)**-5/) 2) 0'3/15/ 31) *3/0-6) 2) /909/)16) <34'1 *-5+

B+/) *-1* 290-3+ "Tsdef &$ E, )*+ A 1'+)/ <3) ,- <3-,5+9 2) ,45;->) 23 6'1+/-*+) .)3+ 8-/5)/

*),'1 ,- Q'1) *-1* 290-3+ 6:'5*5) 6';;) /909/)16)$ R) .,3*? ,)* *+5;3,-+5'1* 149+-1+ S-;-5*

.-/0-5+);)1+ 3150'/;)*? ,) 6:'5G 2) ,- Q'1) 2) /909/)16) /)12 ,) 6-,63, 23 6'1+/-*+) 29.)12-1+

2)* 1'1@3150'/;5+9* ,'6-,)* 2) ,- *+5;3,-+5'1 IJ-,!#K$

E, )*+ -,'/* 5;.'/+-1+ 24-8'5/ 31) *+5;3,-+5'1 3150'/;) -F1 <3) ,) 6-,63, 23 6'1+/-*+) +:)/@

;5<3) .)/;)++) 2) 25*6)/1)/ )1+/) 31 >/-25)1+ 2T A 31 290-3+ )+ 6),35 2T A 31) *+5;3,-+5'1

1'1@3150'/;)$ U1 0-5+? +'3+ 6) <35 .)3+ -7)6+)/ ,43150'/;5+9 2) ,4-;.,5+32) 2) ,- /9.'1*)

+:)/;5<3)? A ,- *3/0-6) 23 *.965;)1 '3 2-1* ,) *.965;)1? .)3+ 8)15/ H/35+)/ ,- /9.'1*)

+:)/;5<3)$ U1 *3/0-6)? 2)* 8-/5-+5'1* ,'6-,)* 24-H*'/.+585+9 )+ 249;5**585+9 .)38)1+ -7)6+)/

/)*.)6+58);)1+ ,4-;.,5+32) 2) ,- *+5;3,-+5'1 )+ 2) ,- /9.'1*)$ O- >9';9+/5) 2431) *3/0-6)

.)3+ 9>-,);)1+ -7)6+)/ 2) ;-15D/) 5125/)6+) ,4-H*'/.+585+9 )+ ,49;5**585+9 2) ,- *3/0-6) 51*@

.)6+9)$ R-1* ,) ;-+9/5-3 51*.)6+9? 2)* 8-/5-+5'1* 2) ,- 2573*585+9 23 *.965;)1 -3+/) <3) ,)
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"#$%&' ()&*)+' #,%-).)+' %/)0')1 -2%.(-3'&") )' 1)+"1) -) "#$%&' "3403-) 5 "#')0')1 "& 6(#7

03.)+ -&37.8.)9 :3+63; '<&') 0%&6) ") *%13%'3<+ "2%.(-3'&") %&'1) =&) -) "#$%&' )6' +&363>-)

(<&1 ")6 ?+6 ") "#')0'3<+ )+ .<") ") 6'3.&-%'3<+ (&-6#) @A:BCDE9

F (%1'31 ") -2#*<-&'3<+ "& 0<+'1%6'); 3- )6' #,%-).)+' (<663>-) ") "#"&31) ")6 3+$<1.%'3<+6

=&%+'3'%'3*)6 6&1 -) "#$%&'9 G+) ")6 %((1<0H)6 (<663>-) 0<+636') 5 <>')+31 (-&63)&16 0<&1>)6

") 0<+'1%6') '<&' )+ *%13%+' -) (%1%.I'1) =&) -2<+ 0H)10H) 5 "#')1.3+)19 B&1 -% >%6) ")6

"<++#)6 1)0&)3--3)6; &+) )J'1%(<-%'3<+ ()&'78'1) $%3') 5 -2%3") ") -<,303)-6 .%'H#.%'3=&)6 %?+

"2<>')+31 &+) %((1<J3.%'3<+ ") -% $<+0'3<+ 1)-3%+' -)6 *%13%>-)6 "23+'#18'69

K- 62%,3' "<+0 ") 1)'1<&*)1 ")6 3+$<1.%'3<+6 =&%+'3'%'3*)6 "2&+ "#$%&' 5 (%1'31 ") -% 6)&-)

1#(<+6) 'H)1.3=&)9 L)6 (%1%.I'1)6 "23+'#18' "2&+ "#$%&' 6<+' (13+03(%-).)+' M 6% (1<$<+")&1

(<&1 6% -<0%-36%'3<+; 6% 1#636'%+0) 'H)1.3=&) =&3 ()&' 8'1) &+ 3+"30) 6&1 6% +%'&1) )' 6% '%3--)

(<&1 )+ #*%-&)1 -23.(<1'%+0)9

G+ ")6 %*%+'%,)6 "& .<") (&-6# )6' 6% 1%(3"3'# 5 0%&6) ") 6<+ .<") ") 6'3.&-%'3<+ 3.(&-7

63<++)--)9 N+ 1)*%+0H); -% 0<+'1%3+') ") -% 6'3.&-%'3<+ &+3$<1.) % (<&1 )/)' ") -3.3')1 -%

"36'%+0) 5 -%=&)--) <+ ()&' (<63'3<++)1 -)6 6<&10)6 ") -% 6'3.&-%'3<+; -2&+3$<1.3'# "2)J03'%'3<+

#'%+' (-&6 "3403-) 5 1#%-36)1 %*)0 -2%001<366).)+' ") -% "36'%+0) 6<&10)676(#03.)+; -3.3'%+'

"& .8.) 0<&( -) 0H%.( ") *363<+9

 !"!# $%&' &' ()*+' (,-+.'

O)6 ")&J ')0H+3=&)6 "23+6()0'3<+ (1#0#")..)+' #'&"3#)6; 02)6' -) .<") "2)J03'%'3<+ .<"&-#)

=&3 (1<"&3' -)6 .)3--)&16 1#6&-'%'6 ") "#')0'3<+ @L<&CPE9 Q%-,1# 0)-%; -) .<") ") 6'3.&-%'3<+

(&-6#) ").)&1) &+) ')0H+3=&) ?%>-) )' )40%0) 0%1 )--) (<66I") ")&J %*%+'%,)6 (1%'3=&)6 +<+

+#,-3,)%>-)6 "%+6 -23+"&6'13) M 63.(-303'# ") .36) )+ <)&*1) )' *3')66) "2)J#0&'3<+9 R<&1'%+';

3- S % &+ -3)+ $<+"%.)+'%- )+'1) 0)6 ")&J ')0H+3=&)6 ") "#')0'3<+ =&3 )6' -% (1#6)+0) ")

$1#=&)+0)6 "%+6 0H%0&+ ")6 ")&J 'S()6 ") 6'3.&-%'3<+9 Q8.) 63 -% 6'3.&-%'3<+ "%+6 -) .<")

(&-6# )6' 3.(&-63<++)--) )' +<+ (%6 (#13<"3=&); )--) 0<+'3)+' &+ 6()0'1) ") $1#=&)+0)6 "<+'

-% 0<.>3+%36<+ $<1.) &+) 1#(<+6) 3.(&-63<++)--)9 N+ 6) >%6%+' 6&1 0)6 <>6)1*%'3<+6; <+

()&' 3.%,3+)1 &+) 0<.>3+%36<+ ")6 ")&J ')0H+3=&)6 )J36'%+')6 (<&1 $<1.)1 &+) ')0H+3=&)

") "#')0'3<+ HS>13") "<+' -% 6'3.&-%'3<+ )6' ") 'S() (&-6#; %*)0 &+) %+%-S6) ") 1#(<+6)

'H)1.3=&) 'S() .<"&-#9 :&'1).)+' "3'; 0)'') %((1<0H) 1#&+3' -% *3')66) ") 6'3.&-%'3<+ )+

(&-6#) %*)0 -% =&%-3'# ") "#')0'3<+ )+ .<") .<"&-#9

L) 'H#<1I.) ") T<&13)1 0<+63"I1) =&2&+) 3.(&-63<+ ")  !"#$ (<66I") &+ 6()0'1) "<+' -2#+)1,3)

)6' 1#(%1'3) &+3$<1.#.)+' )+'1) '<&')6 -)6 $1#=&)+0)6 ") C 5 ∞9 A)()+"%+'; <+ +) ()&' (%6

%663.3-)1 &+) 6'3.&-%'3<+ 'H)1.3=&) 1#)--) 5 -23.(&-63<+ 3"#%-) ")  !"#$ =&3 % &+) "&1#)

3+?+3.)+' 0<&1') )' &+) %.(-3'&") 3+?+3)9 O%+6 -) "<.%3+) ').(<1)-; -23.(&-63<+ 1#)--) %&1%

&+) "&1#) )' &+) %.(-3'&") ?+3)6; =&2<+ .<"#-36) (%1 &+) <+") 0%11#)9 A) =&3 +2)6' (%6 '<&' 5
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"#$% &'#(% )#$* +,-$. .-&*% *,/*#))&0% 12,3 &'1.$($%&3 .&* (#3#(%43$*%$+,&* "34+,&0%$&..&* 5-,0&

*%$),.#%$20 $)1,.*$200&..&6 7$0*$8 ,0& $)1,.*$20 %9&3)$+,& 34&..& *& %3#5,$% &0 "34+,&0(& 1#3

,0 *1&(%3& 520% .&* "34+,&0(&* 134*&0%&* 0& *20% 1#* 5-#)1.$%,5& 4:#.&6  ! "#!$%&'#()* +*

,'-#.*# 5& (&%%& $)1,.*$20 02,* )20%3& .# 3&.#%$20 5& 34($132($%4 +,$ &'$*%& &0%3& .&* 52)#$0&*

%&)123&. &% "34+,&0%$&.8 ; *#<2$3 +,-,0 *$:0#. 5& 1.,* &0 1.,* .#3:& 5#0* .& 52)#$0& %&)123&.

12**=5& ,0 *1&(%3& 5& 1.,* &0 1.,* 4%32$% 5#0* .& 52)#$0& "34+,&0%$&.8 &% $0<&3*&)&0% >?3&@AB6

C& )25& 5& 19#*& 1,.*4& 1#3%#:& %2,* .&* #<#0%#:&* 13#%$+,&* +,& 02,* #<$20* 3&.&<4* 12,3

.& )25& 1,.*4&6 D& 1.,*8 &0 (2)1#3#$*20 #<&( .# *%$),.#%$20 )25,.4&8 .# *%$),.#%$20 $)1,.E

*$200&..& #F#0% ,0& 5,34& .$)$%4&8 .# 34120*& 5-,0 54"#,% <$&0% *& 5412*&3 *,3 ,0& *,3"#(& +,$

# (2))&0(4 ; *& 3&"32$5$38 1&3)&%%#0% #$0*$ ,0 G20 (20%3#*%& &0%3& .# 34120*& %9&3)$+,& 5&*

*,3"#(&* #<&( &% *#0* 54"#,%6 H0 )25& )25,.48 .# *%$),.#%$20 *& "#$% 5& )#0$=3& (20%$0,& &0

3#$*20 5& .# 04(&**$%4 5-4%#G.$3 ,0 34:$)& 1&3)#0&0%8 )I)& 5,3#0% .-#(+,$*$%$206 C# 34120*&

%9&3)$+,& *& 5412*& 520( *,3 ,0& *,3"#(& +,$ &*% *%$),.4&8 (& +,$ 345,$% .& (20%3#*%& #<&( .&

54"#,% >JJ@KB6

C# 34120*& %9&3)$+,& &0 )25& 5& 19#*& 1,.*4& *& 5$*%$0:,& 13$0($1#.&)&0% 5& (&..& &0 &'E

($%#%$20 )25,.4& 1#3 .& "#$% +,-$. *-#:$% 5-,0& 34120*& $)1,.*$200&..&8 520( %3#0*$%2$3& &%

*&)G.#G.& ; (& +,& 02,* 3&%32,<20* &0 *%$),.#%$20 1,.*4&6 D#0* ,0& #0#.F*& 5, )25& 19#*&

1,.*4&8 $. 0-&*% 4<$5&))&0% 1#* 12**$G.& 5& <$*,#.$*&3 5$3&(%&)&0% .& (20%&0, "34+,&0%$&. 5&

*# 34120*& &0 3&*%#0% 5#0* .& 52)#$0& %&)123&. (2))& 12,3 .# *%$),.#%$20 )25,.4&6 L#3

(20*4+,&0% .&* (#3#(%43$*%$+,&* 5& .# 19#*& &% 5& .-#)1.$%,5& *20% G&#,(2,1 )2$0* 4<$5&0%&*

; #0#.F*&36

L2,3 &'%3#$3& .-#)1.$%,5& &% .# 19#*& 5&* 5$M43&0%&* "34+,&0(&* (20*%$%,#0% (&%%& 34120*&8 $.

&*% 04(&**#$3& 5& *& 3&123%&3 5#0* .& 52)#$0& "34+,&0%$&. 1#3 .& G$#$* 5& /! "#!$%&'#()* +*

,'-#.*# 0.%1#23* 12,3 (9#+,& 1$'&. 5& .-$)#:& %9&3)$+,& >N3#KO8 P#*@K8 N3$Q B R

F (f) = △t ·
N−1∑

n=0

s(t) · exp (−2πfn△t) = R (f) + jI (f) ST6TUV

R (f)8 I (f) 3&134*&0%&0% .# 1#3%$& 34&..& &% $)#:$0#$3& 5& F (f) &% △t &*% .# 143$25& 5-4(9#0E

%$..200#:&6

P&%%& %3#0*"23)#%$20 0& 02,* 5200& 1#* #((=* ; %2,%&* .&* "34+,&0(&*8 )#$* *&,.&)&0% ; (&..&*

+,& 02,* #,%23$*& .# "34+,&0(& 5-4(9#0%$..200#:& &% .& %&)1* 5-2G*&3<#%$20 5& .# (#)43# $0"3#E

32,:&6 C# "34+,&0(& )#'$)#.& #((&**$G.& &*% 520( .$)$%4& 1#3 .# "34+,&0(& 5-4(9#0%$..200#:&

#.23* +,& .# "34+,&0(& )$0$)#.& #((&**$G.& &*% .$)$%4& 1#3 .& %&)1* 5-2G*&3<#%$20 (2))& *&3#

54%#$..4 5#0* .&* (9#1$%3&*  &% O6

L#3 &'&)1.&8 ; 1#3%$3 5-,0& *4+,&0(& 5& N $)#:&* 13$*&* ; $0%&3<#..& t8 02,* #<20* #((=* ;

N/2 "34+,&0(&*6 C-#)1.$%,5& #$0*$ +,& .# 19#*& 5& (9#+,& "34+,&0(& *20% 2G%&0,&* #<&( .&*

4+,#%$20* *,$<#0%&* >JJ@KB R
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φ (f) = arctg

(
I (f)

R (f)

)
"#$##%

A (f) =
√

R (f)2 + I (f)2 "#$#&%

'() *+,-./)-() 0( 12/)( (- 03/4156-70( 089,6) 1/. 5() 8:7/-6+,) #$ (- #$; )+,- 7-656)8) 1+7.

5/ 08-(*-6+, 0() 08</7-)$ '37-656)/-6+, 07 *+,-./)-( 0( 12/)( 1.8)(,-( 53/=/,-/>( 03?-.( 1(7

)(,)6@5( /7A ,+,B7,6<+.46-8) 07 *2/7C/>($ '( *+,-./)-( 03/4156-70( :7/,- D 576 1+))E0( 0()

*/./*-8.6)-6:7() 6,-8.())/,-() (- 1/.<+6) *+41584(,-/6.() 1/. ./11+.- /7 *+,-./)-( 0( 12/)($

 !" #$%&'()*+($,

F+7) /=+,) 1.8)(,-8 0/,) 5() )(*-6+,) 1.8*80(,-() 5() 06C8.(,-() -(*2,6:7() 07 GFH$ F+7)

/=+,) (,)76-( 08-/6558 5/ -(*2,6:7( -2(.4+B6,07*-6=(I )+, 1.6,*61( 0( @/)( (- )+, 6,-8.?- 1/.

./11+.- /7A /7-.() -(*2,6:7()$

F+7) /=+,) =7 :7( 5( *+,-.J5( ,+, 0()-.7*-6< 1/. 5/ -(*2,6:7( -2(.4+B6,07*-6=( ,8*())6-( 7,

(,)(4@5( 0( *+,,/6))/,*( )7. 5() 1.+1.68-8) 12K)6:7() 0() 4/-8.6/7AI )7. 5() 128,+4E,()

85(*-.+4/>,8-6:7( (- -2(.46:7( 46) (, L(7I )7. 5( -./6-(4(,- 0( )6>,/5 /))+*68 /6,)6 :7( )7.

5() 08</7-) (- 5() 16E*() 6,)1(*-8()$ M5 ()- 0+,* ,8*())/6.( 0( 08=(5+11(. 7,( 4+0856)/-6+, 0(

*(--( -(*2,6:7( 1+7. 5/ @+,,( *+41.82(,)6+, (- 1+7. 5/ 1.806*-6+, 0( 5/ 08-(*-/@656-8 0()

08</7-)$
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,-'*/."%+.$ 0#$ +5+10,+67

3#*( "+ "8#0'%$+9 *).( *).( '*%&$+((+$)*( /)*" : ,# 1)/&,'(#%')* *.1&$';.+ %$'/'1+*(')*<

*+,,+ /+ ,# %+"8*';.+ %8+$1)<'*/."%'=+ 0#$ ,# 1&%8)/+ /+( &,&1+*%( >*'(7 ?+%%+ 1&%8)/+

+(% ().=+*% .%','(&+ 0).$ ,# $&(),.%')* /+( &;.#%')*( #.5 /&$'=&+( 0#$%'+,,+(7 3-.*+ 0#$%9 +,,+

(-#/#0%+ @#"',+1+*% : /+( A&)1&%$'+( ")10,+5+(9 +% /-#.%$+ 0#$%9 +,,+ 0+$1+% ,+ %$#'%+1+*%

/+ 1#%&$'#.5 : 0$)0$'&%&( *)* ,'*&#'$+(7 B).( #,,)*( &%./'+$ +% /&=+,)00+$ /+( 1)/C,+( *.<

1&$';.+( %$'/'1+*(')**+,( /+(%'*&( : ,-#*#,D(+ /+ 0$)E,C1+( ").0,&( 1#A*&%)<%8+$1';.+7 ?+(

1)/C,+( /)'=+*% 0+$1+%%$+ ,+ "#,"., /+ ,# /'(%$'E.%')* /+( "8#10( &,+"%$)1#A*&%';.+( +% /+(

A$#*/+.$( %8+$1';.+( +% ,+( +F+%( ;.-',( +*A+*/$+*% %+,( ;.+ ,+( ").$#*%( /+ G)."#.,%9 %+10&<

$#%.$+9777+%"7 H+ 0$'*"'0#, '*%&$I% /+ "+%%+ 1)/&,'(#%')* ='(+ : @#"','%+$ ,+( 08#(+( /+ ")*"+0%')*

+% /-)0%'1'(#%')* /+( ")10)(#*%+( /+ ,# %+"8*';.+ %8+$1)<'*/."%'=+7

?+0+*/#*%9 ,)$( /+ ,# 1'(+ +* )+.=$+ /+ ,# 1&%8)/+ 0).$ ,# 1)/&,'(#%')* /+ ,# %+"8*';.+

%8+$1)<'*/."%'=+9 .*+ /'J".,%& #00#$#K%9 ,'&+ : ,# @#L)* /)*% ,-+(0#"+ +(% /'("$&%'(&7 3. @#'%

/+( @#'E,+( /'1+*(')*( /+( /&@#.%( 0#$ $#00)$% #.5 /'1+*(')*( /+( 0'C"+( '*(0+"%&+(9 .* E)*

1#',,#A+ '10,';.+ .*+ #.A1+*%#%')* '10)$%#*%+ /. *)1E$+ /-'*")**.+(9 "+ ;.' (+ %$#/.'%

0#$ .*+ #.A1+*%#%')* /. %+10( /+ "#,".,7 3#*( ,# ,'%%&$#%.$+9 0,.('+.$( ")*>A.$#%')*( ()*%

0$)0)(&+( 0).$ (.$1)*%+$ ,# /'J".,%& ;.+ 0)(+ "+ %D0+ /+ 0$)E,C1+ MN.&OPQ7 3#*( ,+ "#/$+

/+ "+%%+ %8C(+9 *).( #=)*( /&=+,)00& .*+ #00$)"8+ E#(&+ (.$ ,# 1&%8)/+ /+( &,&1+*%( ");.+(7

R#$ $#00)$% #.5 #.%$+( 1&%8)/+(9 ,+( &,&1+*%( ");.+( )*% .*+ @)$%+ "#0#"'%& /-#/#0%#%')* #.5

A&)1&%$'+( ")10,+5+(9 "+ ;.' +(% .* #%).% '10)$%#*% ,)$(;.-', (-#A'% /-#00,';.+$ ,# 1&%8)/+

#.5 0$)E,C1+( /+ ?B3 0#$ ,# %+"8*';.+ %8+$1)<'*/."%'=+7

3#*( "+ "8#0'%$+9 *).( ")11+*L)*( 0#$ $#00+,+$ ,+( &;.#%')*( /+ S#5T+,, +% ,+( ,)'( /+ ")1<

0)$%+1+*% /+( 1#%&$'#.57 U.+,;.+( ).%',( 1#%8&1#%';.+( *&"+((#'$+( 0).$ ,# ")*(%$."%')*

/. /'#A$#11+ /+ V)*%' (+$)*% /&%#',,&(7 W,( (+$)*% +*(.'%+ #00,';.&( #.5 0$)E,C1+( 1#A*&%)<

(%#%';.+ +% 1#A*&%)/D*#1';.+7 B).( /&%#',,+$)*( &A#,+1+*% ,+ 1)/C,+ %8+$1';.+ /&=+,)00&

/&>*' 0#$ ,-&;.#%')* /+ /'F.(')* /+ "8#,+.$9 #'*(' ;.+ ,+( /+.5 1)/+( (D*"8$)*+ +% %$#*('%)'$+

.%','(&( 0).$ ,# %+"8*';.+ %8+$1)<'*/."%'=+7 ?+( @)$1.,#%')*( ()*% /'("$&%'(&+( : ,-#'/+ /+(

&,&1+*%( /+ X8'%*+D ;.' (+$)*% /&>*'( +% /&=+,)00&(7 H# 0$'(+ +* ")10%+ /+ ,# *)* ,'*&#<

$'%& +% /+ ,-#*'()%$)0'+ /+( 1#%&$'#.5 (+$# /&%#',,&+7 Y*>*9 ,-'*(+$%')* /-.* 1)/C,+ &,&1+*%(

");.+( /#*( ,+ ")/+ +(% /'(".%&+7

 ! "#$%&'()*'#+ %&,-*.#/)0+%*'12,

S)/&,'(+$ ")*('(%+ : ")*(%$.'$+ .*+ (%$."%.$+ 1#%8&1#%';.+ #0%+ : $+0$&(+*%+$ .*+ "+$%#'*+

0#$%'+ /+ ,# $&#,'%&7 H+( &,&1+*%( +((+*%'+,( /-.*+ %+,,+ (%$."%.$+ ()*% ,+( &;.#%')*( ;.' /&<

>*'((+*% ,+ 0$)E,C1+ +% : 0#$%'$ /+(;.+,( )* 0+.% /&%+$1'*+$9 ().( "+$%#'*+( ")*/'%')*(9
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"# $%&'()# #*+,&% -.%#')'/01 2") &%3&/0%#'%#' 4( 0*4"')*# -%0 /2"(')*#05 6*"& 4( '%$7#)2"%

'7%&+*8)#-"$')9%1 )4 0.(:)' %# %;%' -% -/'%&+)#%& 4% $7(+3 +(:#/')2"% $&// 3(& 4.)#-"$'%"&

-(#0 4.%03($% %#9)&*##(#'1 -.%# -/-")&% 4%0 $*"&(#'0 )#-")'0 %' 4( 3")00(#$% 4*$(4% -)00)3/%

3(& %;%' <*"4% -(#0 4( 3)=$% $*#-"$'&)$% > )#03%$'%&1 3")0 -% $(4$"4%& 4( '%+3/&('"&% %# "')8

4)0(#' $%''% 3")00(#$% -)00)3/% $*++% 0*"&$% '7%&+)2"% 2") &%3&/0%#'% 4% '%&+% -" $*"34(:%

+(:#/'*'7%&+)2"%5

 !"#$%& '!%($%)

 ! !" #$%&'()* +, -&./,00 ,' 0)(1 +, 2)34)5',3,*'

?( @:"&% A5! &%3&/0%#'% 4% 0B0'=+% /'"-)/1 )4 %0' $*+3*0/ -.()&1 -%0 +('/&)("C D%&&*+(:#/8

')2"%0 %'E*" $*#-"$'%"&0 %' -% 0*"&$%0 -% $7(+30 +(:#/')2"% F)#-"$'%"&G5 ?.%#0%+,4% -"

0B0'=+% D*&+% 4% -*+()#% -./'"-% Ω -% D&*#')=&% Γ %' 4%0 +)4)%"C $*#-"$'%"&0 ΩC 5

 !"# A5!H I*+()#% -./'"-%

?.%#0%+,4% -%0 37/#*+=#%0 /4%$'&*+(:#/')2"%0 %0' &/:) 3(& 4%0 /2"(')*#0 -% J(CK%44 LM*"N 1

6OMPQR5 O%44%08$) $*#0')'"%#' "# 0B0'=+% -./2"(')*#0 ("C -/&)9/%0 3(&')%44%0 2") 4)%#' 4%0

37/#*+=#%0 +(:#/')2"%0 ("C 37/#*+=#%0 /4%$'&)2"%05 O%0 /2"(')*#0 0*#' 4%0 0")9(#'%0 H

rotH = J+
∂D

∂t
FA5!G

rotE = −∂B

∂t
FA5AG

divB = 0 FA5SG

divD = ρv FA5TG
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"#$% &'% ()*#+,-$% #..#/#,%%'$+ 0'*1 +2.'% 0' &3#4.% 0' 5'&+'*/ 67'$89: ;-%8<= >

 ?'% &3#4.% 0@,$+'$%,+( AE > &3#4. (B'&+/,)*' (C·m−1): H > &3#4. 4#D$(+,)*' (E·m−1)FG

 ?'% 0'$%,+(% 0' H*1 AD > ,$0*&+,-$ (B'&+/,)*' (I·m−2): B > ,$0*&+,-$ 4#D$(+,)*' (J'%B#)'+

J > 0'$%,+( 0' &-*/#$+ (E·m−2)FG

ρv /'./(%'$+' B# 0'$%,+( 5-B*4,)*' 0' &3#/D'% (B'&+/,)*'%G

?'% 0'*1 +2.'% 0' &3#4.% 0' 5'&+'*/% %-$+ B,(% .#/ B'% /'B#+,-$% &-$%+,+*+,5'%: 0,+'%  !"# $%

&!'(!)*%'%+*: 0(&/,5#$+ B'% ./-./,(+(% (B'&+/,)*'% '+ 4#D$(+,)*'% 0'% 4#+(/,#*1G KBB' %-$+

0-$$('% %-*% B'% L-/4'% %*,5#$+'% 6C#%MN= >

J = σE A!G F

B = µ0µrH A!GOF

#5'& σ B# &-$0*&+,5,+( (B'&+/,)*': µ0 B# .'/4(#P,B,+( 4#D$(+,)*' 0* 5,0' '+ µr B# .'/4(#P,B,+(

4#D$(+,)*' /'B#+,5' 0* 4#+(/,#*G

µ = µ0µr .'*+ $' .#% Q+/' &-$%+#$+'G I@'%+ B' &#% B-/%)*' B# .'/4(#P,B,+( '%+ /'B#+,5' R 0'%

4#+(/,#*1 %#+*/#PB'%: )*#B,S(% #*%%, 0' $-$ B,$(#,/'%G KBB' 0(.'$0 #B-/% 0* &3#4. 4#D$(+,)*'

H: B@()*#+,-$ !GO 0'5,'$+ #B-/% >

B = µ(H)H A!G9F

?# 4-0(B,%#+,-$ 0' &' +2.' 0' 4#+(/,#*1 %'/# 0(+#,BB(' 0#$% B# %'&+,-$ !G G

"#$% B# .B*.#/+ 0'% ./-PBT4'% 0@(B'&+/-+'&3$,)*': B'% &-*/#$+% 0' 0(.B#&'4'$+ ,$+/-0*,+% .#/

B' +'/4'

∂D
∂t

%-$+ $(DB,D(%G ?' %2%+T4' '%+ #B-/% )*#%,U%+#+,-$$#,/'G "#$% &'% &-$0,+,-$%: -$

-P+,'$+ B# L-/4' B-&#B' 0* +3(-/T4' 0@E4.T/' >

rotH = J A!GMF

&' )*, ,$0*,+ B# &-$%'/5#+,-$ 0' B# 0'$%,+( 0' &-*/#$+ >

divJ = 0 A!G8F

 ! ! "#$%&'&#$( %) '*+$(,&((&#$ )' -#$%&'&#$( +./ 0&,&')(

!"!"!"# $%&'()(%&* '+ ),-&*.(**(%&

?'% &3#4.% (B'&+/-4#D$(+,)*'% %*P,%%'$+ 0'% 0,%&-$+,$*,+(% B-/% 0* .#%%#D' '$+/' 0'*1 4,U

B,'*1 0' ./-./,(+(% 0,V(/'$+'%G ?'% &-$0,+,-$% 0' +/#$%4,%%,-$ -* 0' .#%%#D' %@(&/,5'$+ #B-/%
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" #$%&'()*+,( (&')( -(./ 0)+&-(.)1 2#(,')34+0&2'%5.(1 673.8 9:

 !"# ;:;< =&'()*+,( (&')( -(./ 4%#%(./

(D2 −D1) · n = ρs >;:?@A

(B2 −B1) · n = 0 >;:??A

(E2 − E1) ∧ n = 0 >;:?;A

(H2 −H1) ∧ n = Ks >;:?!A

ρsB Ks )(C)21(&'(&' )(1C(,'%D(4(&' #+ -(&1%'2 1.)*+,%5.( -( ,E+)0( (' -( ,3.)+&': n (1' #(

D(,'(.) .&%'+%)( &3)4+# -%)%02 -. 4%#%(. 1 D()1 #( 4%#%(. 2:

 ! ! ! "#$%&'&#$( )*+ ,&-&'.(

F+ )213#.'%3& -. 1G1'H4( ,34C312 -(1 25.+'%3&1 -( I+/J(## (' -(1 #3%1 -( ,34C3)'(4(&'

+-4(' .&( %&K&%'2 -( 13#.'%3&1: L+) ,3&125.(&'B C3.) +11.)() #$.&%,%'2 -( #+ 13#.'%3&B -(1

,3&-%'%3&1 +./ #%4%'(1 -. -34+%&( 13&' %4C312(1:

F+ *)3&'%H)( Γ -. -34+%&( Ω (1' -2,34C312( (& -(./ C+)'%(1 ,34C#24(&'+%)(1 &3'2(1 ΓH ('

ΓB '(##(1 5.( ΓH ∩ ΓB = M N (' ΓH ∪ ΓB = Ω >K0.)( ;:?A: O.) #+ *)3&'%H)( ΓH B 3& %4C31( -(1

,3&-%'%3&1 +./ #%4%'(1 -( #+ *3)4( <

H ∧ n
∣∣∣
ΓH

= 0 >;:?PA

-$+C)H1 #+ )(#+'%3& ;:8B 3& (& -2-.%' 5.( <
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J · n
∣∣∣
ΓH

= 0 "#$% &

'() *+ ,)-./01)2 ΓB3 2. 45.5)+*3 -. 067-82 928 :-.90/0-.8 +(; *060/28 <(0 9572.92./ 92 *+

.+/()2 9( 60*02( 2. :-./+:/ +=2: ΓB$ '0 *2 60*02( 28/ :-.9(:/2()3 -. 067-82 >

E ∧ n
∣∣∣
ΓB

= 0 "#$%?&

9@+7)18 *+ *-0 92  !"!#!$ "5<(+/0-. #$#&3 -. 2. 959(0/ <(2 >

B · n
∣∣∣
ΓB

= 0 "#$%A&

B+) :-./)23 80 *2 60*02( .@28/ 7+8 :-.9(:/2()3 -. 067-82 82(*262./ 928 :-.90/0-.8 +(; *060/28

8() B "5<(+/0-. #$%A&$ C+.8 :2 :+83 *+ 82(*2 :-.90/0-. <(2 *@-. 72(/ 067-82) D E 28/ <(2 8+

:-67-8+./2 /+.42./02**2 8@5:)0=2 8(0=+./ >

Et = n ∧ gradV "#$%E&

-F3 V )27)582./2 *2 7-/2./02* 8:+*+0)2 5*2:/)0<(2$

 ! !" #$%&'( )*+',-*++(.

G+ )58-*(/0-. 928 5<(+/0-.8 92 H+;I2** <(0 8-./ 928 5<(+/0-.8 +(; 95)0=528 7+)/02**28 .5:2880/2

*@0./)-9(:/0-. 9@(.2 8/)(:/()2 6+/J56+/0<(2 +7/2 D +::(20**0) :2 42.)2 9@5<(+/0-.8$ K* 8@+40/

928 287+:28 ,-.:/0-..2*8 92 :J+678 8:+*+0)2 2/ =2:/-)02* LM-8NE3 C(*N?O$

'-0/ Ω *2 9-6+0.2 5/(905 92 ,)-./01)2 Γ$ P. .-/2 G

2
2/ L2 )2872:/0=262./ *28 287+:28 928

,-.:/0-.8 8:+*+0)28 2/ 928 ,-.:/0-.8 =2:/-)02**28 <(0 8-./ 92 :+))5 0./54)+Q*2 9+.8 Ω$ '() :28

92(; 287+:283 -. 95R.0/ *2 7)-9(0/ 8:+*+0)2 92 92(; ,-.:/0-.8 >

ˆ

Ω

u · vdΩ +=2: u, v ∈ L2
"#$%N&

ˆ

Ω

u · vdΩ +=2: u,v ∈ L2 "#$#S&

T28 92(; 287+:28 ,-.:/0-..2*8 =-./ .-(8 82)=0) D :-.8/)(0)2 928 8-(8 287+:28 9+.8 *28<(2*8

.-(8 +**-.8 :J2):J2) *+ 8-*(/0-. 928 5<(+/0-.8 92 H+;I2**$

U. 5*2:/)-6+4.5/08623 -. 908/0.4(2 7)0.:07+*262./ /)-08 -75)+/2()8 90V5)2./02*8 <(0 8-./ 928

8-(8W287+:28 92 G

2
2/ L2LM-8NEO >
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W 0 =
{
u ∈ L2, gradu ∈ L2

}
!"#"$%

W1 =
{
u ∈ L2, rotu ∈ L2

}
!"#""%

W2 =
{
u ∈ L2, divu ∈ L2

}
!"#"&%

'()* +,-./**(.* ,012343.5 +3* *()*63*7183* 1**(8/,* 1)9 8(.+/5/(.* 1)9 2/4/53*ΓB 35 ΓH #

W 0
B =

{
u ∈ W 0, u = 0|ΓB

}
W 0

H =
{
u ∈ W 0, u = 0|ΓH

}
!"#":%

W1

B
=
{
u ∈W1, u ∧ n = 0|

ΓB

}
W1

H
=
{
u ∈W1, u ∧ n = 0|

ΓH

}
!"#" %

W2

B
=
{
u ∈W2, u · n = 0|

ΓB

}
W2

H
=
{
u ∈W1, u · n = 0|

ΓH

}
!"#";%

<()= 8(472,53= 2>3.*34?23 +3* 3*7183* @(.85/(..32*A +3)9 *()* 3*7183*A .(5,* W 3
B 35 W 3

H A *(.5

/.5=(+)/5*# B3)968/ *(.5 23* /4103* +3 W 2
B 35 W 2

H 71= 2>(7,=153)= +/C3=03.83# D/.*/A (. 73)5

+,-./= 23 +/10=1443 +3 E(.5/ F)/ =37=,*3.53 ).3 *,=/3 +3 *()* 3*7183*# G3 71**103 +>). *()*

3*7183 H ). 1)5=3 *>3I385)3 71= 2>). +3* (7,=153)=* +/I,=3.5/32 JK(*LLM#

 ! !" #$%&'%(() *) +,-.$

 !" #$%&'()*" +! ,&-.!// "! 01#"!*'!*' !* +!%- "2"'34!" +%&%- 5 /!" /)(" +! 6&1&+&2 !' +!

7)*"!18&'()* +! 9%- :#$%&'()*" ;<; !' ;<=> +?%*! 0&1'@ /!" 'A#)134! +?B4031!C,&-.!// !'

+! D&%"" :#$%&'()*" ;<E !' ;<F> +?&%'1! 0&1'<  ! +(&G1&44! +! H)*'( 4!' !* #8(+!*7! 7!''!

+%&/('# IJ)"KKL< M/ "?&G(' +?%* +(&G1&44! +! $%&'1! *(8!&%- !' +! +!%- 7)/)**!" :NG%1! ;<F><

 !" #$%&'()*" ")*' O /(1! 8!1'(7&/!4!*' +!" +!%- 7)'#" +% +(&G1&44!<  !" /)(" +! 7)40)1'!C

4!*' +)(8!*' $%&*' O !//!"@ P'1! /%!" A)1(Q)*'&/!4!*'< R//!" ")*' /(#!" 0&1 /& '1&*"S)14&'()*

+!  !"#$ +#N*(! !* G#)4#'1(! +(T#1!*'(!//! IJ)"UE@ V!*UWL<

BN* +! 01!*+1! !* 7)40'! /& +#1(8#! '!40)1!//!@ %*! '1)("(34! +(4!*"()* !"' (*'1)+%('! O /&

NG%1! ;<=<  !" 0)'!*'(!/" +#1(8#" +!" 7A&40" ")*' #G&/!4!*' (*'1)+%('" :0)'!*'(!/" "7&/&(1!"

!' 8!7'!%1" #/!7'1($%! !' 4&G*#'($%!>< M/" )*' %*! 0)"('()* 01#+#'!14(*#! +&*" /! +(&G1&44!

+! H)*'(@ (/" "! 0/&7!*' *&'%1!//!4!*' !* &8&/ +!" 7A&40" $%( 0!%8!*' !* +#1(8!1<
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 !"# "#$% &'()*(++, -, ./01'

 !"# "#2% &'()*(++, -, ./01' (334'567 8 4974,:1*/+()071';+,

./6; 4,; 3*/<4=+,; 74,:1*/+()071'56,; 3,6>,01 ?1*, *,3*7;,017; 3(* 4, -'()*(++, -, 4( @)6*,

"#2# A( :/+<'0(';/0 3(* ,B,+34, -6 34(0 (**'=*, (>,: 4, 34(0 *,4'(01 4( :/4/00, -, 49(>(01

)(6:C, ,1 :,44, -, 49(**'=*, -*/'1, *,3*7;,01, 4, 3*/<4=+, +()071/-D0(+'56,#

&(0; 4( ;6'1,E 8 49('-, -6 -'()*(++, -, ./01'E 0/6; (44/0; -71('44,* 4,; 3*'0:'3(4,; F/*+64(1'/0;

61'4';7,; 3/6* 716-',* 4,; 3*/<4=+,; 74,:1*/+()071'56,;#
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 ! !" #$%&'()*+$,- .' /0)&1 2(3/*%$&)4,2*+5'3

 ! !"!# $%&'()*+,%- ./0 1&%2)3'/0 '*4-5+%0+*+,6(/0

"# $#%&'()*(#(+,-. /)&*+*(. .& 01'(-2. 2.* 34'&)$5&.* $#%&'(+,-.* .&  !"#$% &'('#)**(# %6

". /4#$3 $#%&'(+,-. .*( #0)7* +&8#7+#&( 2#&* 0. (.$3* .( &1.*( 29 ,-1: 2.* /)-7#&(* *(#(+)&;

&#+7.* +$3)*'* )- : 2.* #+$#&(* 3.7$#&.&(*6 <& .*( #$.&' 2)&/ : 7'*)-27. 0.* ',-#(+)&* 2.

0# $#%&'()*(#(+,-.= ,-+ *1'/7+8.&( >

rotH = Js #8./ H ∧ n
∣∣∣
ΓH

= 0 ?@6@!A

divB = 0 #8./ B · n
∣∣∣
ΓB

= 0 ?@6@BA

B = µH ?@6@CA

D. *E*(5$. 21',-#(+)&* .*( *)-8.&( 7'*)0- .& +&(7)2-+*#&( 2.* 3)(.&(+.0* ,-+ #**-7.&( &#(-;

7.00.$.&( 0# 8'7+F/#(+)& 2. 01-&. )- 01#-(7. 2.* ',-#(+)&* @6@! )- @6@B6 <& 2+*(+&%-. #0)7* 0.*

G)7$-0#(+)&* .& 3)(.&(+.0 */#0#+7. $#%&'(+,-. Φ .( .& 3)(.&(+.0 8./(.-7 $#%&'(+,-. A6

7* 8%&'()*+,%- /- 1%+/-+,/) 09*)*,&/ '*4-5+,6(/

H#&* 0. /#* 2. 0# G)7$-0#(+)& Φ= 0. /4#$3 $#%&'(+,-. .*( G)&/(+)& 2- /4#$3 *)-7/. Hs .(

2- 3)(.&(+.0 */#0#+7. $#%&'(+,-. Φ6 <& # #0)7* >

H = Hs−gradΦ ?@6IJA

#8./ Φ 2'F&+ 2#&* ()-( 0. 2)$#+&. .( #33#7(.&#&( : 01.*3#/. W 0
6

"1',-#(+)& : 7'*)-27. *. 2'2-+( 2. @6@B .( @6@C (.00. ,-. >

divµgradΦ = divµHs ?@6IKA

7* 8%&'()*+,%- /- 1%+/-+,/) :/9+/(& '*4-5+,6(/

D)$$. 01+&2-/(+)& $#%&'(+,-. .*( : 2+8.7%.&/. &-00.= -& 3)(.&(+.0 8./(.-7 $#%&'(+,-.= &)('

A= 3.-( L(7. +&(7)2-+( (.0 ,-. >

B = rotA #8./ A ∧ n
∣∣∣
ΓB

= 0 ?@6I@A
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"#$% A &'()* &")+ ,-., /$ &-0"*)$ $, "11"2,$)"), 3 /4$+1"%$ W1
5

6) .,*/*+"), 7578 $, 7579: /4';.",*-) 3 2'+-.&2$ $+, &-))'$ 1"2 <

rot
1

µ
rotA = Js =75>>?

 !"#$" %$ #&!'( )*$+#, @-.2 .) *)&.%,$.2 &$ A-20$ B'-0',2*;.$ +*01/$: */ $+, 1-++*C/$

&$ &'&.*2$ /$ %D"01 +-.2%$ &4.)$ 0")*E2$ ")"/F,*;.$5 G")+ /$ %"+ B')'2"/: /$ %D"01 +-.2%$

$+, &',$20*)' ).0'2*;.$0$), 3 /4"*&$ &$ /" 0',D-&$ &$+ '/'0$),+ ()*+ HIJ@

+
K8: L$)9MN5

O() &4"#-*2 /" &*#$2B$)%$ ).//$ &$ /" &$)+*,' &$ %-.2"), +-.2%$: /$ ,$20$ Js $+, $P12*0' 1"2

/$ 2-,",*-)$/ &4.) %D"01 +-.2%$ Ts <

Js = rotTs &")+ Ω $, n ∧Ts = 0 sur Γ =75>Q?

-.-./.- 0*+'$"!12*3 %,) (+*4"5',) '!6371*%83!'29$,)

R" 0"B)',-&F)"0*;.$ %-)+*+,$ $) /4',.&$ &$+ 1D')-0E)$+ 0"B)',*;.$+ $, '/$%,2*;.$+ $)

 !"#$% &'()$#*+%: $) )'B/*B$"), /$+ %-.2"),+ &$ &'1/"%$0$),5 R$+ %D"01+ '/$%,2-0"B)',*;.$+

+-), "/-2+ #"2*"C/$+: +-*, 1"2 #"2*",*-) &$ %-.2"),+ &4$P%*,",*-): +-*, 1"2 0-.#$0$), &4"*0"),+

1$20")$),+5 R$+ ';.",*-)+ &$ J"PS$// 3 2'+-.&2$ +4'%2*#$), "/-2+ <

rotH = Js + Jind =75> ?

rotE = −∂B

∂t
=75>M?

-T Jind 2$12'+$),$ /" &$)+*,' &$ %-.2"), *)&.*,$ &")+ /$ &-0"*)$ %-)&.%,$.25

U) &*+,*)B.$ &$.P A"0*//$+ &$ A-20./",*-)+ <

,%- ./ $+0)1#/(- !0%21 #*+%- 3 $//$+ -), 1-.2 #"2*"C/$ 12*)%*1"/$ /$ %D"01 '/$%,2*;.$5

,%- ./ $+0)1#/(- $)"(!1#*+%- 3 $//$+ -), 1-.2 #"2*"C/$ 12*)%*1"/$ /$ %D"01 0"B)',*;.$5

0*+'$"!12*3 7",#1+29$, A− V

G")+ /$ %"+ &4.)$ A-20./",*-) '/$%,2*;.$: /$ %D"01 E $+, $P12*0' $) A-)%,*-) &$ 1-,$),*$/+5

6) $V$,: $) .,*/*+"), /4$P12$++*-) 75>M: /$ %D"01 E 1$., W,2$ $P12*0' $) A-)%,*-) &. 1-,$),*$/

#$%,$.2 0"B)',*;.$ A &'()* 1"2 /4';.",*-) 75>7 3 .) B2"&*$), 12E+5 U) " "/-2+ HX@!9N <
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E = −∂A

∂t
− gradV "# V

∣∣∣
ΓH

= 0 $%&'()

V "*# +" ,-#".#/"+ *01+1/2" 3+"0#2/45" 1,,12#".1.# 6 +7"*,10" W 0
&

8. 2"9,+1:1.# +" 0;19, 91<.3#/45" H "# +1 =".*/#3 =" 0-521.# Jind ,12 +"52* ">,2"**/-.*

". ?-.0#/-. =" A "# V @ +1 ?-29" +-01+" =5 #;3-2A9" =7B9,A2" $%&' ) "# +1 +-/ =" 0-.*"2C1#/-.

=" +1 =".*/#3 =" 0-521.# $%&!) *7302/C".# D

rot
1

µ
rotA+ σ

(
∂A

∂t
+ gradV

)
= Js $%&'E)

divσ

(
∂A

∂t
+ gradV

)
= 0 $%&'!)

F1.* +7;G,-#;A*" =5 23</9" ;129-./45" =-.# +1 ,5+*1#/-. "*# ω@ +1 2",23*".#1#/-. 0-9,+">"

,"5# H#2" 5#/+/*3"& I7-,321#"52

∂
∂t

"*# 1+-2* #21.*?-293 =-.0 ". jω& F" ,+5*@ 5." /.J./#3 ="

C"0#"52* A ,"5C".# H#2" =3J./* #"+* 45" +"52 2-#1#/-.."+ *-/# 3<1+" 6 +7/.=50#/-. 91<.3#/45"

B& F"* 0-.=/#/-.* =" K15<" *-.# <3.321+"9".# /.#2-=5/#"* ,-52 1**52"2 +75./0/#3 =" A LBM!NO&

 !"#"$% &' () *+(,$"+! F1.* +1 ?-295+1#/-. A − Ψ ,23*".#3" 0/P="**-5*@ +" ,-#".#/"+

C"0#"52 A .7"*# ,1* 5./45" ,120" 45" 2/". .7"*# =3J./ *52 *1 =/C"2<".0"& F/Q32".#"* 0-.=/#/-.*

=" K15<" *-.# ,2-,-*3"* ,-52 1**52"2 +75./0/#3 =" A@ -. ,"5# 0/#"2 D

-  ! "!#$% &% '(#)(*+ $divA = 0) D 8++" "*# <3.321+"9".# /9,-*3" ,12 +1 #"0;./45" ="

,3.1+/#3 45/ /.#2-=5/# divA =1.* +" *G*#A9" =73451#/-.* %&'E "# %&'! 1C"0 5. 0-"R0/".#

=" ,3.1+/*1#/-.& S"##" #"0;./45" "*# *-5C".# 5#/+/*3" ,-52 +"* ?-295+1#/-.* 5#/+/*1.# +"*

3+39".#* .-=15> LTUE!O&

-  ! "!#$% &% ),!-+-% A ·w = 0 D 8++" 0-.*/*#" 6 1..5+"2 5." 0-9,-*1.#" =" A *5/C1.# 5."

=/2"0#/-. w@ -V w "*# 5. 0;19, =" C"0#"52 12W/#21/2" 45/ ." ?-29" ,1* =" W-50+"& I-2*45"

+" ,-#".#/"+ C"0#"52 A "*# =/*023#/*3 =1.* +7"*,10" ="* 3+39".#* =712H#"*@ 0"##" #"0;./45"

"*# W/". 1=1,#3"& 8. "Q"#@ +" C"0#"52 w ,"5# H#2" =3#"29/.3 ,12 5. 12W2" 0-.*#/#53 =75."

*5/#" =712H#" =" 91/++1<" LBM!N@ IX!!@ YZ![O&

- ./0()#12(3 &# 04015*% 6!- #3% */17(&% 21/-!128% 9 \+ 1 3#3 =39-.#23 45" +-2*45" +" *G*#A9"

=73451#/-.* "*# 23*-+5 ,12 5." 93#;-=" /#321#/C" #"++" 45" +1 93#;-=" =5 <21=/".# 0-.K5<53@

+1 0-.=/#/-. =" K15<" "*# /9,+/0/#"9".# /9,-*3" ,12 230522".0" =" +7/#321#/-. LM".!(@ M".!]@

^^!'O&
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 !"#$%&'(!) #&*)+'(,$- T− Φ

"#$% &' &#%( &)'%* +' &,#-. -#/$0*123' H 231 .'3* 4*5' '6.51-0 '$ 78$&*18$ 9' .8*'$*1'+%:

;8--' +# 9'$%1*0 9' &835#$* 1$931* '%* < 91='5/'$&' $3++'( 3$ .8*'$*1'+ ='&*'35 0+'&*5123'(

$8*0 T ( '%* 1$*58931* *'+ 23' >

Jind = rotT ?@:A!B

T '%* 90C$1 9#$% +' 98-#1$' &8$93&*'35 '* #..#5*'$#$* < W1
:

D' 98-#1$' 0*#$* %1-.+'-'$* &8$$'6'( '$ 5'/583.#$* ?@:EFB '* ?@:A!B( +' &,#-. -#/$0*123'

.'3* 4*5' '6.51-0 .#5 +# 5'+#*18$ >

H = T− gradΦ ?@:AGB

8H Φ 5'.50%'$*' +' .8*'$*1'+ %&#+#15' -#/$0*123' 90C$1 #3 .#5#/5#.,' @:@:F:G:

I$ 1$*58931%#$* +# 5'+#*18$ @:AG 9#$% +# 785-' +8&#+' 9' +# +81 9' J#5#9#K @:E '* +# +81 9'

&8$%'5=#*18$ 9' +)1$93&*18$ -#/$0*123' @:A( +' %K%*L-' < 50%8395' %)0&51* %83% +# 785-' >

rot
1

σ
rotT+ µ

(
∂T

∂t
− gradΦ

)
= −rot

1

σ
rotHs −

∂

∂t
µHs ?@:A@B

divµ (T− gradΦ) = −µdivHs ?@:AEB

D'% 785-3+#*18$% T−Φ '* A−V .50%'$*'$* 9'% %1-1+1*39'%: I++'% $)#&&'.*'$* .#% 3$' %8+3*18$

3$123': M+ 7#3* 98$& 1-.8%'5 3$' &8$91*18$% 9' N#3/': ;'**' &8$91*18$ # 0*0 91%&3*0' 9#$% +#

%'&*18$ @:@:F:@:

././0/1 23!(4 56$)- 7!"#$%&'(!)

D' &,816 9)3$' 785-3+#*18$ 90.'$9 9' +# 91-'$%18$ '* 9' +# &8-.+'61*0 93 .58O+L-' 0*3P

910 '* 9'% &#.#&1*0% $3-05123'% 9' +# 50%8+3*18$: I$ 'Q'*( +# 785-3+#*18$ 0+'&*5123' A − V

.#5 '6'-.+'( '%* .+3% /0$05#+' '* O1'$ #9#.*0' #3 *5#1*'-'$* 9'% .58O+L-'% -3+*1.+'-'$*

&8$$'6'%: ;'.'$9#$*( &'**' 785-3+#*18$ $0&'%%1*' 3$ $8-O5' 9)1$&8$$3'% 1-.85*#$* 231 '$P

/'$95' 9'% *'-.% 9' &#+&3+% &8R*'36( < +)1$='5%' 9' +# 785-3+#*18$ T−Φ 231 '%* &#5#&*051%0'

.#5 3$ $8-O5' 9)1$&8$$3'% 50931* ?S#% 9' T 9#$% +)#15B '* 9)3$' O8$$' #9#.*#*18$ #36

50/18$% &8$93&*51&'%: I$ 5'=#$&,'( '++' .8%' 9'% .58O+L-'% +85% 93 *5#1*'-'$* 9'% 50/18$%

-3+*1.+'-'$* &8$$'6'%: D' *#O+'#3 @:G 50%3-' +'% #=#$*#/'% '* 1$&8$=0$1'$*% 9'% 91Q05'$*'%

785-3+#*18$% -#/$0*89K$#-123'% 90*#1++0'% .50&'9'--'$* TUO#!G( V30WAX:
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 !"#$%&'(!)* +,&)'&-.* /)0!),1)(.)'*

A− V
  !"#$%&'(!) &**.2 -1)1"&%.

 3"&('.#.)' 4.* "1-(!)* #$%'(5

6%.#.)' 0!)).7.*

 3.#6* 4. "1*!%$'(!) (#6!"'&)'

T− Φ
 8(.) &4&6'1 &$7 "1-(!)*

0!)4$0'"(0.*

 9"!:%;#.* 4. "1-(!)* #$%'(6%.5

#.)' 0!)).7.

 !"# "#!$ %&'()*+, -,+ ./01234(5/'+ 146'7(/-&'41582,+ 7(2-57,+

 !" #$%&'()*+($, +-./0(12.

94 :25++4';, 5'-25(, -5++5:7, -4'+ 34 :5*;, ;/'-2;(05;, 0,:07+,'(, 34 +/20;, -, 34 ;)43,20

:/20 ;43;23,0 34 ;40(, -, (,1:704(20, -4'+ (/2+ :/5'( -, 34 :5*;, < 5'+:,;(,0 ,( +20(/2( +20

3,+ :/5'(+ -, 34 +20.4;, =5+7, :40 34 ;41704 5'.040/26,#

 !"!# $%&'()*+ ,- ,).&/)*+ (0-12)%&-

94 ;/'-2;(5/' (),01582, ;/00,+:/'- < 2' (04'+.,0( -, ;)43,20 ,'(0, -,2> :/5'(+ 5'(,0',+

-?2' +/35-, +/215+ < 2' 604-5,'( -, (,1:704(20, '/' '23# 9, :)&+5;5,' $%&'() *%+,-',

4 -/''7 34 0,34(5/' ,'(0, 3, @2> -, ;)43,20 ,( 3, 604-5,'( -, (,1:704(20, :/20 34 :0,15*0,

./5+ -4'+ +/' 4'43&+, 34 ()7/05, -, 34 ;)43,20 AB4(CDE# 94 3/5 -, F/205,0 ,+( ,>:0517, :/20 2'

14(70542 +/35-, )/1/6*', ,( 5+/(0/:, :40 34 0,34(5/' +25=4'(, $

ϕ = −λgradT G"#HHI

/J ϕ 0,:07+,'(, 3, @2> -, ;)43,20K T 34 (,1:704(20, ,' Kelvin ,( λ 34 ;/'-2;(5=5(7 (),01582,

-2 14(70542 ,' W ·m−1 ·K#

9, ;/1:/0(,1,'( (),01582, -2 14(70542 ,+( -7L'5 :40 3?7824(5/' -, ;/'+,0=4(5/' -?7',065,

825 +, (04-25( :40 3, :0,15,0 :05';5:, -, 34 (),01/-&'41582, $

divϕ+ p = ρCp
∂T

∂t
G"#HMI

/J p ,+( 34 -,'+5(7 -, :25++4';, =/321582,K ρ ,+( 34 14++, =/321582,K Cp ,+( 34 ;4:4;5(7

;43/05L82,#

9, :0,15,0 (,01, -, 3?7824(5/' "#HM 0,:07+,'(, 34 -,'+5(7 -, :25++4';, 7;)4'67, -?2' =/321,

4=,; +,+ =/5+5'+# 9, -,2>5*1, (,01, ,+( 34 -,'+5(7 -, :25++4';, 67'707, :40 3,+ +/20;,+ 5'(,0',+
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"#$ %&''()*&+,(+- . /0 ,(+)$-1 ,( *#$))0+%( $+,#$-( *0' $+,#%-$&+2 3( )(%&+, 4(45'( (6*'$4(

/0 ,(+)$-1 ,( *#$))0+%( $+-('+( #-$/$)1( *&#' /71%80#9(4(+- ,# :&/#4(2

 !"! #$%&'('$%) *+, -'.'(/)

3() %&+,$-$&+) 0#6 /$4$-(); )#' /() <'&+-$='() ,# ,&40$+( ,71-#,( )&+- >1+1'0/(4(+- &5-(+#()

. *0'-$' ,() -'&$) %&+,$-$&+) )#$:0+-() ?

 !"#$%$!" #& %'(& )$*$+,-&%

30 -(4*1'0-#'( ()- $4*&)1( )#' /() <'&+-$='() ,( /0 '1)&/#-$&+ Γ ?

T |Γ = T0 @!2A B

 !"#$%$!" #& %'(& .&/01""

C0+) %( %0); %7()- #+( ,(+)$-1 ,( D#6 -8('4$"#( "#$ $4*&)1( ?

−λ
∂T

∂n

∣∣∣∣∣
Γ

= ϕ0 @!2AEB

 !"#$%$!" #& 2!/*$&*

F7()- ,() %&+,$-$&+) ,71%80+>() -8('4$"#() 0:(% /( 4$/$(# 045$0+-2 G/) *(#:(+- H-'( ,( ,(#6

+0-#'() ?

3  !"#$%&' (#) !*$+&!,-*$ . /( -'0+)<('- ,( %80/(#' *0' %&+:(%-$&+ ()- 0))$4$/05/( . #+ *81I

+&4=+( ,( %&+,#%-$&+ (+-'( ,(#6 4$/$(#6 ,&+- 0# 4&$+) #+ ()- #+ D#$,( (+ 4&#:(4(+-

/&')"#7$/) )&+- . ,$91'(+-() -(4*1'0-#'()2 F(/#$I%$ )7(9(%-#( *0' 41/0+>( (- '(/=:( ,( *81I

+&4=+( *8J)$"#( %&4*/(6( . /7$+-('<0%( (+-'( /() ,(#6 4$/$(#62 3( D#6 ,( %80/(#' . -'0:(')

#+( *0'&$ )( %0/%#/( *0' ?

−λ
∂T

∂n

∣∣∣∣∣
Γ

= hv(TΓ − Tambiant) @!2AKB

LM hv '(*'1)(+-( /( %&(N%$(+- ,( %&+:(%-$&+ -8('4$"#(; n ()- /0 +&'40/( #+$-0$'( . /7$+-('<0%(

Γ; TΓ ()- /0 -(4*1'0-#'( . /0 )#'<0%( ,71%80+>(; Tambiant ()- /0 -(4*1'0-#'( 045$0+-( ,# D#$,(

/&$+ ,( %(--( )#'<0%(2

3  !"#$%&' (#) )#/*$$&0&$, . /( '0J&++(4(+- ()- #+ 1%80+>( ,71+('>$( *0' &+,() 1/(%-'&40I

>+1-$"#()2 30 /&+>#(#' ,7&+,( ,( %( '0J&++(4(+- )( )$-#( ,0+) /() )*(%-'() ,() $+<'0'&#>()2

371"#0-$&+ %0'0%-1'$)-$"#( ()- ,&++1( *0' /0 /&$ ?

−λ
∂T

∂n
= εσb(T

4
Γ − T 4

ambiant) @!2AOB
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"#$% ε $&' ()*+,&&,#,'*- $(($ .*/$0. .$ (" 0"'12$ $' .$ ()*'"' .$ &123"%$ .1 +"'*2,"1 *+$''$124

σb $&' (" %50&'"0'$ .$ 6'$3"0785('9+"0 (5.67 · 10−8Wm−2K−4)4

 !"!" #$%&'() *+,'-.&/0( (1 1,+.)&1-&,(

 !"!"!# $%&'() *+,(-.'/0)

:$ '$2+$ .$ #"2,"',50& ."0& ($ '$+/& $&' $;/2,+* /"2 <

∂

∂t
= jω =>4?@A

"#$% ω (" /1(&"',50 /25/2$ $0 2*B,+$ /$2+"0$0' C1, %522$&/50. D (" 32*C1$0%$ .$ (" &512%$

.1 %E"1F"B$4

:)*C1"',50 .$ .,F1&,50 'E$2+,C1$ .$#,$0' "(52& <

jωρCpT − div(λgradT ) = p =>4?GA

:" 2*&5(1',50 .$ %$''$ *C1"',50 051& .500$ (" .,&'2,H1',50 .$ (" '$+/*2"'12$ &51& 352+$

%5+/($;$- 5I (" '$+/*2"'12$ $&' %"(%1(*$ $0 2*B,+$ /$2+"0$0'4 J(($ $&' .*&,B0*$ /"2 (" /E"&$

$' ()"+/(,'1.$ $0 %E"C1$ /5,0' .1 .5+",0$ .)*'1.$4

 !"!"! $%&'() 1,+.2'1-',)

K"0& %$ %"&- ()*C1"',50 .$ .,F1&,50 .$ %E"($12 /$2+$' .$ .*'$2+,0$2 ()*#5(1',50 .$ (" '$+/*7

2"'12$ $0 %E"C1$ /5,0' ."0& ($ '$+/&4 :)*C1"',50 .$ .,F1&,50 .$ %E"($12 &)*%2,' &51& 352+$ <

ρCp
∂T

∂t
− div(λgradT ) = p =>4?>A

 !"!2 3-045+%( '+%.$1-61*(,'&/0(

:$ '$2+$ &512%$ 'E$2+,C1$ ,0'25.1,' ."0& ()*C1"',50 .$ .,F1&,50 .$ %E"($12 >4L? 0)$&' "1'2$

C1$ (" .$0&,'* .$ /1,&&"0%$ #5(1+,C1$ p .,&&,/*$ /"2 $F$' M51($4 K"0& ($ %"& .)10 %"(%1( /"2

*(*+$0'& N0,&- %$ '$2+$ /$1' O'2$ 5H'$01 D (),0'*2,$12 .$ %E"C1$ *(*+$0' v .1 +",(("B$ D

/"2',2 .1 %E"+/ *($%'2,C1$ Ev $' .$ (" .$0&,'* .$ %512"0' ,0.1,'$ ."0& (" /,P%$ ,0&/$%'*$ Jv <

pv = Jv · Ev =>4?!A
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"# $%&' (#) *)+ ,-./012/)+ .*)3'401%5/.'&(#)+ .60*#)/' '42+ 4%,&7)1)/' ,%4 4%,,04' %#8

,-./012/)+ '-)41&(#)+9 *) 1072*) .*)3'401%5/.'&(#) )+' 30/+&7.4. )/ 4.5&1) ,)41%/)/'

*04+ 7# 30#,*%5) 1%5/.'0:'-)41&(#);

<0#4 *) ,40=*21) '-)41&(#)9 *>.'#7) +) $%&' +)*0/ *) '?,) 7# 4.5&1) '4%/+&'0&4) 0# )/ 4.5&1)

-%410/&(#); @/ 4.5&1) '4%/+&'0&4)9 *>.60*#'&0/ 7) *% ')1,.4%'#4) )+' 0=')/#) %# ,%+ A ,%+

7%/+ *) ')1,+9 0B *) ,%+ )+' 3-0&+& 7) ')**) +04') (#) *% 4.,0/+) '-)41&(#) +0&' 4&3-) )/

&/$041%'&0/ ,0#4 *% 7.')3'&0/ 7)+ 7.$%#'+; C),)/7%/'9 7%/+ *) 3%+ 7# 4.5&1) -%410/&(#)9

*% 4),4.+)/'%'&0/ 301,*)8) )+' #'&*&+.); D>0,.4%')#4

∂
∂t

)+' '4%/+$041. 70/3 )/ jω E.(#%'&0/

F;GHI;

"%/+ 3)4'%&/+ 3%+9 *% 30/7#3'&6&'. .*)3'4&(#) 7.,)/7 7) *% ')1,.4%'#4); D) ')41) σ (T ) )+'

70/3 #/ %#'4) .*.1)/' 7) 30#,*%5) )/'4) *)+ 7)#8 ,-./012/)+ .*)3'401%5/.'&(#) )' '-)4:
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L'4) 5./.4%*)1)/' 4.+0*#)+ 7) 1%/&24) %/%*?'&(#) A 3%#+) 7) *% 301,*)8&'. 7)+ 5.01.'4&)+ 7)+

7&+,0+&'&$+ 5./.4%*)1)/' .'#7&.+; D) 4)30#4+ A 7)+ 1.'-07)+ /#1.4&(#)+ +>%624) 70/3 &/7&+:
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 ! "#$%&'( "#$ %& '($)*'($+,+"& (&-.(+# /%+ ( +&$012%+$ %&" ,1&#$0%,$+1& '($)*'($+/%"

2(&# ." ,1&$"3$" 2" .( -*1'*$0+" 2+4*0"&$+".." &1''*"  !"#$% &$ '()*+$,- 5".( &6(7(+$ 0+"&

8 71+0 (% 2*9(0$ (7", ."# *.*'"&$# :&+#; 56"#$ %& (%$0" '($)*'($+,+"& )!*! +,-,.'/ /%+ (

(99.+/%* ,"$$" &1$+1& (%3 *.*'"&$# :&+#;

 !"!#!# $%&'()%&* +, -%./,

<( 2+#,0*$+#($+1& #9($+(." ,1&#+#$" 8 2*,1%9"0 ." 21'(+&" 26*$%2" Ω "& %& &1'=0" :&+ 26*.*>

'"&$# 2" ?10'"# #+'9."# @$*$0(A20"#B 90+#'"B;;;C; 5)(/%" *.*'"&$ "#$ ,1&#$+$%* 2" ne
n &1"%2#B

ne
a (0D$"# "$ ne

f ?(,"$$"#; <" '(+..(-" 2% 21'(+&" Ω "#$ (.10# ?10'* 2" .6"&#"'=." 2" ,"# "&$+$*#;

E& &1$"0( N B AB F "$ V 0"#9",$+7"'"&$ ." &1'=0" 2" &1"%2#B 26(0D$"#B 2" ?(,"$$"# "$ 26*.*>

'"&$# @$*$0(A20+/%"# 91%0 &1$0" *$%2"C 2% '(+..(-" FGH<I!B G%.J B <KJJB L1#JMB N"&IOP;

$%&'()%&* +, -%./, &%+01,*

5" #1&$ .$% /./#$+*% &$ '()*+$, &0!"&"$ 1- Q ,)(/%" &1"%2 n 2% '(+..(-"B 1& (##1,+" %&"

?1&,$+1& #,(.(+0" wn B ,1&$+&%" #%0 $1%$ ." 21'(+&" 26*$%2"B .+&*(+0" 9(0 '10,"(%3B *-(." 8 1

(% &1"%2 n "$ 8 I (%3 (%$0"# &1"%2# 2% '(+..(-"; 5"# *.*'"&$# &" #1&$ 0+"& 26(%$0" /%" ."#

*.*'"&$# &12(%3 ,.(##+/%"# 261020" 1; Q7", ."# ?1&,$+1&# 2" ?10'" &12(."B 1& 9"%$ 7*0+:"0 .(

0".($+1& #%+7(&$" "& ,)(/%" 91+&$ 2% 21'(+&" R

∑

n∈N

wn = 1 @S;!OC

<6"#9(," -*&*0* 9(0 ,"# ?1&,$+1&# "#$ &1$* W 0
; T(0 ,1&#*/%"&,"B #+ φ "#$ %&" ?1&,$+1& #,(.(+0"

2*:&+" 2(&# W 0
B (.10# φ 9"%$ D$0" *,0+$" ,1''" %&" ,1'=+&(+#1& .+&*(+0" 2"# ?1&,$+1&# wn R

φ =
N∑

n=1

wnφn @S;!!C

φn 0"90*#"&$" .( 7(."%0 (% &1"%2 n 2" .( ?1&,$+1& φ;

$%&'()%&* +, -%./, +20.3(,*

5" #1&$ .$% /./#$+*% &$ '()*+$, &0!"&"$ 2; Q ,)(/%" (0D$" a ( #1''"$# ni "$ njB 1& (##1,+"

%&" ?1&,$+1& 7",$10+".." wa $".." /%" R

wa = wni
gradwnj

− wnj
gradwni

@S;! C

wni
"$ wnj

#1&$ ."# ?1&,$+1&# 2" ?10'" &12(."# (##1,+*"# (%3 &1"%2# ni "$ nj;
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!"#$ %#& '()$*+()& ,# '(-.# ,/0-1*#&2 %0 $+-$3%0*+() ,# wa %# %()4 ,# %/0-1*# a #&* 540%# 6 7 #*

8 &3- *(3*#& %#& 03*-#&9 :/#&;0$# 45)5-5 ;0- $#& '()$*+()& ,# '(-.# #&* )(*5 W1
9

<(+* 3) "#$*#3- v2 () 0 0%(-& =

v =
A∑

a=1

wava >?9@AB

va -#;-5&#)*# %0 $+-$3%0*+() ,# v %# %()4 ,# %/0-1*# a ,5C)+# ;0- =

va =

ˆ

a

vdl >?9@DB

:0 '()$*+() wa #&* $()*+)3# &3- $E0F3# 5%5.#)* #* &0 $(.;(&0)*# *0)4#)*+#%%# #&* $()*+)3#

03 ;0&&04# #)*-# ,#3G 5%5.#)*& ,3 .0+%%04#9
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H# &()*  !" # #$!%&" '! ()*&%!+ ',-.'.! /9 I# .1.# 6 $E0F3# '0$#**# f ,# &(..#*& ni2 nj

#* nk ,3 .0+%%04#2 () 0&&($+# 3)# '()$*+() "#$*(-+#%%# wf =
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(
wni

gradwnj
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+ wnj
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:# K3G ,# wf *-0"#-&0)* %0 '0$#**# f #&* 540% 6 1 #* 0 6 *-0"#-& *(3*#& %#& 03*-#&9 :/#&;0$#

45)5-5 ;0- $#& '()$*+()& #&* )(*5 W2
9 <+ u #&* 3)# '()$*+() ,# W2

2 0%(-& =

u =
F∑

f=1

wfuf >?9 8B

(L uf -#;-5&#)*# %# K3G ,3 "#$*#3- u 6 *-0"#-& %0 '0$#**# f 2 &(+* =

uf =

ˆ

f

u · ndS >?9 7B

:0 '()$*+() wf #&* $()*+)3# ,0)& $E0F3# 5%5.#)* ,3 .0+%%04# #* &0 $(.;(&0)*# )(-.0%# #&*

$()&#-"5# 6 *-0"#-& $E0F3# '0$#**# ,3 .0+%%04#9

 !"#$%!"& '( )!*+( '( -!./+(&

H# &()*  !" # #$!%&" '! ()*&%!+ ',-.'.! 09 ! $E0F3# "(%3.# v ,3 .0+%%04#2 () 0&&($+# 3)#
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wv =
1

vol(v)
"#$ %& '( 0 ") v

′ 6= v *+, +-

.%'/ vol(v) 0' %10#2' 3' 045052'6( v,

74'"8./' 9565$5 8.$ /'" :16/()16" '"( 61(5 W 3
, ") φ '"( #6' :16/()16 3' W 3

.01$" ;

φ =
V∑

v=1

wvφv *+, <-

=.6" /'((' '>8$'"")16 φv $'8$5"'6(' 04)6(59$.0' %10#2' 3' 0. :16/()16 φ "#$ 045052'6( v,

?6 "' $5:5$.6( .#> :1$2'" 3)@5$'6()'00'"& 0'" 5052'6(" 6.(#$'00'2'6( .3.8(5" A 0. 3)"/$5()".()16

3'" 3)@5$'6('" %.$).B0'" "/.0.)$'" '( %'/('#$" '6 50'/($12.965()"2' "16( ;

  !" #$#%!&'" &()*+, - 81('6()'0" "/.0.)$'" 50'/($)C#' '( 2.965()C#' *V '( Φ- '( 0. ('285D

$.(#$' T ,
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!"#"$"! %&'()*+,(- ./0'(+1*/+2- ./-3(+*-
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3# 312.)6' /16()6# LM1"N<O, 7'" :.2'#"'" $'0.()16" rot(grad) = 0& '( div(rot) = 0 "16( .01$"
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RG = 0 , DR = 0 "#$ %&

 !"! #$%&'()*+$,- .+-/%0*1-

'()* +( *,-./0) #$#$%1 )02* (30)* /).4052/. +,* 6407+89,* 5, -:(96 ;+,-.409(<);./=2, "9(>

<);.0*.(./=2, ,. 9(<);.05?)(9/=2,& 5()* +, 5/(<4(99, 5, @0)./$ '()* +( *,-./0) #$%$A1 2),

B(C0) 5, 4(6640-:,4 -:(=2, ;+;9,). 52 5/(<4(99, 5, @0)./ 6(4 5/*-4;./*(./0) D +E(/5, 5,* ,*>

6(-,* 5,* ;+;9,).* 5, F:/.),? ( ;.; 64060*;,$ G,* ,*6(-,* 0). ;.; (66,+;* W i
1 i = 0, . . . , 31 ,.

0). ;.; 5;H)/* *24 2) 9(/++(<, 5E;+;9,).* H)/* 52 509(/), 5E;.25, Ω$ I(/).,)().1 +,* B0492>

+(./0)* -0)./)2,* 52 -:(96 ;+,-.409(<);./=2, ,. +, 6407+89, .:,49/=2, 30). J.4, ,K64/9,4

*02* B0492+(./0) 5/*-48.,$

',2K (6640-:,* *0). -0)*/5;4;,* 6024 -0)*.42/4, -,* B0492+(./0)*1 =2/ 6,23,). J.4, /).,464;>

.;,* -099, 5,* -(* 6(4./-2+/,4* 5, +( 9;.:05, 4;*/52,++, 60)5;4;, <;);4(+, LM0*NOP$

 G( 64,9/84, (6640-:, 4,60*, *24 +E2./+/*(./0) 5,* 06;4(.,24* (5Q0/).* 5/R;4,)./,+* 6024

5;3,+066,4 +,* B0492+(./0)* B(/7+,*$ S++, 98), 5E2), B(C0) )(.24,++, D +( 9;.:05, T(+,4U/)$

 G( 5,2K/89, (6640-:, ,*. 7(*;, *24 +, -096+,K, 5, V:(9 =2/ );-,**/., +E/).4052-./0) 5E2)

*,-0)5 9(/++(<, 5/. 52(+ ,. )0.; M̃ =2, +E0) -0)*.42/. D 6(4./4 52 9(/++(<, 64/9(/4, M $ W

-:(=2, ,)./.; <;09;.4/=2, 52 9(/++(<, 64/9(+1 0) B(/. -044,*60)54, 2), ,)./.; <;09;.4/=2,

52 9(/++(<, 52(+ X D 2) )0,25 64/9(+ n 5, M 1 0) (**0-/, 2) 30+29, 52(+ ṽ 5, M̃ 1 D 2),

(4J., 64/9(+, a 2), B(-,.., 52(+, f̃ 1 D 2), B(-,.., f 2), (4J., ã ,. D 2) 30+29, v 2) )0,25

ñ LM0*NOP$

!"#"!"$ %&'()*+,-&./ -.,01'+*2/

Y0)*/5;40)* 2) 6407+89, (2K 5;4/3;,* 6(4./,++,* 5, +( B049, X

Lu = f 5()* Ω "#$ Z&

Bu = g *24 Γ "#$  &

0[ L ,*. 2) 06;4(.,24 5/R;4,)./,+ 5E0454, n1 B ,*. 2) 06;4(.,24 =2/ 5;H)/. +,* -0)5/./0)*

(2K +/9/.,*1 f ,. g *0). 5,* B0)-./0)* 5;H)/,* 4,*6,-./3,9,). *24 Ω ,. Γ$ u ,*. 2), B0)-./0)

/)-0))2, *24 Ω∪Γ$ G, 6407+89, (2K 5;4/3;,* 6(4./,++,* ;-4/. *02* -,.., B049, ,*. (66,+;  !"

#$%& '()*$! #$%)"+
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"#$ %&'()*+,-&# %+-.*$ /) 0'&.*1($ $2, /34#-$ $# +00*-5)+#, *+ (3,6&/$ /$2 '32-/)2 0&#/3'32

789:;<=> &# &.,-$#, *+ %&'($ -#,3?'+*$ 2)-@+#,$ A

ˆ

Ω

u (Lu− f ) dΩ = 0 BCD EF

G- u $2, )#$ 2&*),-&# /$ CD E 5)- @3'-4$ *$2 H&#/-,-&#2 +)I *-(-,$2 /34#-$2 0+' CD  0&)' ,&),$

*$2 %&#H,-&#2 ,$2,2 u +*&'2 u $2, +)22- )#$ 2&*),-&# /$ CD <D :$ ?'+#/ +@+#,+?$ /$2 %&'($2

%+-.*$2 $2, 5)J$**$2 2&#, .-$# +/+0,3$2 K )# ,'+-,$($#, #)(3'-5)$ $, K *+ /-2H'3,-2+,-&# 0+'

3*3($#,2 4#-2D

L&)' '32&)/'$ *$2 %&'()*+,-&#2 %+-.*$2 /+#2 *$2 $20+H$2 W i
> &# 0'$#/'+ *$2 %&#H,-&#2 ,$2,2 u

3?+*$2 +)I %&#H,-&#2 /$ %&'($> HJ$2, 2$ 5)J&# +00$**$  ! "#$%&'( '( )! (*+,-. M$2 %&#H,-&#2

0$)@$#, N,'$ wn> wa> wf &) wv 2)-@+#, *$ ,O0$ /J-#H&##)$2 H&#2-/3'3$2D

G- *J-#H&##)$ u +00+',-$#, K )# $20+H$ /$ /-($#2-&# 4#-$ W i
Bi = 0, . . . , 3F> +*&'2 2&# -#,$'P

0&*+,-&# /+#2 *J$20+H$ /$2 3*3($#,2 /$ Q6-,#$O $2, A

u =
∑

i∈K

wiui +@$H i = {n, a, f, v} $, K = {N, A, F, V } BCD RF

:J+00*-H+,-&# /$ H$,,$ '$*+,-&# 0&)' H6+H)#$ /$2 %&#H,-&#2 wi +22&H-3$2 K H6+5)$ $#,-,3 /-2H'1,$

B#&$)/2> +'N,$> %+H$,,$> $, @&*)($F> H&#/)-, K '32&)/'$ )# 2O2,1($ /J35)+,-&#2 /$ *+ %&'($ A

[S] [U ] = [F ] BCD !F

G+H6+#, 5)$ *$2 0'&.*1($2 ,'-/-($#2-&##$*2 2&#, H&(0*$I$2 0+' *+ ,+-**$ /$2 (+,'-H$2 &.,$P

#)$2> *$ '$H&)'2 K /$2 +*?&'-,6($2 /$ 0'3H&#/-,-&##$($#, +-#2- 5)$ *J),-*-2+,-&# /$2 (3,6&/$2

-,3'+,-@$2 0&)' *+ '32&*),-&# /) 2O2,1($ +*?3.'-5)$ &.,$#) $2, -#/-20$#2+.*$D L&)' '32&)/'$ H$

2O2,1($> )# 0'3H&#/-,-&##$($#, /3@$*&003 $# 7STT;;= + 3,3 ),-*-23> $, *+ (3,6&/$ /) ?'+/-$#,

H&#U)?)3 $2, +00*-5)3$D

V#4#> *$ 2H63(+ H*+22-5)$ /3,+-**+#, *$2 /-W3'$#,$2 06+2$2 /J)#$ (&/3*-2+,-&# 0+' *+ (3,6&/$

/$2 3*3($#,2 4#-2 $2, 0'32$#,3 0+' *+ 4?)'$ CD<D 8+#2 *$ 0'&H6+-# H6+0-,'$> /$2 @+*-/+,-&#2 /)

(&/1*$ /3@$*&003 2$'&#, ($#32 K ,'+@$'2 *$25)$**$2 &# @+ /3,+-**3$ *J+00*-H+,-&# /$ *+ (3,6&/$

/$2 3*3($#,2 4#-2 2)' *$2 %&'()*+,-&#2 H&#,-#)$2 3*+.&'3$2 /+#2 *$2 2$H,-&#2 CDCD< $, CDXD
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 !"# "#$% &'()*+ ,- .)/0123405 6+. 1+ *)3(0,- ,-/ )1)*-53/ 754/

 !" #$%&'()*+($, %-) .*+&/(*01 ,$, '(,&*(/-)

8-/ *+3).4+29 45/6-'3)-/ 6+. 1+ 3-'(54:2- 3(-.*0;45,2'34<- /053 ,- 5+32.-/ ,4=).-53-/# >2

60453 ,- <2- *+?5)34:2-@ '-/ *+3).4+29 6-2<-53 A3.- '1+//)/ -5 ,-29 ?.+5,-/ '+3)?0.4-/ %

  !"#$%!&' !(!)*#"%+&,- % :24 /053 '+.+'3).4/)/ 6+. 25- B+4C1- +4*+53+3405 -3 25- 6-.*)+;

C4143) *+?5)34:2- '05/3+53- DE12*4542*@ '0*60/43-@####F#

  !"#$%!&' (!)*#"%+&,- . :2+147)/ ,- *+3).4+29 505 145)+4.-/# 8-2. 6-.*)+C4143) .-1+34<-

6-23 A3.- )1-<)- -3 ,)6-5,+53- ,2 '(+*6 *+?5)34:2- H# E29 <+1-2./ )1-<)-/ ,2 '(+*6

H@ 1- *+3).4+2 /- /+32.-#

8-/ 6.06.4)3)/ 3(-.*4:2-/ ,-/ *+3).4+29 ,)6-5,-53 )?+1-*-53 ,- 1+ 3-*6).+32.-# G-6-5,+53@

<2 1+ B+4C1- <+.4+3405 ,- 1+ 3-*6).+32.- ,+5/ 1+ 3-'(54:2- 3(-.*0;45,2'34<- '-33- ,)6-5,+5'-
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"#$ %$& '(' %)*&+ +" ,-.%(+/ 0$) ,-"&'12+"(3 4$ 5*&,)'(*&$(*-" 5+ 4#'12$(*-" 5+ ,6$4+2) $7-2(*(

8 2" &9&(:.+ 4*"'$*)+/

;$ 5*&,)'(*&$(*-" 5+& '12$(*-"& 5+& &9&(:.+& ,-.%-)($"( 5+& .$(')*$2< "-" 4*"'$*)+& ,-"52*(

8 5+& &9&(:.+& 5#'12$(*-"& "-" 4*"'$*)+&/ ;$ )'&-42(*-" 5+ ,+& &9&(:.+& &+)$ =$*(+ %$) 4$

.'(6-5+ 5+ >+?(-"@A$%6&-"/

 !"!# $%&'()* )* +*,&(-./01'2(-

B-*( R(X)3 4+ C+,(+2) )'&*52 5'D"* %$) E

R(X) = S(X)X − F FG/ HI

;$ .'(6-5+ 5+ >+?(-"@A$%6&-" ,-"&*&(+ 8 5'(+).*"+) *(')$(*C+.+"( 4+ C+,(+2) J')- 5+ R(X)

8 %$)(*) 5+ &-" 5'C+4-%%+.+"( +" &')*+ 5+ K$94-) 52 %)+.*+) -)5)+/ L+ 5'C+4-%%+.+"( %+2(

&#',)*)+ &-2& 4$ =-).+ MNO PQ E

R(Xn +△X) = R(Xn) +

[
dR(Xn)

dX t

]
△X FG/ !I

R" ,-"&()2*( 5-", 2"+ &2*(+ 5+ %)-74:.+& 4*"'$*)+& +" $""24$"( 4+ 5'C+4-%%+.+"( +" &')*+ 5+

K$94-) $2 C-*&*"$S+ 5+ 4$ &-42(*-" -7(+"2+ 8 4#*(')$(*-" %)','5+"(+/ N-",3 4$ &-42(*-" Xn+1
5+

4#*(')$(*-" n+1 C')*D+ 12+ R(Xn +△X) = 0 $C+, △X = Xn+1−Xn
/ ;#'12$(*-" 8 )'&-25)+

5+C*+"( 5-", E

[
dR(Xn)

dX t

]
△X = −R(Xn)  !"#!$

%& '&()*+,

[
dR(Xn)

dXt

]
,-( &..,/0,  !"#$%& '!%()$&**& ,( 12(0, 3 J(Xn)"

4 +5&67, *(0)&(*21 n /& +2)),+(*21 △Xn
,-( +&/+7/0, ,( &827(0, 9 +5&67, 127:,//, ,-(*'&(*21

;7 :,+(,7) -2/7(*21 X< -2*( 3

Xn+1 = Xn +△Xn
 !"#=$

%& -2/7(*21 Xn+1
,-( ;>&7(&1( ./7- .)2+5, ;, /& -2/7(*21 )0,//, 67, /, )0-*;7 R(X) ,-( .,(*("

%& ?@7), !"A )0-7', /,- 0(&.,- ;>71, )0-2/7(*21 ;>71 .)2B/C', 121 /*10&*), 9 />&*;, ;, /&

D2)'7/&(*21 A−Ψ"
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 !"# !"#$ %&'()'**+ ,+ -.'/'-01+ /2/ -&/3'&)+ ,4 56'*7 *'(/38&94+ :'13 14) -' *3862,+ ,+

;+<82/=>'7612/"

 !"! #$%&'() *' )'+$,$&-./

?.48&-&1'8&2/ ,+ -' *3862,+ ,+ ;+<82/=>'7612/ 7+)*+8 ,+ 8+/&) 52*78+ ,+ -' /2/=-&/3')&83

,+1 7)27)&3831 *'(/38&94+1 ,+1 *'83)&'4@" A--+ 52/B+)(+ )'7&,+*+/8 94'/, -+ )31&,4 R(X)

B3)&C+ 5+)8'&/+1 52/,&8&2/1 ,+ *2/282/&+ +8 94+ -' 12-48&2/ &/&8&'-+ +18 7)256+ ,+ -' 12-48&2/

+@'58+" D248+E2&1F ,'/1 -+ 5'1 ,+ E2)8+1 /2/=-&/3')&831F 5+1 52/,&8&2/1 /+ 12/8 7'1 B3)&C3+1 +8

&- ' 383 52/18'83 94.4/ ()'/, /2*:)+ ,.&83)'8&2/1 +18 /35+11'&)+ 724) -' 52/B+)(+/5+ ,+ -'

12-48&2/ +8 ,'/1 5+)8'&/1 5'1 -' *3862,+ ,&B+)(+"

%'/1 -' -&883)'84)+F 7-41&+4)1 *3862,+1 2/8 383 7)27213+1 724) )+*3,&+) G 5+ 7)2:-H*+" A--+1

12/8 :'13+1 14) -.&/8)2,458&2/ ,.4/ E'58+4) '77+-3 $  !"#$%& '$ &$(!)!#*+, 94& 7+)*+8 ,.'553-3=

)+) -' 52/B+)(+/5+ +8 )3,4&8 -+ /2*:)+ ,.&83)'8&2/1 +8 7') 52/1394+/5+ ,4 8+*71 ,+ 5'-54-" I

56'94+ &83)'8&2/ nF -' 52))+58&2/ G 'J248+) G 56'94+ /24B+--+ +18&*'8&2/ ,4 B+58+4) 12-48&2/

X +18 ,2//3+ 7') $

Xn+1 = Xn + αn △Xn
K!" LM

2N αn
+18 -+ E'58+4) ,+ )+-'@'8&2/ G -.&83)'8&2/ n" I /28+) 94+ 724) α = 1F 2/ )+8)24B+ -'

*3862,+ ,+ ;+<82/=>'7612/ 5-'11&94+"
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"# $%&'($ )#*'&$*+' ($,-.&/*$' )0*+ 0)(&1&'$+ #$ 23,($*+ 4$ +$#3%3(&0.5 63.' #$ ,04$ 478$#0))79

.0*' 380.' &.(+04*&( #$' )#*' +7)3.4*$' $( $:,3,$'9 ,$ /*& .0*' )$+1$( 4;78&($+ #$ )+0<#=1$

4$ ,0.8$+>$.,$5

 !"! !# $%&'()*+ ,-+%*+ +./ 0- 123212+-&2(3 )* 0- 3(/1* ). /%+2).

63.' ,$(($ 17(-04$9 #$ 23,($*+ 4$ +$#3%3(&0. 0)(&13# $'( 0<($.* ? #;3&4$ 4$ #3 1&.&1&'3(&0. 4$

#3 20.,(&0. 0<@$,(&2 G /*& $'( #3 .0+1$ 4* +7'&4* 47A.&$ ,011$ #3 '011$ 4$' ,3++7' +7'&4*'

7(3<#&' )3+ #3 20+1*#3(&0. 23&<#$ 4* )+0<#=1$ BCDEF!G H

Gn+1 =
nu∑

i=1

{
Rn+1

i

}2
IJ5 KL

0M nu $'( #$ .01<+$ 4;&.,0..*' 4* )+0<#=1$5 Rn+1
i $'( #$ 8$,($*+ +7'&4*' 47A.& ? )3+(&+ 4$ #3

'0#*(&0. Xn+1
I7/*3(&0. J5 NL5

O3 20.,(&0. 47A.&$ )3+ J5 K )$*( P(+$ 1&.&1&'$+ )3+ 4&Q7+$.($' 3))+0,-$'9 .0*' ,&(0.'

/*$#/*$' 3#>0+&(-1$' 478$#0))7' 43.' #3 #&((7+3(*+$ H

$%&'()* 4(0)*3 +*5&2(3

#3 83#$*+ 0)(&13#$ $'( +$,-$+,-7$ $. *(&#&'3.( *.$ 17(-04$ &(7+3(&8$ 4&($  !"#$% &$'()!% /*&

$'( 47(3&##7$ $. BRS !G5

$%&'()* ,-+%* +./ 0* 6/23526* )* )25'(&(12*

T$(($ 17(-04$ '*&( #$ )+&.,&)$ 4$ 4&,-0(01&$ BEU VG5 W0*( 4;3<0+49 #3 .0+1$ 4* +7'&4* &.&(&3#

$'( ,3#,*#7$9 )*&' ,$##$ )0*+ #$ ,0$:,&$.( α = 15 O$ ,0$:,&$.( 4$ +$#3%3(&0. α $'( $.'*&($

4&8&'7 )3+ 4$*% (3.( /*$ #3 .0+1$ 4* +7'&4*' 4&1&.*$5 O0+'/*$ ,$(($ .0+1$ 3*>1$.($9 #$

,0$:,&$.( ,-0&'& $'( ,$#*& ,3#,*#7 ? #;&(7+3(&0. n− 15 X& #3 .0+1$ 3*>1$.($ '*+ 12 &(7+3(&0.'

'*,,$''&8$'9 0. ,-0&'&( 3#0+' α = 0.15

O;&.(7+P( 4$ ,$(($ 17(-04$ $'( /*;$##$ $'( +0<*'($ $( ,0.8$+>$ +$#3(&8$1$.( +3)&4$1$.(5 T$Y

)$.43.(9 '*+ /*$#/*$' )+0<#=1$' .0. #&.73&+$'9 &# 3 7(7 ,0.'(3(7 4$' Z0.$' 4$ )3(&.$1$.( 4*$

? 4$' ,0$:,&$.(' 4$ +$#3%3(&0. 23&<#$ Iα ≤ 0.1L5 T$ /*& 3*>1$.($ #$ .01<+$ 4;&(7+3(&0.' )0*+

3(($&.4+$ #3 ,0.8$+>$.,$ 47'&+7$5

 !"! ! $%&'()*+ ,-+%*+ +./ 0- 123212+-&2(3 )* 0- 7(35&2(33*00* )8%3*/92*

T$(($ 17(-04$ *(&#&'$ *.$ 3))+0,-$ 4&Q7+$.($ BCE[\VKG5 6* 23&( /*$ #3 1&.&1&'3(&0. 4*

+7'&4* 0* #3 20.,(&0..$##$ 4;7.$+>&$ '0.( '$1<#3<#$'9 #;*(&#&'3(&0. 4$ #3 20.,(&0..$##$ )$*( P(+$
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"#$% &$' ()*'+$(*,-' "' )( .,$,.,/(*,#$ "' )( $#+.' "& +0/,"&1 2) /3(4,* "' +0/#&"+' )305&(*,#$

∂χk+1

∂αk = 01 6$' (77+#8,.(*,#$ "' )( "0+,-0' '/* "#$$0' 7(+ 9

∂χk+1

∂αk
=

nu∑

i=1

Gk+1
i △Xk

i = 0 :;1 <=

>, χk+1
'/* 5&("+(*,5&'? ()#+/

∂χk+1

∂αk '/* ),$0(,+' '* ,) 7'&* @*+' +'7+0/'$*0 A )3(,"' "' "'&8

-()'&+/ (+B,*+(,+'/ "' αk
1 C(+ %#$/05&'$*? αk

opt 7'&* @*+' %()%&)0 D(%,)'.'$*1 E($/ )' %(/ #F χk+1

$3'/* 7(/ 5&("+(*,5&'? &$' -()'&+ (77+#8,.(*,-' αk
app 7'&* @*+' #B*'$&' 7(+ )( ),$0(+,/(*,#$

"'

∂χk+1

∂αk A "'&8 -()'&+/ *G7,5&'/ "' αk
? 7(+ '8'.7)' 0.5 '* 1? %#..' )' .#$*+' )( H4&+' ;1 1

W k+1
+'7+0/'$*' )( D#$%*,#$ #BI'%*,-' '* %#++'/7#$" A χk+1

1 J'**' .0*K#"' 7'+.'* (&//, "'

/&+L+')(8'+? %3'/* A ",+'? "' 7+'$"+' &$ %#'M%,'$* α /&70+,'&+ A N1

 !"# ;1 9 O0*K#"' 7#&+ "0*'+.,$'+ )' %#'M%,'$* "' +')(8(*,#$

 !" #$%&'()*+($, %-) .*+&/(*01 *,()$+/$2-)

P3&$' "'/ ",M%&)*0/ +'$%#$*+0'/ "($/ )( .#"0),/(*,#$ "'/ 7,Q%'/ ,$/7'%*0'/ 7(+ )( *'%K$,5&'

*K'+.#L,$"&%*,-' '/* )( $(*&+' ($,/#*+#7' "' %'+*(,$/ .(*0+,(&8 &*,),/0/ "($/ )3,$"&/*+,'1 R

*,*+' "3'8'.7)'? )'/ .(*0+,(&8 %#.7#/,*'/ A B(/' "' HB+'/ "' %(+B#$' 5&, /#$* "' 7)&/ '$ 7)&/

&*,),/0/ "($/ )3(0+#$(&*,5&' #$* &$' $(*&+' D#+*'.'$* ($,/#*+#7'1

P3($,/#*+#7,' /' "0H$,' %#..' )( 5&(),*0 "3&$ .,),'& #& "3&$ .(*0+,(& "3(-#,+ "'/ 7+#7+,0*0/

7KG/,5&'/ #& .0%($,5&'/ 5&, -(+,'$* /')#$ )'/ ",+'%*,#$/1 C(+ '8'.7)'? "($/ &$ .(*0+,(& %#.L

7#/,*'? )( %#$"&%*,-,*0 *K'+.,5&' 7'&* @*+' B'(&%#&7 7)&/ ,.7#+*($*' "($/ )' /'$/ K#+,S#$*()

5&' "($/ )' /'$/ -'+*,%() A %(&/' "' )( ",/7#/,*,#$ "'/ ",T0+'$*/ 0)0.'$*/ %#$/*,*&($*/ %'

.(*0+,(&1 U))' ( 7#&+ %#$/05&'$%' )( $0%'//,*0 "' )( 7+,/' '$ %#.7*' "' )( $(*&+' *'$/#+,'))'

"'/ 7+#7+,0*0/ 7KG/,5&'/ VW+,XXY1

J'**' 7+#7+,0*0 '/* 7+,/' '$ %#.7*' "($/ )' %#"' "0-')#770 7(+ )3,$*+#"&%*,#$ "'/ *'$/'&+/

"' %#$"&%*,-,*0/ 0)'%*+,5&' [σ] '* *K'+.,5&' [λ] '* "' 7'+.0(B,),*0 .(4$0*,5&' [µ]1 P'/ )#,/

"' %#.7#+*'.'$* "'/ .(*0+,(&8 "'-,'$$'$* ()#+/ 9
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J = [σ]E "#$  %

B = [µ]H "#$ &%

'()*

[σ] =




σxx σxy σxz

σyx σyy σyz

σzx σzy σzz


 )+ [µ] =




µxx µxy µxz

µyx µyy µyz

µzx µzy µzz


 "#$ ,%

-) +)./)01 2) *3.20*+4(4+5 +6)17480) /95*14+ /30/ :' ;317) /04('.+) <

[λ] =




λxx λxy λxz

λyx λyy λyz

λzx λzy λzz


 "#$&=%

 !" #$%&'()*+($, %-) %&.*/+) 0*1 &'&2-,+) 3$4/-)

-' 75+632) 2)/ 5:57).+/ >.4/? @'1 /' /30@:)//) 29'2'@+'+43. A5375+1480)? 1).2 @3//4B:)

:) +1'4+)7).+ 290.) :'1A) ('145+5 2) *3.>A01'+43./$ C)@).2'.+? :95+02) 2) /+10*+01)/ 23.+

:90.) 2)/ 247)./43./ )/+ ;'4B:) @'1 1'@@31+ '0D '0+1)/? ).+1'E.) 2)/ 24F*0:+5/ 2) 7'4::'A)

";31+) 2)./4+5 295:57).+/? 14/80) 29'(341 2)/ 5:57).+/ 25;3175/%$ -) 1)*301/ G 2)/ 5:57).+/

25A5.515/ @)0+ H+1) 0.) /3:0+43. @301 5(4+)1 *)/ @13B:I7)/$ C)/ 5:57).+/ /3.+ .3775/ :)/

5:57).+/ *380)/ JK05,L? M).,&N$ O30/ '::3./ 4::0/+1)1? 2'./ :' /)*+43. /04('.+)? :' @13*5201)

A5.51':) 294./)1+43. 2)/ 5:57).+/ *380)/ 2'./ 0. *32) 5:57).+/ >.4/$ O30/ .30/ ;3*':4/)13./

)./04+) /01 :) *'/ 290.) 15A43. 74.*) .3. *3.20*+14*) 1).*3.+15) 2'./ :) *'21) 2) .3+1) 5+02)$

 !"!# $%&'()*+ ,-./(+ )-01/2 (* 03145*(+

-9'@@13*6) 2)/ 5:57).+/ *380)/ *3./4/+) G )P)*+0)1 0.) +1'./;317'+43. 2) :' 247)./43. 2)/

3BQ)+/ 74.*)/$ R94: /9'A4+ 290. @13B:I7) ST? :' 15A43. 74.*) /)1' +1'./;3175) ). 0.) /01;'*)$

U. @1).21' ). *37@+) :95@'4//)01 2) :' 15A43. :31/ 2) :' ;3170:'+43. 20 @13B:I7) '0 :4)0 2)

:) ;'41) @).2'.+ :' @6'/) 20 7'4::'A) JM).,&? M).,,N$ C):' /4A.4>)? 2'./ .3+1) )D)7@:)? 80)

@).2'.+ :) @13*)//0/ 20 7'4::'A)? 3. .) *3./42I1) @'/ :95@'4//)01 20 25;'0+? 4: /)1' 1)7@:'*5

@'1 /' /01;'*) 73V)..) Γs$ W.) ;34/ 80) :) 7'4::'A) )/+ 5+'B:4? 3. 15*0@I1) :)/ +14'.A:)/

@13204+/ 2'./ *)++) /01;'*) "-) 7'4::'A) (3:07480) 'V'.+ 5+5 )P)*+05 '()* 2)/ +5+1'I21)/%$

U. 25230B:) :) 7'4::'A) @13204+ ). :) @13Q)+'.+ 2) *6'80) *3+5 2) :' 15A43. 74.*) /01 :)/

/01;'*)/ ;13.+4I1)/ Γ+ )+ Γ− "(341 >A01) #$&%$
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 !" #!$%%!&' (' %! )*+,!-' ." /0(1*.%'2'34 (')

31'*()

 -" /0(1*.%'2'34 (') !+54')

 !"# "#$% &'()*+,-.-/0 (-1 /)-*(1 -0 (-1 2340-1

 !"!#!# $%& '()*+,()& -% '(./% )(-01%& %+ -20.3+%&

4()*+,()& -% '(./% )(-01%&

5-1 ','.-/01 (- 6)7*-1 /)(2*8 -0 (92340-1 1)/0 ('3:;'1 (-1 ','.-/01 (- <:0=/-> ?3:1.20:7*-1#

5-1 @)/60:)/1 (- @)3.- /'6-112:3-1 ?)*3 ,- 62,6*, (-1 6=2.?1 162,2:3- -0 ;-60)3:-, -/ 0)*0 ?):/0

(- ,2 3'A:)/ .:/6- 1-3)/0 ('B/:-1 C ?230:3 (* .2:,,2A- 1*3@26:7*-# D-1 @)/60:)/1 (- @)3.- ?)*3

*/ ','.-/0 6)7*- /)(2, 1)/0 ,-1 1*:;2/0-1 %

w0
c1− = w0

t1β
− w0

c1+ = w0
t1β

+

w0
c2− = w0

t2β
− w0

c2+ = w0
t2β

+

w0
c3− = w0

t3β
− w0

c3+ = w0
t3β

+

E"#$FG

2;-6H

β− = 1
2
− w -0 β+ = 1

2
+ w E"#$"G

5-1 w0
ti 1)/0 ,-1 @)/60:)/1 (- @)3.- /)(2,-1 (9*/ ','.-/0 03:2/A*,2:3- 7*: 1)/0 ('B/:-1 (2/1

,- 3-?I3- +23>6-/03:7*- (- ,2 @2J)/ 1*:;2/0- %

w0
t1 = 1− u− v

w0
t2 = u

w0
t3 = v

E"#$KG

)L uH vH w 3-?3'1-/0-/0 ,-1 6))3()//'-1 -/ ','.-/01 (- 3'@'3-/6- ('B/:1 (2/1 ,92//-8- &# M: )/

1*??)1- ,9-8:10-/6- (9*/- A32/(-*3 162,2:3- φ (2/1 ,2 3'A:)/ .:/6-H -,,- ?-*0 403- 2??3)8:.'-

-/ *0:,:12/0 ,-1 @)/60:)/1 (- @)3.- /)(2,- (-1 ','.-/01 6)7*-1# 59:/6)//*- 162,2:3- 1-32 ('63:0-

-/ @)/60:)/ (- 1-1 ;2,-*31 2*8 /)-*(1 φn %

φ =
∑

n∈N

w0
cn

φn E"#$NG
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!" N #$% &'#($#)*&# +#$ $!))#%$ +,($ &#$ $-./,0#$ Γ+ #% Γ−1

2, +3$0.4%3$,%3!( +- 5.,+3#(%6 #( -%3&3$,(% &#$ 47-,%3!($ 8.404+#(%#$6 +#93#(% ,&!.$ :

gradφ =
∑

n∈N

([
β− · gradsw

0
tn −

w0
tn

δ
· n
]
· φ−n +

[
β+ · gradsw

0
tn +

w0
tn

δ
· n
]
· φ+n

)
;<1=>?

!" δ .#8.4$#(%# &'48,3$$#-. +- +4/,-%1 grads #$% &'!84.,%#-. 5.,+3#(% $-. &, $-./,0# +# &'4&4)#(%

0!7-#1

 !"#$%!"& '( )!*+( ',-*.$(&

2#$ /!(0%3!($ +# /!.)# 8!-. &#$ 4&4)#(%$ 0!7-#$ +',.@%#$ $-. &#$ $-./,0#$ Γ− #% Γ+ $!(% +4A(3#$

8,. :

w1

cn−k−
= w0

cn− gradw0
ck− − w0

ck− gradw0
cn−

w1

cn+k+ = w0
cn+ gradw0

ck+ − w0
ck+ gradw0

cn+

;<1=B?

C( (!%# 7-'-(# ,.@%# n−k− #$% $-. &, $-./,0# Γ−6 +# )@)# 8!-. &#$ ,.@%#$ n+k+ $-. &, $-./,0#

Γ+1

D!-. &#$ ,.@%#$ n−k+ (!.),&#$ 7-3 .#&3#(% &#$ +#-E $-./,0#$ Γ− #% Γ+6 &#$ /!(0%3!($ +# /!.)#

$!(% +4A(3#$ 8,. :

w1

cn−k+ = w0
cn− gradw0

ck+ − w0
ck+ gradw0

cn− ;<1= ?

D!-. ,&&45#. &, (!)3(,%3!(6 !( (!%# k−6 k+#% k± &#$ ,.@%#$ n−k−6 n+k+ #% n−k+ .#$8#0F

%39#)#(%1 G8.H$ 7-#&7-#$ +49#&!88#)#(%$6 &#$ 47-,%3!($ <1=B #% <1= 8#-9#(% $'40.3.# ,&!.$

IJ#(K=L :

w1

ck−
= w1

tk
· β−

w1

ck+ = w1

tk
· β+

w1

ck±
=

w0
tn

δ
· n

;<1==?

w1

tk
.#8.4$#(%# &#$ /!(0%3!($ +# /!.)# +',.@%#$ +'-( 4&4)#(% %.3,(5-&,3.#1 n #$% &# 9#0%#-.

(!.),& M &, $-./,0# +# &'4&4)#(% 0!7-#1

N# /,O!( $3)3&,3.# 7-# 8!-. &#$ /!(0%3!($ +# /!.)# (!+,&#$6 !( 8#-% .#8.4$#(%#. -(# 5.,(+#-.

9#0%!.3#&&# v #( /!(0%3!( +# $#$ 03.0-&,%3!($ ,-E ,.@%#$ +# &'4&4)#(% 0!7-# 0!))# $-3% :

v =
∑

k∈A

w1

ck
vk +

∑

k±∈An

w1

ck±
vk± ;<1=K?
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"# A $%& '($)%$*+'$ ,$% -./&$% ,-)% '$% %0.1-2$% Γ+ $& Γ−3 vk $%& '- 24.20'-&4") ,$ '- 5.-),$0.

6$2&".4$''$ %0. 2$% -./&$%3 7- 24.20'-&4") ,0 28-*9 6$2&".4$' %0. '$% -./&$% )".*-'$% An $%&

)"**:$ vk± 3

7- ,4%2.:&4%-&4") ,$ '("9:.-&$0. ,4;:.$)&4$' ."&-&4"))$' ,$64$)& -'".%< $) 0&4'4%-)& '$% :=0-&4")%

>3!! $& >3!? @

rotv =
∑

k−∈A−

(
β− · rotsw

1

tk
− 1

δ
· n ∧w1

tk

)
· vk−+

∑
k+∈A+

(
β+ · rotsw

1

tk
+ 1

δ
· n ∧w1

tk

)
· vk++

∑
k±∈An

(
1
δ
· gradw0

tn ∧ n
)
· vk±

A>3?BC

"# A−< A+
%")& .$%9$2&46$*$)& '($)%$*+'$ ,$% -./&$% ,-)% '$% %0.1-2$% Γ− $& Γ+ 3

 !" #$%&'()*$%

D-)% 2$ 28-94&.$< )"0% -6")% 9.:%$)&: '$% +-%$% ,(0) *",E'$ &.4,4*$)%4"))$' ,:,4: -0 2")&.F'$

)") ,$%&.02&41 9-. '- &$28)4=0$ &8$.*"G4),02&46$3 7$% ,4;:.$)&$% :&-9$% ):2$%%-4.$% H '(-9G

9'42-&4") ,$ '- *:&8",$ ,$% :':*$)&% I)4% -0 9."+'E*$ 2"09': *-5):&"&8$.*4=0$ ")& :&:

.-99$':$%3 7$% 9."+'E*$% :'$2&."*-5):&4=0$% ")& :&: .$9.:%$)&:% H '(-4,$ ,0 ,4-5.-**$ ,$

J")&43 7- ,4%2.:&4%-&4") ,$% :=0-&4")% ,$ K-LM$'' $& ,0 9."+'E*$ &8$.*4=0$ $%& $;$2&0:$ $)

0&4'4%-)& '$ 2"*9'$L$ ,$% :':*$)&% ,$ N84&)$O3 7$% 1".*0'-&4")% =04 9$.*$&&$)& '$ 2-'20' ,$%

28-*9% ,-)% '$ 2-% ,$% 9."+'E*$% *-5):&"%&-&4=0$% $& *-5):&",O)-*4=0$% ")& :&: ,:&-4'':$%3

7$% )-&0.$% )") '4):-4.$ $& -)4%"&."94=0$ ,$ 2$.&-4)% *-&:.4-0L 4)%9$2&:% ")& :&: :&0,4:$% $&

4*9':*$)&:$% ,-)% '$ 2",$3 P)I)< '$% :':*$)&% 2"=0$% .$9.:%$)&$)& 0)$ %"'0&4") 64-+'$ 9"0.

'- *",:'4%-&4") ,$% ,:1-0&% =04 %")& -%%4*4'-+'$% H ,$% .:54")% *4)2$%3 7- 9."2:,0.$ 5:):.-'$

,$ '$0. 4)%$.&4") ,-)% '$ '"5424$' :':*$)&% I)4% - :&: ,:&-4'':$3

7$% *",E'$% ,:6$'"99:% %")& 4*9':*$)&:% %"0% 0) $)64."))$*$)& K-&'-+3 D-)% '$ 28-94&.$

%046-)&< 2$% *",E'$% %$.")& 6-'4,:% 9"0. /&.$ 0&4'4%:% 9-. '- %04&$ 2"**$ 0) "0&4' ,$ %099".&

9"0. '- 2")2$9&4") $& '("9&4*4%-&4") ,0 2")&.F'$ )") ,$%&.02&41 9-. '- &$28)4=0$ &8$.*"G

4),02&46$3



 !"#$%&' (

)*#+,*'-%"%$.- '% /"+$0"%$.- 0'1

*.02+'1 0,/'+.##,1

 !" #$%&'()*%+'$

 !" #!$%"&'#(! %)* +) '"&,!#-." ',"*/(0#!1.&'#2" &(!$#$'" "! +34'.1" 1" 1".5 %,4!(/6!"$

&(.%+4$ 7 4+"&'*(/)8!4'#-." "' ',"*/#-."9 :3(;<"&'#= 1" !('*" '*)2)#+ 4')!' +34'.1"> +) &(!&"%0

'#(! "' +3(%'#/#$)'#(! 1" +) /4',(1"> .!" %,)$" 1" /(14+#$)'#(! $3)26*" 1(!& !4&"$$)#*"9

 !" '"++" /(14+#$)'#(! "$' &(!=*(!'4" ? 1"$ 1#@&.+'4$ +#4$ 13.!" %)*' ? +) %*#$" "! &(/%'"

1" +) !)'.*" 1"$ /)'4*#).5 4'.1#4$ 7 /)'4*#).5 ="**(/)8!4'#-."$> &(/%($#'"$>999"'&9 A3).'*"

%)*'> +" /)#++)8" 1"$ *48#(!$ /#!&"$ !4&"$$#'" +" 142"+(%%"/"!' 13(.'#+$ %)*'#&.+#"*$ %(.* +"

'*)#'"/"!' 1" &"$ B(!"$ C4+4/"!'$ &(-."$D9

:"$ +(8#&#"+$ &(//"*&#).5 -.# '#"!!"!' &(/%'" 1" '(.'"$ &"$ &(!'*)#!'"$ "! /E/" '"/%$ $(!'

*)*"$9 A" %+.$> +3)&&6$ ).5 &(1"$ $(.*&"$ 1" &"$ +(8#&#"+$ "$' +#/#'4 2(#* #/%($$#;+"9 F+ "$' 1(!&

'*6$ 1#@&#+" 1" =)#*" 1"$ /(1#G&)'#(!$ +#4"$ ? +) $%4&#G&#'4 1" !('*" 4'.1"> "' "!&(*" %+.$

13#/%+)!'"* 1"$ /(1.+"$ (. 1"$ &(1"$ 1" %*(8*)//"9 H*> !('*" '*)2)#+ 1" /(14+#$)'#(! "' 1"

&(!&"%'#(! !4&"$$#'" .!" 8*)!1" $(.%+"$$" 1. +(8#&#"+ .'#+#$49

I('*" +);(*)'(#*" %($$41)#' 14<? .! +(8#&#"+ 1" $#/.+)'#(! !./4*#-." %)* 4+4/"!'$ G!#$ 1(!'

+) $'*.&'.*" "$' %*4$"!'4" $.* +) G8.*" J9K9 L" +(8#&#"+ 142"+(%%4 $(.$ "!2#*(!!"/"!' M)'+);

&(/%(*'" 14<? 1"$ &(1"$ 4+4/"!'$ G!#$ !(1).5 "' .!" %)*'#" #!&(/%+6'" 1"$ 4+4/"!'$ G!#$

13)*E'"$9

NO



 !"#$%&' () $*#+,*'-%"%$.- /'0 *./1+'0 /,2'+.##,0  !

 !"# "#$% &'()*')(+ ,) -./0*0+- +102'34' 3) -35.(3'.0(+

6.)( (78.4,(+ 3) 90+)1 3)1 +10/+4*+2 -07+2 : 4.'(+ 7'),+; 4.)2 3<.42 (+=.4,7 *.98->'+9+4'

-3 83('0+ 7-79+4'2 ,?3(@'+2 +4 )'0-0234' -+ =.(93-029+ ,7<+-.887 ,342 -+ *A380'(+ 8(7*7,+4'#

B.)2 3<.42 +42)0'+ 04'(.,)0' ,342 -+ -./0*0+- -+2 9.,)-+2 2)0<34'2 %

 C4'+(=3*+ +4'(+ -+ 930--+)( DE&F +' E3'-35#

 E.,)-+ 93/47'.2'3'0G)+ +4 8.'+4'0+- <+*'+)( 93/47'0G)+ A +' +4 8.'+4'0+- 2*3-30(+ 93H

/47'0G)+ Φ#

 E.,)-+ 93/47'.,I4390G)+ +4 =.(9)-3'0.4 7-+*'(0G)+ A−Ψ +' 93/47'0G)+ T− Φ#

 E.,)-+ 93/47'.,I4390G)+ 4.4 -04730(+ +4 A−Ψ +' T− Φ#

 E.,)-+ ,+2 8(.5->9+2 3402.'(.8+2#

 E.,)-+ ,+2 7-79+4'2 *.G)+2#

J+ ,7<+-.88+9+4' ,+ *+ -./0*0+- 2.)2 +4<0(.44+9+4' E3'-35 -)0 8+(9+' )4+ /(34,+ 2.)8-+22+

+' )4+ 8.('350-0'7 (+93(G)35-+# C- 8+(9+' 7/3-+9+4' ,?)'0-02+( -+2 5.0'+2 ,?.)'0-2 ,+ E3'-35;

23 8)02234*+ ,+ *3-*)- +' 2+2 =.4*'0.42 /(38A0G)+2#

J?04'7(@' ,+ ,7<+-.88+9+4' ,?)4 '+- -./0*0+- ,78322+ 50+4 -+ *3,(+ ,+ 4.'(+ 7'),+# B.)2 3<.42

)'0-027 8.)( 4.2 3*'0<0'72 ,+ (+*A+(*A+ -3 2'()*')(+ 8(72+4'7+ 2)( -3 K/)(+ "#L#



 !"#$%&' () $*#+,*'-%"%$.- /'0 *./1+'0 /,2'+.##,0  !

 !"# "#$% &'()*+ ,- +).'*/()01 ,23-*0442+

5- *06)7)-* ,23-*0442 4-8.-( */ 82+0*'()01 ,-+ 29'/()01+ ,- :/;<-** -1 "= -1 ./612(0,>1/?

.)9'- -( ./612(0+(/()9'-# @* -+( A)-1 /,/4(2 /'; 480A*B.-+ ,- CD= -( )* / *-+ 7/8/7(28)+()9'-+

+')3/1(-+ %

 @* 4-8.-( */ ./1)4'*/()01 ,-+ 68/1,-'8+ 2*-7(80./612()9'-+ -( (E-8.)9'-+ (-**-+ 9'- %

*F)1,'7()01 ./612()9'-G *-+ 70'8/1(+G */ (-.428/('8-#

 @* ()-1( 70.4(- ,' 70.408(-.-1( 101 *)12/)8- ,-+ ./(28)/'; ./612()9'-+# =- 4*'+G ,-+

/*608)(E.-+ ,F04().)+/()01 ,' H/7(-'8 ,- 8-*/;/()01 +01( ).4*/1(2+ 40'8 /772*28-8 */ 7013-8?



 !"#$%&' () $*#+,*'-%"%$.- /'0 *./1+'0 /,2'+.##,0  !

"#$%#&

 '( $()*+# ($,-.)+./,0*# 1# %#+)(,$#- 2()3+,(*4 )#'- 0*# '#- 2()3+,(*4 %.2/.-,)#- #-) /+,-#

#$ %.2/)# 1($- '# %.1# 135#'.//3&

 6.*+ '( 2.13',-(),.$ 1#- 137(*)-8 *$ 2.19'# :(-3 -*+ '#- 3'32#$)- %.0*#- #-) ,$-3+3 1($-

'# '.",%,#'&

 ;$<$8 %.22# '#- /=3$.29$#- /=>-,0*#- 2,- #$ ?#* /.*+ '( )#%=$,0*# )=#+2.@,$1*%),5#

-.$) 1# $()*+#- 3'#%)+.2("$3),0*# #) )=#+2,0*#8 *$ %.*/'("# #$)+# '#- 1#*4 /=3$.29$#-

#-) /+,- #$ %=(+"#&

A($- %# %=(/,)+#8 '# %.1# 3'32#$)- <$,- BA 135#'.//3 -#+( 5(',13 /(+ %.2/(+(,-.$ (5#% 1#-

+3-*')()- .:)#$*- C 'D(,1# 1#- 1,-/.-,),7- /+./.-3- /(+ '( %.22*$(*)3 ,$)#+$(),.$('# 1($-

'#- 1,E3+#$)#- F.+G-=./- .* %#*4 .:)#$*- C /(+),+ 1#- #4#2/'#- -,2/'#- 1.$) '( -.'*),.$

($('>),0*# #-) %.$$*#&

H( 5(',1(),.$ %.2/+#$1 '#- /+.:'92#- -*,5($)- I

 6+.:'92#- 2("$3).-)(),0*# #) 2("$3).1>$(2,0*# J/+.:'92# 1# '( -/=9+# #) '# K;LM

F.+G-=./ NO&

 M.19'# $.$ ',$3(,+# (,$-, 0*# '#- 1,E3+#$)#- 23)=.1#- 1D./),2,-(),.$ 1* 7(%)#*+ 1# +#'(4(@

),.$ JK;LM F.+G-=./ !P&L #) !P&QO&

 M.19'# :(-3 -*+ '#- 3'32#$)- %.0*#-&

 !" #$%&'()*+ ),-./0%+0,0123* *0 ),-./0%45.,)123*

 !"!# $%&'()*+ ,+ (- ./0)%+

R' -D(",) 1D*$# -/=9+# /'(%3# 1($- *$ %=(2/ 2("$3),0*# *$,7.+2# 0*, /#*) 5(+,#+ 1($- '#

)#2/-& H#- /+.:'92#- 0*, /#*5#$) S)+# 13<$,- 1($- %# %(- -.$) I

 !"#$%&' &()*+,"-,(,./0' 1 ,' -D(",) 1.$% 1# %('%*'#+ '# %=(2/ 2("$3),0*# #$ ).*) /.,$) 1#

'D#-/(%#&

 !"#$%&' &()*+,"23*(&./0' 1 ,' -D(",) 1# 13)#+2,$#+ '# %=(2/ 2("$3),0*# C %=(0*# ,$-)($)8

(,$-, 0*# '#- %.*+($)- ,$1*,)-8 '.+-0*# '( -/=9+# #-) %.$1*%)+,%#&

T#- 1#*4 /+.:'92#- (12#))#$) 1#- -.'*),.$- ($('>),0*#- 13)(,''3#- #$ UVQ WX& R'- %.$-),)*#$)

('.+- 1#- /+.:'92#- )#-)- ,13(*4 /.*+ '( 5(',1(),.$ 1* %.1# 135#'.//3 /(+ '# :,(,- 1# %.2/(@

+(,-.$ 1#- 1#*4 +3-*')()- .:)#$*- $*23+,0*#2#$) #) ($('>),0*#2#$)&

T#- /+.:'92#- /+3-#$)#$) *$# ->23)+,# 1# +35.'*),.$& Y$# )#''# ->23)+,# /#*) S)+# /+,-# #$

%.2/)# 1($- *$# 7.+2*'(),.$ )+,1,2#$-,.$$#''# 0*, -# )+(1*,) /(+ '( +3-.'*),.$ 1D*$ =*,),92#

1# '( -/=9+#&



 !"#$%&' () $*#+,*'-%"%$.- /'0 *./1+'0 /,2'+.##,0  !

 !"!#!# $%&'()*+),- ./ *(,0123%

"# $%&'() )$* +) (#,-. /0#1 2 0.055m 3405() !6!76 8-5( 9&#:5) %(-;1'<)= .-5$ #11-.$ 9#1951)(

)* />#15)( 1)$ >#(?#*?-.$ $%#*?#1)$ +)$ 9&#<%$ 1) 1-.0 +) 9-5%)$ H0 )* V0 ()%(/$).*/)$ +#.$ 1#

405() !6! )* +/4.?)$ 9-<<) $5?* @

4 A-5%) H0 ≡ {0 ≤ x ≤ 0.1m, y = 0, z = 0}
4 A-5%) V0 ≡ {0 ≤ z ≤ 0.1m, x = 0, y = 0}
"# $%&'() )$* %1#9/) +#.$ 5. 9&#<% <#0./*?:5) 5.?B-(<) $)1-. 1# +?()9*?-. z6 8-5( 1C/*5+)

<#0./*-$*#*?:5)= 1C?.+59*?-. <#0./*?:5) $-5(9) )$* +/4.?) %#( @

Bz = B0 · Z 3!6D7

#>)9 B0 = 1T 6

8-5( 1C/*5+) <#0./*-+,.#<?:5)= 1C?.+59*?-. <#0./*?:5) $-5(9) )$* +/4.?) %#( @

Bz(t) = B0 · cos(ωt) 3!6E7

#>)9 B0 = 1T 6 ω )$* 1# %51$#*?-. +5 9&#<% $-5(9) 1?/ 2 1# B(/:5).9) fr6

 !"# !6!@ 8(-;1'<) +) 1# $%&'() @ 0/-</*(?) )* 9-.+?*?-.$ #5F 1?<?*)$



 !"#$%&' () $*#+,*'-%"%$.- /'0 *./1+'0 /,2'+.##,0  !

 !"!#!" $% &'())'*%

"# $%&'%()*+ +( ,+ '#*,,#$+ &-( %(% .%/+,&00%1 2 ,3#*.+ .4 '#*,,+4) 5678 /+)1*&- 9:;:< =$'1>:

?3+1( 4- ,&$*@*+,  !"# $ %&'"A *, 0+)'+( .+ )%#,*1+) .+1 '#*,,#$+1 ()*.*'+-1*&--+,1 2 B#1+ .+1

%,%'+-(1 (%()#%.)*C4+1:

"+ '#*,,#$+ .+ ,# 10DE)+ C4+ -&41 #/&-1 4(*,*1% @&'0&)(+ N = 11906 -&+4.1A A = 76264

#)F(+1A F = 125562 G#@+((+1 +( V = 61203 (%()#E.)+1:

 !"# ;:!H 6#*,,#$+ .4 D4*(*E'+ .+ ,# 10DE)+

 !"!#! +,-.% %/ &'*/0,12,',(3-%

I&4) @+((+ %(4.+A &- @&-1*.E)+ 4-+ 10DE)+ .+ 0+)'%#B*,*(% '#$-%(*C4+ )+,#(*/+ µr = 100:

J&41 #/&-1 @#,@4,% ,# .*1()*B4(*&- .+ ,3*-.4@(*&- '#$-%(*C4+ 2 ,3#*.+ .+1 .+4K G&)'4,#(*&-1

+- 0&(+-(*+, LA +( ΦM +( @&'0#)% ,# /#)*#(*&- .+ Bz ,+ ,&-$ .+1 @&40+1 H0 +( V0:

415&-)',(1/ %/ 61,%/,(%) 7%8,%-5 &'*/0,(3-%

"+1 %,%'+-(1 #.#0(%1 2 ,# .*1@)%(*1#(*&- .4 0&(+-(*+, /+@(+4) '#$-%(*C4+ 1&-( ,+1 %,%'+-(1

.3#)F(+1 L/&*) 1+@(*&- 9:!:NM: O,1 0+4/+-( F()+ %@)*(1 1&41 ,# G&)'+ H

A =
∑

a∈A

waAa #/+@ A ∈W1
L;:;M

"# G&)'+ *-(%$)#,+ .+ ,# G&)'4,#(*&- +- 0&(+-(*+, /+@(+4) '#$-%(*C4+ A L1+@(*&- 9:9:P:N .4

@D#0*()+ 9M .+/*+-( #,&)1 H

ˆ

Ω

rotwa

1

µ
rotAdΩ +

ˆ

ΓH

wa (n ∧ rotA) dΓ =

ˆ

Ω

wa · JsdΩ L;:!M
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"#$%&'()*+, -.) Γ -, /'01231-, ,% /,.4 &,)2,-5 ", 3),2$,) -.) ΓB ,-& $231-' *. -,%- 61)&5

7% ,8,&9 +* /$-0)'&$-*&$1% /, A 3*) +,- '+'2,%&- /#*):&,- *--.), +* 01%&$%.$&' %1)2*+, /, B5

;,3,%/*%&9 ,% *%%.+*%& +, /,.4$<2, &,)2, -.) ΓH 1% $231-, H ∧ n = 0 *. -,%- 6*$=+, -, >.$

),?$,%& @ $231-,) A ∧ n = 05 "#.%$0$&' /, +* -1+.&$1% A ,-& *--.)', @ +#*$/, /, +* )'-1+.&$1%

/. -A-&<2, 3*) .%, 2'&B1/, $&')*&$?, C?1$) -,0&$1% D5D5!5DE5

 !"#$%&'(!) *) +!'*)'(*% ,-&%&("* #&.)/'(0$*

"1)->., +* 61)2.+*&$1% ,% Φ ,-& 0B1$-$, 31.) +* )'-1+&.$1% /. 3)1=+<2, 2*(%'&1-&*&$>.,9 +#'+'F

2,%& /, GB$&%,A %*&.),++,2,%& */*3&' @ +* /$-0)'&$-*&$1% /. 31&,%&$,+ -0*+*$), 2*(%'&$>.,

Φ ,-& +#,-3*0, /,- '+'2,%&- %1/*.4 W 0
9 $+ 3,.& -#'0)$), -1.- +* 61)2, -.$?*%&, H

Φ =
∑

n∈N

wnΦn *?,0 Φ ∈ W 0
CI5!E

"* 61)2.+*&$1% 6*$=+, /. 3)1=+<2, 01%-$-&, @ )'-1./), *3)<- /'?,+133,2,%& @ +#*$/, /, +*

61)2.+*&$1% /, J),,% *. -,%- 6*$=+,9 +#'>.*&$1% D5IK H

ˆ

Ω

µ(gradwn · gradΦ)dΩ +

ˆ

ΓB

wnB · ndΓ =

ˆ

Ω

µgradwn·HsdΩ CI5LE

1M n ,-& +* %1)2*+, /$)$(', ?,)- +#,4&')$,.) /, Ω5 N1.) +#$%&'()*+, /, -.)6*0, Γ9 1% * -.) ΓH 9

wn = 0 *. -,%- 61)&5 N*) 01%&),9 ,% *%%.+*%& +#$%&'()*+, -.) ΓB9 +* 01%/$&$1% B · n = 0 ,-&

$231-', *. -,%- 6*$=+,5 ", 0B*23 -1.)0, Hs ,-& 3)'/'&,)2$%' @ 3*)&$) /, +* /$-&)$=.&$1% /,

+* /,%-$&' /, 01.)*%& Js0122, $+ * '&' /'0)$& /*%- +* -,0&$1% D5D5!5K /. 0B*3$&), D5

O+ 6*.& %1&,) >., 31.) /,- )'($1%- 2.+&$3+,2,%& 01%%,4,9 +,- &)1.- /1$?,%& :&), ),23+$- ,&

),%/), *$%-$ +, /12*$%, -$23+,2,%& 01%%,4, PQ,%RST5

1!)2('(!), &$3 %(#('*, *' (#+!,('(!) 2$ -4&#+ ,!$"-*

U,+1% +* 61)2.+*&$1% '+,0&)12*(%'&$>., .&$+$-', 31.) )'-1./), +, 3)1=+<2,9 +#*33+$0*&$1% /.

0B*23 -1.)0, 01%/.$& @ +#$231-$&$1% /,- 01%/$&$1%- *.4 +$2$&,- -.$?*%&,- -.) +* =1$&, /#*$)

CV(.), I5IE P"WRRT H

 !"#$%&'(!) *) A

X*%- 0, 0*-9 -.) +,- -.)6*0,- ΓB 1M B · n = 0 H

5 ", 31&,%&$,+ ?,0&,.) 2*(%'&$>., ,-& $231-' @ Y')1 -.) ΓB1
5
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 "#$ ΓB2
% &' ()*&+, #' *&-,'-(,. /,0-,#$ )12'3-(4#, +&#$0, As 5&'- .,+ 0($0#.1-(&'+ +#$ .,+

1$6-,+ +&'- 537'(,+ *1$ 8

As = −0.5 · [x1 · (y1 − y2) + y1 · (x2 − x1)] ·B0 9:;<=

&>% (x1, y1) ,- (x2, y2) +&'- .,+ 0&&$5&''3,+ 5,+ '&,#5+ ?&$)1'- .@1$6-,;

!"#$%&'()"* +* Φ

A1'+ 0, 01+% +#$ .,+ +#$?10,+ ΓH &> H ∧ n = 0 8

 B, *&-,'-(,. +01.1($, )12'3-(4#, ,+- ()*&+3 C D3$& +#$ ΓH1
;

 "#$ ΓH2
% &' ()*&+, #' *&-,'-(,. +01.1($, )12'3-(4#, +&#$0, Φs 537'( *1$ 8

Φs =
B0

µ0
· hboite 9:; =

&> hboite ,+- .1 E1#-,#$ 5, .1 F&(-, 5@1($;

,-.-/-0 123%&('(3 +( 4'&)5'()"*3

B, *$&F.G), 5, .1 +*EG$, ,+- $3+&.# C .@1(5, 5,+ 5,#H ?&$)#.1-(&'+ 530$(-,+ *$3035,)),'-;

I&#$ .1 ?&$)#.1-(&' ,' *&-,'-(,. /,0-,#$ )12'3-(4#, A% '&#+ 1/&'+ 69882 ('0&''#,+; J.&$+

4#, *&#$ .1 ?&$)#.1-(&' ,' *&-,'-(,. +01.1($, )12'3-(4#, Φ% ., '&)F$, 5@('0&''#,+ +, $35#(-

C 10762; K,0( ,+- ,H*.(4#3 *1$ ., ?1(- 4#, ., *&-,'-(,. /,0-,#$ )12'3-(4#, ,+- 5(+0$3-(+3 +#$

.@,+*10, 5,+ 3.3),'-+ 5@1$6-,+ ,- ., *&-,'-(,. +01.1($, )12'3-(4#, 1**1$-(,'- C .@,+*10, 5,+

3.3),'-+ '&51#H;

B, +L+-G), 1.23F$(4#, &F-,'# ,+- $3+&.# C .@1(5, 5, .1 )3-E&5, 5# 2$15(,'- 0&'M#2#3; B&$+4#,

.1 ?&$)#.1-(&' ,' A ,+- #-(.(+3,% ., +L+-G), 0&'/,$2, C #', -&.3$1'0, 5, 10−7 1*$G+ 246

(-3$1-(&'+; K,*,'51'- *&#$ .1 ?&$)#.1-(&' ,' Φ% ., +L+-G), 0&'/,$2, 1# F&#- 5, 122 (-3$1-(&'+

*&#$ .1 )6), -&.3$1'0, ,H(23,;

B,+ $3+#.-1-+ &F-,'#+ +&'- *$3+,'-3+ 51'+ .,+ 72#$,+ :;N ,- :;!; B1 /1$(1-(&' 5, .@('5#0-(&'

)12'3-(4#, ., .&'2 5, .1 0&#*, H0 *$3+,'-, #', 5(+0&'-('#(-3 5, +1 0&)*&+1'-, -1'2,'-(,..,

1# *1++12, 5, .@('-,$?10, +*EG$,O1($; K,--, 5(+0&'-('#(-3 ,+- +1-(+?1(-, *1$ .1 $,.1-(&' Bzsphère
=

Bzair

µr
; P.., ,+- *$(+, ,' 0&)*-, *1$ .,+ 5,#H ?&$)#.1-(&'+;

Q' '&-, 4#, .,+ 5,#H ?&$)#.1-(&'+ A ,- Φ -,'5,'- /,$+ .1 +&.#-(&' ,H10-,; R&#+ 0&'+-1-&'+

1#++( 4#, .1 +&.#-(&' '#)3$(4#, ,+- 5@1#-1'- *.#+ *$&0E, 5, .1 +&.#-(&' 1'1.L-(4#, 4#, .,

)1(..12, ,+- 7'% 0, 4#( ,+- *$3/# *1$ ., *$('0(*, 5, .1 )3-E&5, 5,+ 3.3),'-+ 7'(+; P' ,S,-%

(. ?1#- 1#2),'-,$ ., )1(..12, 51'+ .,+ D&',+ &> .1 /1$(1-(&' 5# 0E1)* ,+- -$G+ ()*&$-1'-,

*&#$ 1/&($ #', F&'', *$30(+(&' 5,+ 01.0#.+; B,+ $3+#.-1-+ &F-,'#+ (..#+-$,'- .1 *$30(+(&' ,- .1

71F(.(-3 5,+ 01.0#.+ ,S,0-#3+ ,- 0&'-$(F#,'- C #', /1.(51-(&' 5# )&5G., 53/,.&**3;
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 !"#  !6# $%&'%(')* +, -.'*+/0(')* 1%2*3('4/, -, -)*2 +, -% 0)/5, V0

 !"!#!$ %&'() )* +,-*.&/(0*,+12')

7* 5&)8-91, +, 8%:,; &,-%('< = /*, :5>9&, +, 0/'?&,; +, 1@1,: +'1,*:')*: 4/, 0,--, +3A*',

+%*: -% A2/&,  ! % 3(3 1)+3-':3,! B,: 0%&%0(3&':('4/,: :)*( +)**3,: 0)11, :/'( #

3 C% 0)*+/0('?'(3 3-,0(&'4/, +, -% :5>9&, ,:( # σ = 5.92 · 107Ω−1m−1

3 C% 5,&13%8'-'(3 1%2*3('4/, ,:( 0,--, +, -.%'&!

3 C% <&34/,*0, +, 5/-:%(')* +/ 0>%15 1%2*3('4/, :)/&0, +)*( -% :5>9&, ,:( 5-)*23, ,:( +,

fr = 50Hz!

C% &3:)-/(')* +/ 5&)8-91, ,:( ,D,0(/3, = -.%'+, +,: +,/E <)&1/-%(')*: 3-,0(&)1%2*3('4/,:

+30&'(,: +%*: -% :,0(')* F!F!"!F +/ 0>%5'(&, F G<)&1/-%(')*: ,* 0>%15: 3-,0(&'4/, ,( 1%2*3H

('4/,I!
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 !"!#!$ %&'()*+,-&./ 0) 1'&2*3(4 (+5.6,&07.+(-8)4

%&'()*+,-&. 6*49,'-8)4 A−Ψ

!" #$%&'()" )*+,-.%/0,*)123" "4. /-5,1 /*,4 '* 4"6.1%, 7878987 /3 6:*#1.$" 78 ;%3$ /"4

$*14%,4 /" 40)-.$1" /3 404.()" /<-23*.1%,4= %, #%4" >

Ψ =
∂V

∂t
?@8AB

!"4 -23*.1%,4 ?78@ ". 78@AB /"C1",,",. >

rot
1

µ
rotA+ σ

∂

∂t
(A+ gradΨ) = Js ?@8DEB

divσ
∂

∂t
(A+ gradΨ) = 0 ?@8DDB

F*,4 '" /%)*1," /146$".= A "4. /-6%)#%4- /*,4 '<"4#*6" /"4 -'-)",.4 /<*$G."4= Ψ /*,4 '<"4#*6"

/"4 -'-)",.4 ,%/*3H >

A =
∑

a∈A

waAa ". Ψ =
∑

n∈N

wnΨn ?@8D7B

%I wa "4. '* J%,6.1%, /" J%$)" *44%61-" K '<*$G." a= ". wn '* J%,6.1%, /" J%$)" ,%/*'" *44%61-"

*3 ,%"3/ n8

L, 3.1'14*,. 6%))" J%,6.1%,4 ."4.4= '"4 J%,6.1%,4 /" J%$)" *44%61-"4 K 6:*23" #%.",.1"' %,

%&.1",. >

ˆ

Ω

rotwa·
1

µ
·rotA+σwa·

∂

∂t
(A+ gradΨ) dΩ−

ˆ

ΓH

wa·(n∧
1

µ
rotA)dΓ =

ˆ

Ω

wa·JsdΩ ?@8D@B

ˆ

Ω

σgradwn ·
∂

∂t
(A+ gradΨ) dΩ−

ˆ

ΓC

gradwn (n · J) dΓ = 0 ?@8DMB

F*,4 '<:0#%.:(4" /3 $-+1)" :*$)%,123" /%,. '* #3'4*.1%, "4. ω= '* $"#$-4",.*.1%, 6%)#'"H"

#"3. G.$" 3.1'14-"8 !<%#-$*."3$

∂
∂t

"4. .$*,4J%$)- /%,6 ", jω8 !"4 -23*.1%,4 @8D@ ". @8DM

/"C1",,",. >

ˆ

Ω

rotwa ·
1

µ
·rotA+σwa ·jω (A+ gradΨ) dΩ−

ˆ

Γ

wa ·(n∧
1

µ
rotA)dΓ =

ˆ

Ω

wa ·JsdΩ ?@8D9B
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ˆ

Ω

σgradwn · jω (A+ gradΨ) dΩ−
ˆ

ΓC

gradwn (n · J) dΓ = 0 "#$%&'

()* +,-./012)* 3) *40516) 3+*7101+**),- ), +879*1,- 590-)8),- 2)* 69,3+-+9,* 14: 2+8+-)* *40

ΓB "E ∧ n = 0 )- B · n = 0'; )- 14 *),* 51+<2) 6)22)* *40 ΓH "H ∧ n = 0 )- J · n = 0'$

 !"#$%&'(!) #&*)+'(,$- T− Φ

() *=*->8) 3?.@41-+9,* 3) 6)--) 5908421-+9, )*- 39,,.) 710 21 3+*60.-+*1-+9, 3)* .@41-+9,*

A$BA )- A$B#; 1C)6 D

T =
∑

a∈A

waTa )- Φ =
∑

n∈N

wnΦn "#$%E'

F, 0./+8) G1089,+@4) )- 6988) 7940 21 5908421-+9, A − Ψ, 9, 9<-+),- 3)4: .@41-+9,* H

0.*9430) D

ˆ

ΩC

rotwa ·
1

σ
· rotT+ µwa · jω (T− gradΦ) dΩ−

ˆ

ΓC

wa · (n ∧ E)dΓ = "#$% '

−
ˆ

ΩC

(rotwa ·
1

σ
· rotTs + jωµwa ·Ts)dΩ "#$%!'

−
ˆ

ΩC

jωµgradwn·TdΩ+

ˆ

Ω

jωµgradwn·gradΦdΩ−
ˆ

ΓC

wn·(B · n) dΓ =
ˆ

Ω

jωµgradwn·TsdΩ

"#$AI'

J940 6)--) 5908421-+9,; 2)* +,-./012)* 3) *40516) 3+*7101+**),- ), +879*1,- 590-)8),- 2)*

69,3+-+9,* 14: 2+8+-)* *40 ΓH "H ∧ n = 0 )- J · n = 0' )- 14 *),* 51+<2) 6)22)* *40 ΓB "E ∧ n =

0 )- B · n = 0'$

KL, 3?.C+-)0 2) 709<2>8) 842-+C9@4) 3) Φ 31,* 2) 61* 3)* 0./+9,* 842-+72)8),- 69,,):)*;

*9+- 9, +,-0934+- 4, 721, 3) 6947) 7)08)--1,- 4, *14- 3) 79-),-+)2 *9+- 9, 0)872+ 2)* -094*

710 4, 81-.0+14 3) 51+<2) 69,346-+C+-. MN),!EO$ P40 2?+,-)0516) 34 3981+,) 69,346-)40 ΓC ;

21 69,3+-+9, n ∧T = 0 )*- +879*.)$ Q)--) 69,3+-+9, 7)08)- 21 69,-+,4+-. ,1-40)22) 3) 21

69879*1,-) -1,/),-+)22) 34 6G187 81/,.-+@4) H$

.!)/('(!)0 &$1 %(#('-0 -' (#2!0('(!) /$ 34&#2 0!$"3-

Q988) 7940 2) 61* 3) 2?.-43) 81/,.-9*-1-+@4); 2?1772+61-+9, 34 6G187 *9406) 69,34+- H

2?+879*+-+9, 3)* 69,3+-+9,* 14: 2+8+-)* *4+C1,-)* *40 21 <9+-) 3?1+0 "L/40) #$#' D
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 !"#$%&'(!) *%+,'"(-$+ A−Ψ

"#$% &' &#%( %)* +'% %)*,#&'% ΓB -. B · n = 0 /

. 0' 1-2'$23'+ 4'&2')* 5#6$7238)' '%2 351-%7 9 :7*- %)* ΓB1
;

. <)* ΓB2
( -$ 351-%' )$ 1-2'$23'+ 4'&2')* 5#6$7238)' %-)*&' As =-$2 +'% &3*&)+#23-$% %)* +'%

#*>2'% %-$2 =7?$3'% 1#* /

As = −0.5 · [x1 · (y1 − y2) + y1 · (x2 − x1)] ·B0 · sin(ωt) @A;BCD

-.( (x1, y1) '2 (x2, y2) %-$2 +'% &--*=-$$7'% ='% $-')=% ,-*5#$2 +E#*>2';

. 0' 1-2'$23'+ %&#+#3*' 7+'&2*38)' Ψ '%2 351-%7 9 :7*- %)* ΓB1
;

 !"#$%&'(!) *%+,'"(-$+ T− Φ

"#$% &' &#%( %)* +'% %)*,#&'% ΓH -. H ∧ n = 0 /

. 0' 1-2'$23'+ %&#+#3*' 5#6$7238)' '%2 351-%7 9 :7*- %)* ΓH1
;

. <)* ΓH2
( -$ 351-%' )$ 1-2'$23'+ %&#+#3*' 5#6$7238)' %-)*&' Φs =7?$3 1#* /

Φs =
B0

µ0
· hboite @A;BBD

-. hboite '%2 +# F#)2')* =' +# G-32' =E#3*;

. 0' 1-2'$23'+ 4'&2')* 7+'&2*38)' T '%2 351-%7 9 :7*- %)* ΓH1
'2 %)* +'% %)*,#&' =' +# %1FH*'

1-)* #%%)*'* J · n = 0;

I-)* +' 1*-G+H5' =' +# %1FH*'( +# %-)*&' '%2 351-%7' 43# +'% &-$=323-$% #)J +3532'% =7?$3'%

=#$% +# %'&23-$

/010203 4*5$%'&'5 +' 6&%(7&'(!)5

0' 5>5' 5#3++#6' 8)' +# %'&23-$ 1*7&7='$2' '%2 )23+3%7; K-)% #4-$% =-$& 1-)* +# ,-*5)+#23-$

7+'&2*38)' A−Ψ( 73440 3$&-$$)'% %-32 / 69882 3$&-$$)'% 1-)* +' 1-2'$23'+ 4'&2')* 5#6$7238)'

A '2 3558 '$ 1-2'$23'+ %&#+#3*' 7+'&2*38)'; I-)* +# ,-*5)+#23-$ 5#6$7238)' T−Φ( +' $-5G*'

=E3$&-$$)'% '%2 =' 34139 =-$2 23377 1-)* +' 1-2'$23'+ 4'&2')* 7+'&2*38)' T '2 10762 1-)* +'

1-2'$23'+ %&#+#3*' 5#6$7238)';

0-*%8)' +# ,-*5)+#23-$ 7+'&2*38)' A−Ψ '%2 )23+3%7'( +' %L%2H5' &-$4'*6' 9 )$' 2-+7*#$&' ='

10−7 #1*H% 406 327*#23-$%; M+-*% 8)' 1-)* +# ,-*5)+#23-$ '$ T − Φ( +' %L%2H5' &-$4'*6' #)

G-)2 =' 371 327*#23-$% 1-)* +# 5>5' 2-+7*#$&' =7%3*7';

0# =3%2*3G)23-$ ='% 1#*23'% *7'++' '2 35#63$#3*' =) &F#51 =E3$=)&23-$ 5#6$7238)' %)* +' 1+#$

Y = 0 '%2 *'1*7%'$27' 9 +# ?6)*' A;N;
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 !"# "#$% &'()* +* ,-'./ +012+3,)142 53( 6* /6'2 Y = 0

7*5 8'(1')1425 +*5 /'()1*5 (9*66* *) 1.':12'1(* +* 6' ,4./45'2)* +* B 5318'2) 60';* z 6* 642:

+* 6' ,43/* H0 542) .42)(9*5 /'( 6*5 <:3(*5 "#=# >2 24)* ?3* 6' ,42)1231)9 +* 6' ,4./45'2)*
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 +" #! $!%&'( ',!-'.!'%(

 !"# "#=% A'(1')142 +*5 /'()1*5 (9*66* *) 1.':12'1(* +* 6012+3,)142 .':29)1?3* 6* 642: +* 6'

,43/* H0

B* .C.*D 6098463)142 5/')1'6* +*5 /'()1*5 (9*66* *) 1.':12'1(* +* 6012+3,)142 .':29)1?3* 642:

+* 6' ,43/* V0 *5) .42)(9* /'( 6*5 <:3(*5 "# #
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 +" #! $!%&'( ',!-'.!'%(

 !"# "# $ %&'(&)(*+ ,-. /&')(-. '0-11- -) (2&3(+&('- ,- 14(+,56)(*+ 2&3+0)(75- 1- 1*+3 ,- 1&

6*5/- V0

8-. 6*+615.(*+. 0)&91(-. /*5' 1- /'*91:2- 2&3+0)*.)&)(75- .*+) &5..( ;&1&91-. -+ 2&3+0)*<

,=+&2(75-# 8-. 2*,:1-. ,0;-1*//0. .*+) &(+.( 9(-+ /'*6>- ,-. '0.51)&). ,- 2-.5'-. -) (1.

)(-++-+) 6*2/)- ,-. />0+*2:+-. (2/1(750.#

 !"!" #$%&'()* +,-. /%$012%3 4

 !"!"!# $%&'()*+),- ./ *(,0123%

?1 .4&3() ,45+ ,-. /'*91:2-.<)-.) (+)-'+&)(*+&5@ /'0.-+)0. &5@ ABCD E*'F.>*/. GA-.)(+3

B1-6)'*2&3+-)(6 C+&1=.(. D-)>*,.H IAA?JKLM# 8- 95) ,- 140)5,- -.) 1& ;&1(,&)(*+ ,5 6&1651

,5 )-'2- .*5'6- 0)&91( ,&+. 1& .-6)(*+ !#!#N#L ,5 6>&/()'- !#

O+- /1&75- ,4&152(+(52 /-'60- ,45+ )'*5 ,- P*'2- '-6)&+351&('- -.) /1&60- &5 ,-..*5. ,45+-

9*9(+- ,4-@6()&)(*+ /&'6*5'5 /&' 5+ 6*5'&+) .(+5.*Q,&1# 8- /'*91:2- 6*+.(.)- R 6&1651-' 140;*<

15)(*+ )-2/*'-11- ,-. 6*5'&+). (+,5(). ,&+. 1& /1&75-S &(+.( 75- 6-11- ,5 6>&2/ 2&3+0)(75-

.5(;&+) 1-. ,-5@ 6*5/-. .5(;&+)-. $

4 T*5/- A1B1 ≡ {0 ≤ x ≤ 300mm, y = 72mm, z = 34mm}
4 T*5/- A2B2 ≡ {0 ≤ x ≤ 300mm, y = 144mm, z = 34mm}
8& /1&75- -.) 6*+.)()50- ,45+ &11(&3- ,4&152(+(52 ,- 6*+,56)(;()0 01-6)'(75- σ = 3.526 ·
10+7Ω−1 · m−1

-) ,- /-'20&9(1()0 2&3+0)(75- µ0# B11- -.) /1*+30- ,&+. 14&(' G/-'20&9(1()0

2&3+0)(75- 03&1- µ0H# U-. ,(2-+.(*+. &(+.( 75- 6-11- ,5 )'*5 .*+) ,*++0-. /&' 1& V35'- "#LK#

O+ (+,56)-5' G1& 9*9(+-H -.) /1&60- &5<,-..5. ,- 1& /1&75- G6*22- 1- 2*+)'- 1& V35'- "#LKH#

?1 -.) /&'6*5'5 /&' 5+ 6*5'&+) .(+5.*Q,&1 ,- P'075-+6- NKWX -) ,- ;&1-5' -Y6&6- ,- !Z[!CA#
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 !" #$!% &'(

 )" #$!% &'*

 !"# !"#$% &'() *+,-./+0 1

 !"!"!" #$ %&'((&)$

2+3. 45+6. ,7489.7 84 :7+;7<,9= =< 8= ;49884:= > 8?49@= @3 ;4988=3, A)BC 5=,.9+6 D"!"$" E=

;49884:= 9..3 =.< ;+6<,7 @46. 84 F:3,= !"##" G8 H+;0+,<= %

2+;I,= @=. 6+=3@. N = 29620J 6+;I,= @=. 4,K<=. A = 203675J 6+;I,= @=. L4H=<<=. F =

347684 =< 8= 6+;I,= @=. <7<,4M@,= V = 173628"

 !"!"! *+,-$ $. %&)./+0-1.&%'2,$

N= 0,+I8M;= =.< ,7.+83 > 8?49@= @= 84 ;7</+@= @=. 787;=6<. F69. =6 3<989.46< 84 L+,;384<9+6

A − Ψ" E= <=,;= .+3,H= =.< 9;0+.7 @= ;469M,= > 45+9, 84 @95=,:=6H= 6388= @= 84 @=6.9<7 @=

H+3,46< .+3,H= O.=H<9+6 D"D"P"# @3 H/409<,= DQ" '6 =R=<J 8= H/4;0 .+3,H= Ts =.< +I<=63 >
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aaG
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 "#$%& AB ≡ {−218mm ≤ z ≤ 227mm, y = 0mm, x = 5.76mm}

 !" #$%&'( )

 *" #$%&'( +

 !"# '()*+ ,-./ 0#1234#% 5) 6/#789&3 . &: ;<

=&3 7>?&@3>#@3 7&3 7>AB1&@:3 C#?%#3D@:3 7$ 7>3%#3>:>E 3#@: 7B:D>99B3 7D@3 9D FG$1& '()*( =&3

C#$1D@:3 C>1C$9D@:3 7D@3 9&3 H#H>@&3 3#@: &@ 3&@3 >@I&13& &: 7& ID9&$1 Ibobine = 10Aeff ( =&

@#?H1& 7& 3%>1& 7D@3 C4DJ$& H#H>@& &3: 7& 300 3%>1&3(

=&3 %9DJ$&3 7KDC>&1 #@: $@& C#@7$C:>I>:B B9&C:1>J$& σacier = 6.484 · 10+6Ω−1 · m−1
( L$>3J$&

9KDC>&1 &3: $@ ?D:B1>D$M E&11#?DG@B:>J$&N 3&3 CD1DC:B1>3:>J$&3 ?DG@B:>J$&3 3#@: @#@ 9>@BD>1&3

&: 3D %&1?BDH>9>:B @K&3: %D3 C#@3:D@:&( O#$3 C#@3>7B1#@3 C&%&@7D@: J$K>9 @ P D %D3 7& C4D?%

1B?D@&@: 7& EDQ#@ R %#$I#>1 $:>9>3&1 9D C#$1H& 7& %1&?>81& D>?D@:D:>#@( =D C#$1H& B (H) 7&

9KDC>&1 $:>9>3B &3: 7#@@B& %D1 9D FG$1& '()S(
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 !"# "#$E& F46224<, 1, 24 <9(;97*6,
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ff R + jωMσ
aa jωMσ

aaG
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 RtM t

afTs − (RtMµ−1

ff R + jωMσ
aa) ·A− jωMσ

aaG ·Ψ
−jωGtMσ

aa ·A− jωGtMσ
aaG ·Ψ
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aa -). /'012*). -3452). 6'1 "#$7 )0 "#$8 1).6)*02()/)50# J ).0 9' /'012*)
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.;50 ;<0)5>). ?1F*) B 9' /30G;-) -) D)H0;5IJ'6G.;5 )0 9' 13.;9>02;5 -) *G'E>) .K.0L/)
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-) 9' .;9>02;5 ).0 -) 10 2031'02;5. 6;>1 >5) )11)>1 1)9'02() -) 10−7#

@' ('12'02;5 -) 9C25->*02;5 /'?5302E>) Bx .>2('50 z 6;>1 9). -)>P /;-L9). N )0 O ).0

1)613.)503) B 9' 4?>1) "#=Q# @). *;>1<). -) /).>1) )0 *)99). ;<0)5>). B 9C'2-) -> /;-L9)

5>/312E>) 613.)50) -). .2/2920>-).# M;>1 9). -)>P *'., 9' *;5()1?)5*) 30'20 1'62-) )0 5;>.

5C'(;5. 6'. )> <).;25 -C>0292.)1 9' 1)9'P'02;5#
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 !"# F6GJ E( +%"''(#-* "#$%"&* $(#' )( +"<-* *# D/#-&"/# $% $"(.<&0* $* )1"#$%-&*%0 #/0.()"',

 !"!#!# $%&'(&)*+)(,* -( '.+/0 /+1&2)34,(

K(#' )* =%& $1(%3.*#&*0 )( +%"''(#-* "#$%"&* $(#' )* '+,-".*# *& +(0 -/#',4%*#& )* 0*#$*.*#&

$% ';'&<.*9 ") *'& '/%?*#& %&")* $* 0*#D/0-*0 )( ?()*%0 $% -2(.+ (%&/%0 $* )( +"<-* "#'+*-&,*6

H1*'& )* 0L)* $% -/#-*#&0(&*%0 $* -2(.+ 4%" -/#-*#&0* )*' )"3#*' $* -2(.+ *# )*' -(#()"'(#&

*& +*0.*& (%''" $* )"."&*0 )*' D%"&*' .(3#,&"4%*'6 M) '1(3"& $* +"<-*' $* D*00"&* +)(-,*' (%@

*@&0,."&,' $% '+*-".*# "#'+*-&,6 E*%0' D/0.*' *& $".*#'"/#' '/#& '".")("0*' (% '+,-".*#6

K(#' )( :3%0* F6N9 )( +%"''(#-* "#$%"&* *'& -()-%),* *# D/#-&"/# $% $"(.<&0* $* )1"#$%-&*%06 A#

=(''*' D0,4%*#-*'9 )( +%"''(#-* .(@".()* *'& /=&*#%* +/%0 %# $"(.<&0* $1"#$%-&*%0 $1*#?"0/#

%#* D/"' )( )/#3%*%0 $% '+,-".*#6 H* $"(.<&0* /+&".() $*?"*#& +)%' +*&"& +/%0 )*' ./;*##*'

*& )*' 2(%&*' D0,4%*#-*' Ofr = 10PQR *& fr = 100PQRS6 E1(C/%& $*' -/#-*#&0(&*%0' $* -2(.+

0,$%"& $/#- )( &("))* $*' =/="#*' *& +(0 ?/"* $* -/#',4%*#-* )* ?/)%.* $* )1"#'&())(&"/#6

H*' ,&%$*' ./#&0*#& 4%1") ; ( %# $"(.<&0* /+&".() +/%0 )*4%*) )* 0*#$*.*#& *'& .(@".%.6

H* $*0#"*0 $,+*#$ $* )( D0,4%*#-* $1"#$%-&"/# %&")"',*6 >(0 ("))*%0'9 )*' -/#-)%'"/#' /=&*#%*'

'%0 )( D/0.* *& )( +/'"&"/# $* )1"#$%-&*%0 '/#& ?()(=)*' 4%* +/%0 -* &;+* $* +0/=)<.*6 E*'

-/#-)%'"/#' +*%?*#& -2(#3*0 $<' 4%1/# -2(#3* )* +0/=)<.* ,&%$",6 H*+*#$(#&9 )* +0"#-"+* $*
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 !"# "#$% &' ()*++',-. *,/)*0. /',+ 1' (*2-. ., 34,-0*4, /) /*'5206. /. 17*,/)-0.)6 ,465'1*+8

'9.- -4,-.,06'0.)6 /) -:'5(

1780)/. 6.+0. 1. 5;5.# <, -4,=4*0 17*,/)-0.)6 (4)6 >)7*1 ()*++. 6.5(1*6 1. -':*.6 /.+ -:'6?.+

+)*9',0 %

 &' /*+06*@)0*4, /. 1' /.,+*08 /.+ -4)6',0+ *,/)*0+ +4):'*08. % A11. /8(.,/ .++.,0*.11.5.,0

/. 1' ?845806*. /. 1' (*2-. *,+(.-08.B /. 1' 68('60*0*4, /) -:')C'?. +4):'*08. D., +)63'-.

4) ., (6434,/.)6E .0 /. 1' ,'0)6. /. 17*,+(.-0*4, 68'1*+8. D?14@'1. 4) 14-'1.E# &' ?845806*.

.0 1' 3465. /. 17*,/)-0.)6 /4*9.,0 /4,- 68(4,/6. F -.+ .G*?.,-.+#

 &. 6.,/.5.,0 % &' (4+*0*4, .0 1' /*+0',-. .,06. 17*,/)-0.)6 .0 1' (*2-. *,+(.-08. /4*9.,0

;06. 4(0*5*+8.+ (4)6 '94*6 1. 5'G*5)5 /. ()*++',-. *,/)*0. .0 ('6 94*. /. -4,+8>).,-. 1.

5.*11.)6 6.,/.5.,0#

 !"! #$%&' () *+,+-./0)- (1&,()2/&%,

&. ?8,86'0.)6 /7*,/)-0*4, .+0 17), /.+ 8185.,0+ /. 1' 0.-:,*>). 0:.654H*,/)-0*9. >)7*1 3')0

/*5.,+*4,,.6# I4, -:4*G /8(.,/ /.+ /.)G ('6'5206.+ +)*9',0+ %

 &' ()*++',-. *,/)*0. /',+ 1' (*2-. *,+(.-08. % &' /.,+*08 /.+ -4)6',0+ *,/)*0+ /4*0 ;06.

'++.J 81.98. 'K, >). 1' (68+.,-. /.+ /83')0+ ()*++. ;06. /80.-0.6#

 &' 368>).,-. /. 06'9'*1 % L. -:4*G -4,/*0*4,,. 1' ,'0)6. /. 17*,+(.-0*4, +4):'*08.B +4*0

14-'1*+8. ., +)63'-.B +4*0 ., (6434,/.)6#

A, .C.0B /',+ ),. *,+(.-0*4, 0:.654H*,/)-0*9.B 1' (1'?. /.+ 368>).,-.+ /. 06'9'*1 .+0 1'6?.

Dfr = 50Hz F fr = 2Mz E# A11. /8(.,/ /.+ -'6'-086*+0*>).+ /) /83')0 .0 /. 1' ,'0)6.

/.+ (*2-.+ *,+(.-08.+# M,. *,+(.-0*4, ., +)63'-. ,8-.++*0. /. 06'9'*11.6 '9.- /.+ 368>).,-.+

81.-0645'?,80*>).+ 81.98.+# A, 6.9',-:.B (4)6 1.+ /83')0+ (6434,/+B /.+ @'++.+ .0 54N.,,.+

368>).,-.+ 81.-0645'?,80*>).+ +4,0 ,8-.++'*6.+# A11. /8(.,/ ')++* /. 1' ,'0)6. /. 1' (*2-. *,+H

(.-08.# O4)6 1.+ 5'086*')G @4,+ -4,/)-0.)6+ D'1)5*,*)5E ('6 .G.5(1.B 1' (1'?. /. 368>).,-.+

.+0 54*,+ *5(460',0. >). (4)6 /.+ 5'086*')G (.) -4,/)-0.)6+ D-45(4+*0.+B###E#



 !"#$%&' () "##*$ "%$+, -' *" %' !,$./' %!'&0+1$,-/ %$2'   !

"#$%&'$($) *( +,-..($%& +'#/,-)& +(' *& 01$1'()&,' /2-$/,%)-#$3 %&*( /1+&$/ /&. +'#+'-1)1.

4(0$1)-5,& &) )6&'4-5,& /& *( +-7%& -$.+&%)1&8 9* .2(0-) /& :#,'$-' *21$&'0-& -$/-.+&$.(;*&

+#,' 5,& *( .-0$(),'& )6&'4-5,& /, /1:(,) .#-) /1)&%)(;*& +(' *( %(41'( -$:'('#,0&8

<$ +*,. /& %&. /&,= +('(47)'&.3 *& 01$1'()&,' /2-$/,%)-#$ /#-) >)'& %6#-.- /& )&**& .#')&

5,2-* .#-) .,.%&+)-;*& /& 01$1'&' /&. -4+,*.-#$. /& /,'1& %#$?&$(;*&8 @(' &=&4+*&3 +#,' /&.

4()1'-(,= /#$) *( %#$/,%)-?-)1 )6&'4-5,& &.) 1*&?1& %#44& *2(*,4-$-,43 *&. +61$#47$&.

)6&'4-5,&. .#$) '(+-/&.8 A& 01$1'()&,' /2-$/,%)-#$ /#-) >)'& %(+(;*& /& :#,'$-' /&. -4+,*.-#$.

/& %#,')& /,'1& Btch ≤ 0.5sC8

D$& :#-. *& 01$1'()&,' /2-$/,%)-#$ %6#-.- &) *2-$/,%)&,' #+)-4-.13 -* &.) -$/-.+&$.(;*& /& 4&E

$&' ,$& 1),/& .,' *&. /-?&'. +('(47)'&. /& *( )&%6$-5,& )6&'4#E-$/,%)-?& )&*. 5,& *& )&4+.

/2(%5,-.-)-#$ &) /, %6(,F(0&8 "&))& 1),/& $#,. +&'4&) /2(41*-#'&' *&. +&':#'4($%&. /& *(

41)6#/&8

 !"!# $%&%'()&*+ ,-%./01+1)123

A( /1)&%)-#$ &) *( 5,($)-G%()-#$ /&. /1:(,). &.) '('&4&$) ,$& +'#%1/,'& .-4+*& &$ '(-.#$

/& )#,)&. *&. .#,'%&. /& /10'(/()-#$ /&. .-0$(,= )&**&. 5,& *( $#$ ,$-:#'4-)1 /, %6(,F(0&3

'1H&=-#$. +('(.-)&. /& *2&$?-'#$$&4&$) #, *& ;',-) 1*&%)'#$-5,& /&. /1)&%)&,' /& *( %(41'(

-$:'('#,0&8 A& )'(-)&4&$) /&. -4(0&. )6&'4-5,&. #;)&$,&. %#$)'-;,& I '1?1*&' *& %#$)'(.)&

&$)'& *&. J#$&. /1:&%),&,.&. &) $#$ /1:&%),&,.&.8 K(-. (?($) *& )'(-)&4&$) /2-4(0&.3 -* :(,)

5,& *2-4(0& #'-0-$(*& %#$)-&$$& .,L.(44&$) /2-$:#'4()-#$. &) ,$ '(++#') .-0$(* .,' ;',-)

-4+#')($)8 D$& -$.+&%)-#$ &L%(%& +(' *( )&%6$-5,& )6&'4#E-$/,%)-?& /1+&$/ 0'($/&4&$) /&

%& '(++#') 5,- +&'4&) /2(,04&$)&' *( /1)&%)(;-*-)1 /&. /1:(,).8 9* &.) (*#'. $1%&..(-'& /& /1G$-'

5,&*5,&. +('(47)'&. -$/-.+&$.(;*&. +#,' ,$ ;#$ )'(-)&4&$) )&*. 5,& *& )&4+. /2(%5,-.-)-#$

&) *&. +('(47)'&. /21%6($)-**#$$(0& &) /2&=(4-$&' *&,'. -$H,&$%&.8

A&. +'&4-&'. +('(47)'&. 5,- /#-?&$) >)'& /1G$-. *#'. /2,$ %#$)'M*& )6&'4#E-$/,%)-: .#$) N

*( :'15,&$%& /2(%5,-.-)-#$ fs &) *& )&4+. /2(%5,-.-)-#$ tacq O"PQRST8 "&. /&,= +('(47)'&.

.#$) *-1. &) .#$) *-4-)1. +(' *( %(+(%-)1 /& .)#%U(0& 4(=-4(*& /2-4(0& Nmax /& *( %(41'(

-$:'('#,0& /1G$-) +(' N

Nmax = fs · tacq =
1

∆t
· tacq BV8 C

A& )&4+. /2(%5,-.-)-#$ /1+&$/ /& *( /-F,.-?-)1 )6&'4-5,& /, .+1%-4&$ I -$.+&%)&' &) /& *(

+'#:#$/&,' /, /1:(,) I /1)&%)&'8

t ∼ z2

α
BV8WC
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"# $#%&' #'$ ()* + (, -.*/0#12# $3#.%)/0# &,. (, 40,()$* #1$.# (#' #'&,2#' 4# $#%&' #$ 4# (,

-.*/0#12# 5

1

fth

∼ δth

α
6789:

;1# '*(#2$)<1 ,&&.<&.)*# 4# tacq #$ 4# ∆t 4*&#14 4#' &.<&.)*$*' $3#.%)/0#' #$ 4# (, =*<%*$.)#

4# (, &)>2# )1'&#2$*#8 ?1 =*1*.,(@ (#' %,$*.),0A 4# B<11# 4)C0')D)$* $3#.%)/0#@ $#(' /0#

(E,(0%)1)0% #$ (E,2)#.@ <1$ B#'<)1 4E01 ∆t &(0' &#$)$@ &<0. *D)$#. (, &#.$# 4E)1-<.%,$)<1'@

%,)' ,0'') 4E01 $#%&' 4E,2/0)')$)<1 tacq &(0' -,)B(# /0# (#' %,0D,)' 2<1402$#0.' $3#.%)/0#'

$#(' /0# (#' 2<%&<')$#'8 F, %<4*()',$)<1 $3#.%)/0# 1<0' &#.%#$ 01# &.*4*$#.%)1,$)<1 4#'

D,(#0.' <&$)%,(#' 4# ∆t #$ tacq8 GE,0$.#' -,2$#0.' 2<%%# (#' ()%)$#' 4#' */0)&#%#1$' 4<)D#1$

*=,(#%#1$ H$.# &.)' #1 2<%&$#8 ;1 23<)A I04)2)#0A 4#' &,.,%>$.#' 4E,2/0)')$)<1@ ∆t #$ tacq@

#'$ 4<12 #''#1$)#( &<0. %)1)%)'#. (E#..#0. '0. (E,2/0)')$)<1 4#' 4<11*#'8

G,1' (E#'&,2# 4#' -.*/0#12#'@ (, -.*/0#12# $3#.%)/0# %)1)%,(# #'$ 4*J1)# &,. 5

fmin =
1

N ·∆t
=

1

tacq

6787:

?$ (, -.*/0#12# $3#.%)/0# %,A)%,(# #'$ 4*J1)# &,. (# $3*<.>%# 4# K3,1<1 5

fmax =
fs

2
=

1

∆t
678L:

F, 2<12(0')<1 #'$ ,(<.' (, %H%# /0# 4,1' (E#'&,2# 4# $#%&' 5

 M<0. (#' 4*-,0$' &#0 &.<-<14' #$ &<0. (#' %,$*.),0A 4# B<11# 4)C0')D)$* $3#.%)/0#@ )( -,0$

,D<). 4#' -.*/0#12#' $3#.%)/0#' *(#D*#'8 N( -,0$ ,(<.' 4)%)10#. (# $#%&' 4E*23,1$)((<11,=#

∆t #$ (# $#%&' 4E,2/0)')$)<1 tacq8

 M<0. (#' 4*-,0$' &.<-<14' #$ (#' %,$*.),0A 4# %,0D,)'# 2<1402$)D)$* $3#.%)/0#@ )( -,0$

4)%)10#. (#' -.*/0#12#' $3#.%)/0#' #$ 4<12 ,0=%#1$#. ∆t #$ (# $#%&' 4E,2/0)')$)<1 tacq8

"#' &,.,%>$.#' &#0D#1$ H$.# &.*4*$#.%)1#. &,. ')%0(,$)<1 + (E,)4# 4#' %<4>(#' 10%*.)/0#'

0$)()'*' 2<%%# 01 <0$)( 4# '0&&<.$8 ;1# -<)' )(' '<1$ 4*J1)'@ (#' 2<1$.,'$#' 4# &3,'# #$ 4E,%O

&()$04# &#0D#1$ H$.# ,)1') 0$)()'*' &<0. (, 4*$#2$)<1 #$ (, 2,.,2$*.)',$)<1 4#' 4*-,0$'8

F, &.)'# #1 2<%&$# 4#' &,.,%>$.#' 4E,2/0)')$)<1 2<1'$)$0#1$ 01# &.#%)>.# *$,&# 4,1' (#

&.<2#''0' 4# /0,()J2,$)<1 4# (, $#231)/0# $3#.%<O)1402$)D#8 FE*$,&# '0)D,1$# '#., (E*$04# 4#

(, 2,&,2)$* 4# (, $#231)/0# $3#.%<O)1402$)D# + 4*$#2$#. 4#' 4*-,0$' #1 -<12$)<1 4#' 4)C*.#1$'

&,.,%>$.#' + ',D<). (# $#%&' 40 23,0C,=#@ (, -.*/0#12# *(#2$.<%,=1*$)/0# #$ (#' 4)%#1')<1'

40 4*-,0$8
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 !"!# $%&'(%)( *' +(,-. *( )/0'102( (+ *( 30 4567'(%)( 63()+58,09

2%6+:7'(

#$%& '($)& (% *')& +' &,-./$) 01!1! +' 2')/34, *$). +,& -$%4').& /)*%/.& 45'6/&&,). 7 +' 8459

&,)-, *,& *5:'%.&1 ;) ,<,.= +' */&.4/>%./$) *, +' *,)&/.5 *,& -$%4').& /)*%/.& *58,)* *, +'

:45?%,)-, 5+,-.4$2'6)5./?%, *@/)*%-./$)1 A'/& +' -'4., *, .,2854'.%4, *58,)* ,) 8+%& *%

.,28& *, -B'%<'6, ,. *% .,28& *@'-?%/&/./$)1 C+ :'%. '+$4& 5.%*/,4 +@/)D%,)-, *, -,& 8'4'9

23.4,& &%4 +' *5.,-.'>/+/.5 *,& *5:'%.&1 E@5.%*, &, :,4' &%4 +' >'&, *,& -$).4'&.,& .B,42/?%,

*@'28+/.%*, ,. *, 8B'&, *5F)/& *')& +, 84,2/,4 -B'8/.4,1 E,%4 %./+/&'./$) 8,42,. %), ?%'+/9

F-'./$) ,. ?%')./F-'./$) *,& *5:'%.& *5.,-.5&1

 !"!#!$ %&'() *& +,-./-0&

G +@'/*, *, )$& 2$*3+,& )%254/?%,&= +,& -$).4'&.,& .B,42/?%,& *@'28+/.%*, ,. *, 8B'&, $).

5.5 -'+-%+5& 8$%4 %), :45?%,)-, 5+,-.4$2'6)5./?%, fr = 27kHz1 E' F6%4, 01H 845&,)., %),

-'4.$64'8B/, *% -$).4'&., *@'28+/.%*, 7 +@/)&.'). t = 0.5s1 G +@/)&.'4 *, +' */&.4/>%./$) *, +'

*,)&/.5 *,& -$%4').& /)*%/.&= +, *5:'%. ,&. -'4'-.54/&5 8'4 *,%I 8$/).,& ?%/ 4,845&,).,). +,&

*,%I ,I.452/.5& $J +, -$).4'&., ,&. 2'I/2%21 K,8,)*').= +, -$).4'&., ,&. 2$/)& /28$4.').

+, +$)6 *% *5:'%. ?%@7 &,& ,I.452/.5&1

 !"# 01HL C2'6, *% -$).4'&., .B,42/?%, *@'28+/.%*, Mt = 0.5sN

E' F6%4, 01 " 2$).4, +, -$).4'&., .B,42/?%, *@'28+/.%*, -'+-%+5 ,) :$)-./$) *% .,28& *,

-B'%<'6, 8$%4 */<54,).,& :45?%,)-,& *% 65)54'.,%41 O) -$)&.'., ?%, 8$%4 *,& -$%4.,& *%45,&

*, -B'%<'6,= +, -$).4'&., .B,42/?%, ,&. 5+,(5 M.43& &%854/,%4 7  N1 E' *5.,-.'>/+/.5 *% *5:'%.

,&. *$)- 2,/++,%4,&1 K,8,)*').= '(,- +@'%62,).'./$) *, +' *%45, *, -B'%<'6,= +, -$).4'&.,

*,(/,). 8+%& 8,./.1 K, 84$-,&&%& .B,42/?%, *58,)* *, +' -$)*%-./(/.5 .B,42/?%, *% 2'.59

4/'% /)&8,-.51 ;) ,<,.= +@'-/,4 ,&. %) >$) -$)*%-.,%4 .B,42/?%,= +' .,2854'.%4, &, 84$8'6,
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"#$% &'()"*+*$, "'$- .' ()/%* )$-(*%,0*1 2'& %#$-034*$%*5 (#4& #6,*$)& 4$ %#$,&'-,* (.4-

)+(#&,'$,5 .7)+(4.-)#$ ,8*&+)34* "#), 9,&* .' (.4- %#4&,* (#--)6.* +')- "74$* '+(.),4"* -4:;

-'++*$, <&'$"* (#4& %&0*& 4$* 0.0=',)#$ "* ,*+(0&',4&* "0,*%,'6.*1 >$ ,*+(- "* %8'4?'<*

*@,&9+*+*$, %#4&, $0%*--),* 4$* )+(4.-)#$ *@,&9+*+*$, A#&,* *, 4$ ('- "70%8'$,)..#$$'<*

,&/- %#4&,1 B*- .)+),',)#$- -4& .' (4)--'$%* "4 <0$0&',*4& "7)$"4%,)#$ *, .' A&034*$%* "7'%;

34)-),)#$ "*- %'+0&'- )$A&'&#4<*- $* (*&+*,,*$, ('- 4$* ,*..* (#--)6).),01

C'$- .' (&',)34*5 4$ ,*+(- "* %8'4?'<* "7*$=)&#$ 0.5s *-, 4$ 6#$ %#+(&#+)- *$,&* .' -*$;

-)6).),0 "* "0,*%,)#$ "* .' %'+0&' )$A&'&#4<*5 .*- ('&'+/,&*- "4 <0$0&',*4& "7)$"4%,)#$ *, .*

%#$,&'-,* ,8*&+)34*1
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La fréquence
électromagnétique

 !"# D1 EF B* %#$,&'-,* ,8*&+)34* *$ A#$%,)#$ "4 ,*+(- "4 %8'4?'<*

 !"!#!" $%&'()*+) &,)+-%./01*&-2'()

B' A&034*$%* 0.*%,&#+'<$0,)34* ' 4$* )$G4*$%* -4& .' (0$0,&',)#$ "*- #$"*- "'$- .' +',)/&*1

H) .' (0$0,&',)#$ *-, <&'$"*5 .' +'I*4&* ('&,)* "*- %#4&'$,- )$"4),- (*4, ('--*& -#4- .* A#$"

"4 "0A'4, *, "#$% $* ('- <0$0&*& "4 %#$,&'-,*1 2'& %#$,&*5 -) .' (0$0,&',)#$ *-, A')6.*5 .*

"0A'4, *+(9%8* 4$* <&'$"* ('&,)* "*- %#4&'$,- )$"4),- "* %)&%4.*& *, <0$0&*& "*- %#$,&'-,*-

(.4- )+(#&,'$,-1
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 !"# #$ !A B* 5'4,0.+,* :* 9C.+* *4 /'45,8'4 :* -. /0123*45* ,C*06823*
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)#' ;&(6)'#4' *$##('B 17). 7' &0%,$ '.% /&0#* 17). 70 *(%'4%0>,7,%( *) *(;0)% '.% 2',77')&'8 @#
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 !"# "# $% &'()*+,(- .* /(-+012+3 +4305,6*3 3- 7(-/+,(- .3 .,8903-+32 01+,(2 :0(7(-.3*0 ;

)(-<*3*0 .* .971*+ =fr = 27>?@A

B(*0 5,3*C ,))*2+030 /3 :49-(5D-3E )32 /10+(<01:4,32 .32 /(-+012+32 :(*0 +0(,2 .,8903-+2

01+,(2 (-+ 9+9 /1)/*)932 3+ ,))*2+0932 2*0 )1 F<*03 "# "# GH,51<3 5(-+03 6*3 )3 )(-< .* .971*+ )3
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 !"# *+ "E F47/(4G'/4-. 5) 0$ /),62($/'() 5) 7'(8$9) ). 8-.9/4-. 5) 0$ 0$(&)'( 5' 528$'/

=t = 0.5s>
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 !"# #$ %& '()*+,-). /+ 0).,123,4 ,5416-7+4 4. 8).0,-). /4 *2 *2194+1 /+ /:82+,

;<. /4 7+2.,-<41 04,,4 (21-2,-). /+ 0).,123,4= *>:()*+,-). /4 04 /41.-41 /2.3 *43 /4+? @).43

 4, ! /4 *2 <9+14 #$ A2 2 :,: ,120:4 4. 8).0,-). /4 /-B:14.,43 *2194+13 C<9+14 #$ %D$ E.
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/43 0)+12.,3 -./+-,3 3)-, G41G4./-0+*2-14 2+ /:82+,$ J4G4./2.,= *2 G)3-,-). 4, *>)1-4.,2,-).

/+ /:82+, /2.3 +.4 -.3G40,-). /4 JKL .4 3)., G23 0)..+43 G1:2*2F*464.,$ M**43 /:G4./4.,

/4 *2 9:)6:,1-4 4, /4 *2 .2,+14 /43 0).,12-.,43 4?410:43 3+1 *2 G-N04 -.3G40,:4$ E1= ). 32-, 7+4
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/4 *2 ,46G:12,+14 :,2., /:G4./2.,4 /4 *2 62.-N14 /)., *4 /:82+, /:(-4 *43 0)+12.,3 -./+-,3$

R* 43, /).0 -6G)1,2., />4?26-.41 *2 /:,40,2F-*-,: /43 /:82+,3 4. 8).0,-). /4 *4+1 )1-4.,2,-).

G21 12GG)1, I *2 /-140,-). /4 *2 /4.3-,: /43 0)+12.,3 /:<.-4 G21 *>-./+0,4+1$

M. 4B4,= *43 /:82+,3 G41G4./-0+*2-143 I *2 /4.3-,: /4 0)+12.,3= 0)664 -* 2 :,: /:,2-**: /2.3

*43 340,-).3 G1:0:/4.,43 C340,-). #$!$!D= 14G1:34.,4., *4 023 *4 G*+3 82()12F*4$ H4 0).,123,4

43, 62?-6+6 4, *2 /:,40,2F-*-,: /+ /:82+, 43, 64-**4+14$ J4G4./2.,= *)137+4 *43 /:82+,3 3).,

G212**N*43 2+? 0)+12.,3 -./+-,3= 043 /41.-413 .>:,2., G1437+4 G23 G41,+1F:43 G21 *2 G1:34.04 /+

/:82+,= *4 0).,123,4 /4(-4., G21 0).3:7+4.04 82-F*4$ H2 34.3-F-*-,: /4 *2 ,405.-7+4 43, 62+(2-34

/4 04 023$

H43 <9+143 #$ SF 4, #$T -**+3,14., 043 /4+? 023 4?,1U643$ V)+1 *4 /:82+, (41,-02*= *>-6294

52F-,+4**4 /+ 0).,123,4 43, )F,4.+4= *43 4?,1:6-,:3 3)., 0*2-1464., G*+3 0).,123,:43$ V21

0).,14= G)+1 /43 <33+14 2*-9.:43 G212**N*464., I *2 /-140,-). /43 0)+12.,3= *4 3-9.2* 43, I
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7&20$ *$( 3$/8 51&96/0.2%1&( *. ($&(%)%*%24 3$ *. 2$5:&%;/$ 34501<2 .'$5 *=.&6*$ $&20$ *=.8$ 3/

34-./2 $2 *=10%$&2.2%1& 3$ *. 3$&(%24 3$( 51/0.&2( %&3/%2(+

 !" #$%&' !('& )* +,-!). /01$2

30*.!4

 5" 67!8' +) &0*.1!9.' ./'17$:)' +;!7<4$.)+'  t =
0.5s"

 !"# >+ ?@ AB.6$ 3/ 51&20.(2$ 2:$0B%;/$ 3=.B#*%2/3$ Ct = 0.5sD

,$ 51&20.(2$ 2:$0B%;/$ 3=.B#*%2/3$ . 424 20.54 *$ *1&6 3$ *=.8$ 3/ 34-./2 :10%E1&2.*+ ,. 96/0$

>+ F. B1&20$ ;/=%* #04($&2$ 3$/8 #1%&2$( 3$ 51&20.(2$ 4*$'4 3=1030$ Cmax = 1.17 ;/% 0$(2$ 20G(

-.%)*$ 3$'.&2 *$ 5.( 3/ 34-./2 #$0#$&3%5/*.%0$ CCmax = 2.4D+ H$22$ 3%I40$&5$ $(2 5*.%0$B$&2

%**/(204$ *10(;/=1& 0$6.03$ *=45.02 3$( 2$B#40.2/0$( $&20$ /& 34-./2 :10%E1&2.* $2 '$02%5.*+

7& $I$2J *. 3%I40$&5$ 3$ 2$B#40.2/0$ $(2 #0.2%;/$B$&2 B/*2%#*%4 #.0 10+ A* $(2 3=$&'%01&

Tadef−Tsdef = 0.4 C #1/0 *$ #0$B%$0 2K#$ 3/ 34-./2 51&20$ Tadef−Tsdef = 4 C #1/0 *$ ($51&3+
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 !" #$%&'()(% *+,$-./*0()&+

#$ %&'()'&*&+ ,*-%&, (.,/,%$00$1* 2 ,*, 0&' $1 )$-3.$ ()-. -1$ 3,.&4/2*&)1 $5(,.&0$1*26$

%$' .,'-6*2*' )7*$1-'8 #2 49-.$ :8!; 0)1*.$ 6$ %&'()'&*&+ $5(,.&0$1*268 #<,/=21*&66)1 &1'($/*,

$'* .$(.,'$1*, (2. 62 49-.$ :8 78 >1 %&'()'$ %<-1$ (&?/$ /@6&1%.&A-$ 2@21* -1 %,+2-* %$

'-.+2/$ 23$/ -1$ (.)+)1%$-. %$ 2, 5mmB -1$ 6)19-$-. %$ 20mm $* -1$ 62.9$-. %$ 0, 1mm8

#<$5/&*2*&)1 $'* 2''-.,$ (2. %$-5 7)7&1$' /@6&1%.&A-$' C7)7&1$' D$60=)6*EF8 #$-.' %&0$1'&)1'

')1* %,*2&66,$' %21' 62 '$/*&)1 :8!8 8 #<2/A-&'&*&)1 %$' %)11,$' *=$.0&A-$' '$ +2&* G 6<2&%$ %$

62 /20,.2 &1+.2.)-9$8

H<$'* -1$ /20,.2  !"#$%&'('%) *+,- G ').*&$ 2126)9&A-$ $* 1-0,.&A-$ %)1* 6$' /2.2/*,.&'I

*&A-$' ')1* /)00$ '-&* J

 K).*&$ 1-0,.&A-$ 16 7&*' RS422 G 50 &029$' (2. '$/)1%$

 L2*.&/$ 320× 240 (&5$6'

 >7M$/*&+ '*21%2.% 24 

 N&6*.$ =2-*$ *$0(,.2*-.$ ()-. %$' 0$'-.$' M-'A-<G 1500 C

#<2/A-&'&*&)1 $* 6$ *.2&*$0$1* %$' %)11,$' *=$.0&A-$' '$ +2&* G 6<2&%$ %- 6)9&/&$6  ./0-12

31- 0/4/103./05

O41 %$ 0&1&0&'$. 6$' 7.-&*' %$ 0$'-.$ %-' G 62 /)1*.&7-*&)1 %$ 6<$13&.)11$0$1* $* G 62

32.&2*&)1 %<,0&''&3&*, %$ 62 '-.+2/$ %$ 62 (&?/$ &1'($/*,$B 6$ '(,/&0$1 $'* .$/)-3$.* (2. -1$

($&1*-.$ 1)&.$ %)1* 6<,0&''&3&*, '$ .2((.)/=$ %$ /$66$ %<-1 /).(' 1)&.8

 !"# :8!;J P&'()'&*&+ $5(,.&0$1*26

#2 49-.$ :8! 2 0)1*.$ 6<&029$ %$ 62 *$0(,.2*-.$ %$ 62 '-.+2/$ 0$'-.,$ G 6<2&%$ %$ 62 /20,.2

&1+.2.)-9$ G 6<&1'*21* t = 0.5s8 H)00$ ()-. 6$' .,'-6*2*' )7*$1-' $1 '&0-62*&)1 C'$/*&)1
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#$!$!%& '( )*+,-. (/. 0,1,0.*12/* 3,1 )(-4 3526.(/ 07,-)(/ 8 /(/ (4.1*92.*/ :-2 0511(/356) 8 ',

;56( < ),6/ ', =>-1( #$#? )( ', /(0.256 #$!$!$ @6 65.( ,-//2 :-( '(/ )(-4 ?51)/ (4.*12(-1/ )-

)*+,-. /56. '*>A1(9(6. 9526/ 07,-)/ :-( '(/ 1*>256/ B52/26(/ C0511(/356) 8 ', ;56( D ),6/

', =>-1( #$#,%$

 !" #$%&'$%  (" %)*&+!,)-.%

 !"# #$! E F9,>( )( ', )2/.12?-.256 )( ', .(93*1,.-1( 8 'G26/.,6. t = 0.5s

H,6/ '( ?-. )( :-,6.2=(1 (. )G,3315+56)21 'G*.-)(& 'G*B5'-.256 )( ', .(93*1,.-1( '( '56> )(

'G,4( )- )*+,-. (/. .1,0*( ,- 9I9( 26/.,6. Ct = 0.5s%$ J6( ?566( 056051),60( (6.1( '(/

)(-4 05-1?(/ (/. 5?/(1B*($ K, )2L*1(60( /G(43'2:-( (6 3,1.2( 3,1 'G26*B2.,?'( ?1-2. )( 9(/-1(

)-( 8 ', 1*M(4256 )( 'G(6B21566(9(6. (. ,-4 0,1,0.*12/.2:-(/ 53.2:-(/ )( ', /-1+,0( C/-1+,0(

656 -62+519(%$ H( 3'-/& ', 3-2//,60( )(9,6)*( ,- >*6*1,.(-1 )G26)-0.256 6G(/. 3,/ 5?.(6-(

/356.,6*9(6. 8 0,-/( )- .(93/ )( 1*356/( 6*0(//,21( 35-1 ,..(26)1( /56 1*>29( 3(19,6(6.

056.1,21(9(6. 8 ', /29-',.256$
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 ! "#$%& %& '( %)#&*#(+,',#) %&- %).($#- /0$1 '&- 2(#)3

1,($4 505 .&1102(65)#,7$&-

"#$% &'($)*%+,(- #.,/$#*+(0*-1 &'*$ )-% ).2#*+% &-% 3&*% /4%-,5.% -%+ &-% 6(7,/89%%*,-% 3/*,

)-% 3&#0*-% )'#&*6($(*6: ;#, -<-63&-1 &-% /3.,#+(/$% )- 3-,=#>- #5#$+ ,(5-+#>- )-% 3&#0*-%

3-*5-$+ 3,/)*(,- 7- +?3- )'(63-,2-7+(/$%: "#$% 7-++- 3#,+(-1 $/*% .+*)(/$% 7-++- 7/$9>*,#+(/$

)- ).2#*+%: @'($A*-$7- )- )(B.,-$+% 3#,#6C+,-% )- &# +-7D$(0*- %-,# -<#6($.- #9$ )'/3+(6(%-,

&-% 3-,2/,6#$7-% )* %?%+C6-:

E$- 7/63,.D-$%(/$ #33,/2/$)(- )- &# ).+-7+(/$ )-% ).2#*+% 3#, &# +-7D$(0*- +D-,6/8($)*7+(5-

$.7-%%(+- *$- 4/$$- 7/$$#(%%#$7- )-% 3,/3,(.+.% .&-7+,/6#>$.+(0*-% -+ +D-,6(0*-% )-% 6#8

+.,(#*<: @-% 3,/3,(.+.% .&-7+,/6#>$.+(0*-% 3-*5-$+ F+,- ).7,(+- 3#, &'.3#(%%-*, )- 3-#* .&-78

+,/6#>$.+(0*- ).9$(- -$ 2/$7+(/$ )- &# 2,.0*-$7- )'($)*7+(/$1 )- &# 7/$)*7+(5(+. .&-7+,(0*-

-+ )- &# 3-,6.#4(&(+. 6#>$.+(0*-:

@'#&*6($(*6 7/66- &'#7(-, -%+ 7#,#7+.,(%. 3#, *$- D#*+- )(B*%(5(+. +D-,6(0*- -+ $.7-%%(+-

#($%( *$ +-63% )'.7D#$+(&&/$$#>- +,C% 7/*,+ -+ *$- 7#6.,# ($2,#,/*>- #?#$+ *$- 5(+-%%- )'#78

0*(%(+(/$ %*G%#$+-: "#$% 7- 7#%1 &-% 3#,#6C+,-% )- &# %(6*&#+(/$ %/$+ *$ +-63% )'.7D#$8

+(&&/$$#>- )- Hms 3/*, *$ +-63% )'#70*(%(+(/$ )- tacq = 5s #9$ )'#5/(, &- ,.>(6- +,#$%(+/(,-

+D-,6(0*-:

 ! !" #$%&'%$($) *(+,$*

@# 9>*,- I:J! 6/$+,- &- )(%3/%(+(2 3,/3/%. 3/*, &'($%3-7+(/$ )- &# 3&#0*- )'#&*6($(*6: K& -%+

7/63/%. )* >.$.,#+-*, )'($)*7+(/$1 )- &'($)*7+-*,1 )- &# 7#6.,# ($2,#,/*>- -+ )- &# 3&#0*-

L ($%3-7+-,:

@# +-7D$(0*- +D-,6/8($)*7+(5- # .+. %(6*&.- %*, *$- 3&#0*- )'#&*6($(*6 )/$+ &-% )(6-$%(/$%

3,($7(3#&-% %/$+ )/$$.-% 3#, &# 9>*,- I:JI: K& %'#>(+ )'*$- 3&#0*- )'#&*6($(*6 3-,7.- #5-7

*$ ).2#*+ &#+.,#&: @-% 7#,#7+.,(%+(0*-% .&-7+,/6#>$.+(0*-% -+ +D-,6(0*-% )- &'#&*6($(*6 %/$+

($)(0*.% )#$% &- +#4&-#* I: :

σ (S ·m−1) µr λ (W ·m−1 ·K) ρ
(
kg ·m−3

)
Cp
(
J · kg−1 ·K

)

3.7 · 107 1 237 2700 900

 !"# I: M ;,/3,(.+.% 3D?%(0*-% )- &'#&*6($(*6

E$- .+*)- )- 7/$7-3+(/$ -+ )- 7#,#7+.,(%#+(/$ %(6(&#(,- L 7-&&- ).5-&/33.- )#$% &- 7#% )-%

6#+.,(#*< 2-,,/6#>$.+(0*-% %-,# 6-$.-: @- 7D/(< -+ &- )(6-$%(/$$-6-$+ )- &'($)*7+-*, #($%(

0*- &-% )(B.,-$+% 3#,#6C+,-% )* 7D#*B#>- -+ )* ).2#*+ %-,/$+ ($5-%+(>*.%:
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41**5 01-< 95 '+/ ,5/ *+2)<.+-= 35<<1*+>;)2.:-5/? -;5 0<5*.@<5 )2+05 ,5 '1;'502.1; ,5

9A.;,-'25-< 5/2 ;)'5//+.<5 +B; ,A+*)9.1<5< 95/ 05<31<*+;'5/ ,- /C/2@*5 >91D+9 52 ,5 *+E2<./5<

95 2<+;/35<2 );5<>)2.:-5 5;2<5 9A.;,-'25-< 52 9+ 09+:-5 .;/05'2)5$ 45225 0(+/5 ;1-/ 05<*52

,A+''<1E2<5 95 <5;,5*5;2 ,5 9+ 25'(;.:-5 2(5<*1F.;,-'2.G5 52 ,5 '<)5< 9+ ,./2<.D-2.1; ,5/

'1-<+;2/ .;,-.2/ 9+ 09-/ 3+G1<+D95 01-< 9+ ,)25'2.1; ,5/ ,)3+-2/$ H995 ;)'5//.25 9A+00-. ,5/

*1,@95/ ;-*)<.:-5/ 2<.,.*5;/.1;;59/ ,)G59100)/ 01-< 102.*./5< 9+ 31<*5 52 9+ >)1*)2<.5 ,5

9A.;,-'25-<$

 ! !"!# $%&'( )* +, -&./* )* +0'1)234*2.

I1-< 95 /C/2@*5 5=0)<.*5;2+9 ,5 9+ B>-<5 #$"!? 95/ ,./2<.D-2.1;/ ,5/ 9.>;5/ ,5 '1-<+;2/ .;,-.2/

95/ 09-/ 3+G1<+D95/ 01-< 9+ ,)25'2.1; ,5 259/ ,)3+-2/ /1;2 %
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34$')&1%(&+ )( 5#+6( 1$+1&.-$+( )4-7( 8 9(+6(% &'( %(..( 1#':;&+-%$#'2

 "#$% &'( )$*%+$,&%$#' -7$-.( / 0( 1(%%( 6-'$<+(= .(* .$;'(* )( 1#&+-'%* $')&$%* 1#'%#&+'('%

.( %+#&2 >' $')&1%(&+ )( 5#+6( > 9(&% ?%+( $6-;$'@ 9#&+ 1+@(+ 1(%%( )$*%+$,&%$#'2

0-'* 1( 9-+-;+-9A(= .( 1A#$7 )( .4&'( )(* )(&7 5#+6(* *(+- )$*1&%@ *&+ .- ,-*( )( .(&+* 9(+B

5#+6-'1(*2 C(* )(+'$<+(* *#'% @D-.&@(* 9-+ .4$'%(+6@)$-$+( )& 1#'%+-*%( %A(+6$E&( E&$ )#''(

&'( $')$1-%$#' *&+ .- *('*$,$.$%@ )( .- %(1A'$E&( %A(+6#B$')&1%$D( F )@%(1%(+ )(* )@5-&%*2 G-+

1#'*@E&('1(= .- 5#'1%$#' #,H(1%$D( F #9%$6$*(+ )-'* '#%+( @%&)( *(+- .(* 1#'%+-*%(* %A(+6$E&(*

)4-69.$%&)( (% )( 9A-*(2

0(* *$6&.-%$#'* #' @%@ )#'1 6$*(* (' #(&D+( 9#&+ .(* )(&7 5#+6(* )4$')&1%(&+*2 3(* :;&+(*

I2JK- (% I2JK, +(9+@*('%('% )(&7 1-+%#;+-9A$(* )( 1#'%+-*%(= .- 9+(6$<+( 1#'1(+'( .( 1#'%+-*%(

)4-69.$%&)( F .4$'*%-'% t = 0.5s (% .- )(&7$<6( 1(.&$ )( .- 9A-*( 9#&+ &'( 5+@E&('1( %A(+6$E&(

)( frth = 10Hz2 L' '#%( E&( .( )@5-&% (*% 1-+-1%@+$*@ 9-+ &'( M#'( 9.&* 1#'%+-*%@( ('

*&+5-1(2 3- )$N&*$D$%@ %A(+6$E&( )( .4-.&6$'$&6 @%-'% @.(D@= .4-'#6-.$( )( .- )$*%+$,&%$#' )(

.- %(69@+-%&+( *( 9+#9-;( +-9$)(6('% F .- *&+5-1( )( .- 9.-E&(2 3(* )&+@(* )& 1A-&N-;( (%

)& 9-* )4@1A-'%$..#''-;( )#$D('% ?%+( )#'1 -**(M 1#&+%*2
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.@.(G 89-2/01(.0' .2 ?)'7. /. H 30-;&2( 89&B. I /)22. /.3 ':308(&(3 7.-88.0'3 >0. 89-2/01(.0'

1-'108&-'. /9&B. J! %. ':308(&( .3( -2(:'.33&2( 1&' 2)3 7)/=8.3 207:'->0.3 2)03 )@'.2( 8&
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(,*6$(3)&$2 +3 4$2)/0%). )5./-&<3. %./0 *)3+&*9
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 4" 5-67)$'%$ 0$ ($,27)!(/)$

 !"# :.;<= >?$4'5*$( 5&%6$3&44& -' #$(53085& 5)&3%*@'& &5 -& 40 -*123&(#& -& 5&%62305'3&

At = 05sB fr = 40kHzC

 ! !"!# $% &%'()*' +) &,-.+*/0)*'

D0(8 #&55& 8&#5*$(B 4E*(F'&(#& -E'( 0'53& 6030%G53& H2$%253*@'& -& 4E*(-'#5&'3 8'3 4&8 6&3I$3J

%0(#&8 -& 4E*(86&#5*$( &85 25'-*2&. K4 8E0H*5 -& 40 403H&'3 -& 4E*(-'#5&'3. L( &1&5B 40 6328&(#&

-& 4E*(-'#5&'3 0'J-&88'8 -' 53$' -& 40 640@'& #0(04*8& 4&8 #$'30(58 *(-'*58 -0(8 '(& M$(& @'*

#$33&86$(- 9 80 403H&'3. N?&# 40 6328&(#& -' 53$'B #&55& M$(& -&8 #$'30(58 *(-'*58 8& 32-'*5

&5 #32& -&8 32H*$(8 -& I$35&8 #$(#&(5305*$(8 0'5$'38 -' 53$' @'* 8& 530-'*5 603 '(& 242?05*$(

8'6642%&(50*3& -& 40 5&%62305'3& &( #&8 32H*$(8. /& 3066$35 &(53& 40 403H&'3 -& 4E*(-'#5&'3

&5 4& -*0%G53& -' 53$' -2O(*5 -$(# #&55& 242?05*$(.

NO( -E25'-*&3 #& 6030%G53&B -&8 8*%'405*$(8 $(5 252 3204*82&8 6$'3 -*123&(5&8 403H&'38 -&

4E*(-'#5&'3. /0 OH'3& :.;P0 %$(53& 40 -*123&(#& -& 40 5&%62305'3& -& 8'3I0#& -E'( 6$*(5

0'5$'3 -' 53$'. Q( ($5& @'& #& -&3(*&3 &85 *(?&38&%&(5 63$6$35*$((&4 0' 305*$ &(53& 40 403H&'3

&5 4& -*0%G53& -' 53$'. R&6&(-0(5B #&55& ?03*05*$( (E01&#5& 608 4& #$(53085& 5)&3%*@'& @'*

3&85& 6305*@'&%&(5 *(?03*0(5 AOH'3& :.;P7C.

R& 328'4505 %$(53& @'E&( '5*4*80(5 -&8 *(-'#5&'38 -& 403H&'3 2@'*?04&(5& 0' -*0%G53& -'

53$' -& 40 640@'& *(86&#52&B 40 -25&#507*4*52 -&8 -2I0'58 (& ?03*& 608 6'*8@'& 4& #$(53085&

3&85& *(#)0(H2. S03 0*44&'38B 4&'3 ?*8*7*4*52 -&?*&(5 %&*44&'3& -' I0*5 @'& 40 -*123&(#& -& 40

5&%62305'3& -& 40 8'3I0#& &85 64'8 *%6$350(5&. K4 6&3%&5 -E0%24*$3&3 4&8 6&3I$3%0(#&8 -& 40

-25&#5*$( -&8 -2I0'58 -& 40 #0%230 *(I303$'H& -0(8 40 6305*@'&.

T(& I$*8 40 6)08& -& 40 #$(#&65*$( &5 -& -*%&(8*$((&%&(5 -& 4E*(-'#5&'3 &85 *(?&85*H'2&

&5 -*8#'52&B 40 63$#)0*(& 6)08& 8&30 40 @'04*O#05*$( -& 40 %25)$-& 5)&3%$J*(-'#5*?&. D0(8
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 ." /0()$!1)' )2'$*&3-' %4!*+5&)-%'

 !"# #$%&' ()*+,-.*/ -012*30++0 4, 5364.0/- 40 -012736-,30 40 8,396:0 0- 4, :*/-368-0 -;03<

1.=,0 >tch = 0.5s? fr = 40kHz@

:0--0 7-620? ,/0 7-,40 263617-3.=,0 8036 10/70 6A/ 40 1*/-303 +6 :626:.-7 40 +6 -0:;/.=,0 B

47-0:-03 +08 4796,-8$ CD08- ,/0 2;680 *E +D./F,0/:0 408 4.G730/-8 7+710/-8 -0+8 =,0 +6 937=,0/:0

4D./4,:-.*/? +6 9*310 4, 4796,- 8*/- 7-,4.78$

 ! !" #$%&' &' ()*+,%'+-' &' (. /012%'+-' 1('-$034.5+1$*2%'

HA/ 4D7-,4.03 +D./F,0/:0 40 +6 937=,0/:0 7+0:-3*165/7-.=,0 8,3 +6 47-0:-6I.+.-7 408 4796,-8?

2+,8.0,38 8.1,+6-.*/8 */- 7-7 10/708$ J6 A5,30 #$%K6 1*/-30 +D7)*+,-.*/ 4, :*/-368-0 -;03<

1.=,0 2*,3 408 937=,0/:08 4.G730/-08 6)0: ,/ -0128 40 :;6,G650 40 0.5s$ L/ 30163=,0 =,0

+0 :*/-368-0 -;031.=,0 08- ./)038010/- 23*2*3-.*//0+ 6, 36-.* 726.880,3 40 206, M 23*9*/<

40,3 4, 4796,-$ N*,3 1.0,O .++,8-303 :0 2;7/*1P/0? +6 )63.6-.*/ 4, :*/-368-0 -;031.=,0 08-

-36:70 0/ 9*/:-.*/ 4, 36-.* 726.880,3 40 206, M 23*9*/40,3 4, 4796,- 0/ A5,30 #$%KI$ L/

:*/8-6-0 =,0 2*,3 408 937=,0/:08 :*33082*/46/-08 B 408 726.880,38 40 206, -3P8 8,273.0,308

B +6 23*9*/40,3 4, 4796,- +0 :*/-368-0 08- 96.I+0$ J6 47-0:-.*/ 408 4796,-8 08- 6+*38 16,)6.80

)*.3 .12*88.I+0$ N,.8? .+ 6,510/-0 4D,/0 16/.P30 236-.=,010/- +./76.30 6)0: +6 4.1./,-.*/ 4,

36-.*$ Q/A/? +6 )63.6-.*/ 40).0/- 96.I+0 B 263-.3 4D,/ 36-.* ./973.0,3 *, 756+0 B 2$

N*,3 :0 -R20 40 4796,-? +6 :626:.-7 40 47-0:-.*/ 08- 4*/: 10.++0,30 B 408 937=,0/:08 *E

+D726.880,3 40 206, 08- 40 +D*3430 40 536/40,3 40 +6 23*9*/40,3 4, 4796,-$ Q/ 0G0-? 2*,3 +08

I68808 937=,0/:08? +0 :;6,G650 08- 236-.=,010/- ,/.9*310 46/8 +0 )*+,10 40 +6 2+6=,0 0- 263

:*/87=,0/:0? +6 -012736-,30 40 8,396:0 08- 1*./8 80/8.I+0 B +6 23780/:0 408 4796,-8$ Q/ -3P8

;6,-08 937=,0/:08? +D726.880,3 40 206, 08- -3P8 96.I+0$ J0 :;6,G650 40).0/- 6./8. 8,396:.=,0 0-

*/ 8D6223*:;0 40 +6 -;031*5362;.0 ./9363*,50 :+688.=,0$

HA/ 4D7-,4.03 +D.126:- 40 +6 )63.6-.*/ 40 +6 937=,0/:0 7+0:-3*165/7-.=,0 8,3 +0 :*/-368-0

40 2;680? 8*/ 7)*+,-.*/ 937=,0/-.0++0 6 7-7 -36:70$ J08 :*/:+,8.*/8 8*/- 8.1.+6.308 B :0++08 4,
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 6" #- 2',*0!3*- *4-0.+5)- -, 7',2*+', 1) 0!*+'  t =
0.3s"

 !"# #$%&' ()*+,-.*/ 0, 1*/-234-5 -6527.8,5 9*,2 0.:;25/-4 23-.* ;93.445,2 05 953, < 92*=

>*/05,2 0, 0;>3,-
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 !"# #$!?' ()*+,-.*/ >2;8,5/-.5++5 0, 1*/-234-5 05 96345

1*/-234-5 -6527.8,5 0@379+.-,05$ A5 73B.7,7 0, 1*/-234-5 0.7./,5 3)51 +@3,C75/-3-.*/

0, 2399*2- 5/-25 +@;93.445,2 05 953, 5- +3 92*>*/05,2 0, 0;>3,-$ D/ 1*/4-3-5 3,44.E 8,5 +5

1*/-234-5 05 96345 93445 932 F;2*4 G 054 >2;8,5/154 -6527.8,54 0.:;25/-54$ H54 >2;8,5/154

0;95/05/- 0, 23-.*$ I+,4 +5 2399*2- 54- C23/0 9+,4 +3 >2;8,5/15 -6527.8,5 54- ;+5);5$ J/ +.5/

0.251- 5/-25 15--5 >2;8,5/15 5- +3 92*>*/05,2 0, 0;>3,- 54- *K452); 5- 4523 0.41,-; 03/4 +3

451-.*/ #$#$#$ $

 ! ! "#$%& %& '()*+$&*,& %&- ./0/12#0&- %$ %34/$#

 ! ! !" #$ %&'(')*+,& *, *-($,.

L3/4 15 9323C23965E 054 4.7,+3-.*/4 */- ;-; 7.454 5/ *5,)25 3M/ 0@;-,0.52 +@5:5- 05 +3

92*>*/05,2 0, 0;>3,- 4,2 +5 1*/-234-5$ A3 MC,25 #$! 3 2592;45/-5 +@;)*+,-.*/ -579*25++5 0,
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#$%&'()&* *% +$%#&,$% -. &*/0)1 2$.' #3(4.* 0'$+$%-*.'5 6( +'74.*%#* 76*#&'$/(8%7&,4.*

*)& #3$,),* ).' 6( 9()* -*) #$%#6.),$%) $9&*%.*) -(%) 6( )*#&,$% :1:1! ,1* ; 6( <(6*.' -* 6(

+'74.*%#* 76*#&'$/(8%7&,4.* #$''*)0$%- = .%* 70(,))*.' -* 0*(. 78(6* = 6( 0'$+$%-*.' -.

-7+(.&1 >$//* #$%<*%.5 6* #$%&'()&* -,/,%.* (<*# 6( -.'7* -. #3(.?(8*1 @* 06.)5 $% #$%)&(&*

4.* 6* #$%&'()&* *)& ,%<*')*/*%& 0'$0$'&,$%%*6 = 6( 0'$+$%-*.' -. -7+(.&1 A6 *)& /(B,/./

0$.' -*) -7+(.&) /$,%) 0'$+$%-) #$//* 6* /$%&'* 6( C8.'* :1! 9 $D 6( <(',(&,$% -* #* -*'%,*'

*)& &'(#7* *% +$%#&,$% -* 6( 0'$+$%-*.' = 6E,%)&(%& t = 0.5s1 F* -7+(.& -*<,*%& ,%-7&*#&(96*

0$.' 6*) -7+(.&) -* 0'$+$%-*.' ).07',*.'* = 1.5mm G6* #$%&'()&* *)& 0'(&,4.*/*%& 78(6* =

6E.%,&7H1
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 !" #$%&'()%* +' ,%*(-!.(/ (0/-1)2'/ 3%'- 3-%4%*5
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 8" 9%*(-!.(/ (0/-1)2'/ /* 4%*,()%* +/ &! 3-%4%*5

+/'- +' +74!'(

 !"# :1! ; F* #$%&'()&* &3*'/,4.* *% +$%#&,$% -* 6( 0'$+$%-*.' -. -7+(.&

>*) '7).6&(&) /$%&'*%& 6E,%&7'I& -* 6E.&,6,)(&,$% -. #$%&'()&* &3*'/,4.* -E(/06,&.-* #$//* .%

0('(/J&'* -* -,)#',/,%(&,$% 0$.' 6( -7&*#&,$% -* 6( 0'$+$%-*.' -. -7+(.&1 K .%* +'74.*%#*

-E,%-.#&,$% -$%%7*5 06.) 6* #$%&'()&* *)& 76*<7 /$,%) 6* -7+(.& *)& 0'$+$%- *& <,#* <*')(1

>*0*%-(%&5 #* '7).6&(& %* %$.) 0*'/*& 0() -* -7&*'/,%*' 6( 0'$+$%-*.' *B(#&* -. -7+(.&1

>E*)& 0$.'4.$, 6E.&,6,)(&,$% -. #$%&'()&* -* 03()* 0'7)*%&* .% ,%&7'I&1 L% *?*&5 6( 03()* (

6( #(0(#,&7 -* 0$.<$,' )76*#&,$%%*' 6( 0'$+$%-*.' -E,%)0*#&,$% *% +$%#&,$% -* 6( +'74.*%#*

&3*'/,4.*1

 ! ! !" #$ %&'()*+($ ,$ -.*+$ $( /* -)&0&',$1) ,$ )$%.$)%.$ ,$+ ,20*1(+

@(%) 6* 9.& -* -7&*'/,%*' 6( 0'$+$%-*.' -. -7+(.&5 .%* /7&3$-* 9()7* ).' 6* #(6#.6 -.

#$%&'()&* -* 03()* ( 7&7 .&,6,)7*1 M( /,)* *% $*.<'* *)& ,%)0,'7* = 0('&,' -E7&.-*) -E,%)0*#&,$%

0(' &3*'/$8'(03,* ,%+'('$.8* /$-.67*1 @(%) #*&&* (%(6N)*5 6* #3$,B -. &*/0) -E(#4.,),&,$%

tacq *& -. 0() -E7#3(%&,66$%%(8* ∆t -7C%,) -(%) 6( )*#&,$% :1O1P *)& -E.%* 8'(%-* ,/0$'&(%#*

0$.' '7#.07'*' &$.&*) 6*) ,%+$'/(&,$%) %7#*))(,'*) 0$.' .% -7+(.& = .%* 0'$+$%-*.' -$%%7*1
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#$ %&%'( )*+,-./*$ '+01% )/23*).'4*$ 5+2-.%$'4%))% 6. 1*$'+0,'% 6% 780,%( *$ 1*$,'0'% -.% )%,

6250.', ,*$' 34,49)%, 6% 0 :.,-./; .$% 5+2-.%$1% )4<4'% fb= >) 0 2'2 <*$'+2 -.% 1%''% 5+2-.%$1%

627%$6 6% )0 7+*5*$6%.+ 6. 6250.'= #))% %,' 7)., 5049)% 7*.+ )%, 6250.', 7+*5*$6, ?@ABCDE= F0+

1*$,2-.%$'( )%, 6250.', <*4$, 7+*5*$6, *$' .$% 7)., G+0$6% 7)0G% 6% 5+2-.%$1% 6% 34,494)4'2

-.% )%, 6250.', 6% 7+*5*$6%.+=

H%, 2'.6%, %' 6%, +%18%+18%, ?I0)C ( I0)CJ( BKCJE *$' <*$'+2%, -.% )0 7+*5*$6%.+ 6. 6250.'

7%.' L'+% %M7+4<2 %$ 5*$1'4*$ 6% )0 64&.,434'2 '8%+<4-.% 6. <0'2+40. 4$,7%1'2 %' 6% )0

5+2-.%$1% )4<4'% fb 70+ )0 +%)0'4*$ ,.430$'% N

z = C1 ·
√

α

π · fb

OP=QR

*S( z( α %' fb +%7+2,%$'%$' +%,7%1'43%<%$' )0 7+*5*$6%.+ 6. 6250.'( )0 64&.,434'2 '8%+<4-.%

6. <0'2+40. %' )0 5+2-.%$1% 7*.+ )0-.%))% )% 1*$'+0,'% 6% 780,% ,/0$$.)%= C1 %,' .$% 1*$,'0$'%

6% 1*++2)0'4*$= #))% 627%$6 6% )0 $0'.+% 6. <0'2+40. 4$,7%1'2=

T*+, 6/.$% 4$,7%1'4*$ '8%+<*U4$6.1'43% %$ <*6% 780,% 7.),2%( )0 7+*5*$6%.+ 6. 6250.' 7%.'

L'+% 6*$1 62'%+<4$2% 6/.$% <0$4V+% ,4<7)% %$ 1*$$04,,0$' )%, 7+*7+42'2, '8%+<4-.%, 6. <0U

'2+40. 4$,7%1'2 %' %$ 626.4,0$' )0 5+2-.%$1% )4<4'% fb ; 70+'4+ 6% )/23*).'4*$ 5+2-.%$'4%))% 6.

1*$'+0,'% 6% 780,%= #$ %&%'( )%, ,4<.)0'4*$, <*$'+%$' -.% 7*.+ .$% 7+*5*$6%.+ 6*$$2%( )%

1*$'+0,'% <0M4<.< 1*++%,7*$6 ; 6%, 5+2-.%$1%, 7*.+ )%,-.%))%, )/2704,,%.+ 6% 7%0. %,' 2G0)%

; )0 <*4'42 6% )0 7+*5*$6%.+ 6. 6250.' O3*4+ ,%1'4*$ P=P=!R= T/230).0'4*$ 5+2-.%$'4%))% 6% 1%

1*$'+0,'% $*., 7%+<%' 6/%M'+04+% )0 5+2-.%$1% fb=

W20$<*4$,( .$% 64X1.)'2 0770+0Y' )*+, 6. 18*4M 062-.0' 6%, 70+0<V'+%, 6/01-.4,4'4*$= H% 1%

18*4M 627%$6 )0 62'%+<4$0'4*$ 6% )0 9*$$% 5+2-.%$1% )4<4'% fb %' 70+ 1*$,2-.%$1% )/230).0'4*$

1*++%1'% 6% )0 7+*5*$6%.+ 6. 6250.'=

W*., 0))*$, 70+ )0 ,.4'% 32+4Z%+ )0 30)464'2 6% $*'+% 62<0+18% ,.+ )% 64,7*,4'45 2'.642= T0 ZG.+%

P=!J0 <*$'+% )/23*).'4*$ 5+2-.%$'4%))% 6. 1*$'+0,'% 6% 780,% 7*.+ .$ 6250.' 6% 7+*5*$6%.+

6% 1mm= T% 70, 6/2180$'4))*$$0G% ∆t %' )% '%<7, 6/01-.4,4'4*$ tacq ,*$' 18*4,4, %$ '%$0$'

1*<7'% 6%, 1*$,4G$%, 6*$$2%, 70+ P=J=D O∆t = 5ms %' tacq[D,R= T0 5+2-.%$1% fb %,' 62'%+<4$2%

; 70+'4+ 6% )/4$'%+,%1'4*$ 6% )/09,14,,% 03%1 )0 1*.+9% 6. 1*$'+0,'%= #))% %,' 2G0)% ; fb = 29Hz=

#$ .'4)4,0$' )0 5*+<.)% P=Q( )0 7+*5*$6%.+ 6. 6250.' %,' %,'4<2% ; zdef = 1mm -.4 1*++%,7*$6

; )0 7+*5*$6%.+ +2%))% 6. 6250.'=

>) 50.' $*'%+ -./.$ <0.304, 18*4M 6% 1%, 6%.M 70+0<V'+%, 7%.' 6*$$%+ 6%, 30)%.+, %++*$2%,

6% )0 5+2-.%$1% fb %' 70+ 1*$,2-.%$1% 6% )0 7+*5*$6%.+ 6. 6250.'= AZ$ 6% <*$'+%+ 1%''%

4$\.%$1%( )% <L<% 7+*9)V<% %,' 2'.642 <04, 1%''% 5*4,( .$ 70, 6/2180$'4))*$$0G% ∆t = 10ms

%,' 1*$,462+2= T0 5+2-.%$1% fb *9'%$.% 60$, 1% 10, %,' 2G0)% ; fb = 24Hz( %' )0 7+*5*$6%.+

6. 6250.' %,' %,'4<2 ; zdef = 1.1mm ,*4' .$% %++%.+ 6% 10% 70+ +077*+' ; )0 30)%.+ +2%))% 6.

6250.' O3*4+ ZG.+% P=!J9R=
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 !"# !#$%& '()*+,-). /012+3.,-3**3 4+ 5).,067,3 43 89673

 ! ! !" #$%&'())*+, -+ -%.'+/

:. 6+,03 8606;<,03 -;8)0,6., 2+=-* /6+, 1,+4-30 3, 56065,10-730 37, *=186-773+0 4+ 41/6+,# >6

?@+03 !#$$6 ;).,03 2+3 *=6;8*-,+43 4+ 5).,067,3 6+@;3.,3 6(35 *=186-773+0 4+ 41/6+,# A6.7

*6 ?@+03 !#$$BC *3 5).,067,3 ,930;-2+3 37, ,0651 D *=-.7,6., t = 0.5s 8)+0 4-E103.,37 186-773+07

4+ 41/6+,# F6 (60-6,-). 37, 806,-2+3;3., *-.16-03C 8*+7 *3 41/6+, 37, 186-7 8*+7 *3 5).,067,3

43(-3., -;8)0,6.,#
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 $" 23(41*/() 51 '()*+!,*& &) 6()'*/() 5& 4789!/,,&1+

51 586!1*

 !"# !#$$& '()*+,-). 4+ 5).,067,3 ,930;-2+3 8)+0 4-E103.,37 186-773+07 4+ 41/6+,

>37 017+*,6,7 )B,3.+7 46.7 53,,3 735,-). 3, 46.7 *6 735,-). 8015143.,3 G735,-). !#!#!# H ;).,03.,

2+3 *3 5).,067,3 ,930;-2+3 4=6;8*-,+43 016@-, 4=+.3 ;6.-<03 7-;-*6-03 8)+0 43+I 567 4-E1J

03.,7# K. 3E3,C *3 5).,067,3 4=+. 41/6+, ?. 80)593 43 *6 7+0/653 860 3I3;8*3 83+, 4)..30

*6 ;L;3 018).73 2+=+. 41/6+, 186-7 ;6-7 8*+7 80)/).4# M* 37, 4).5 4-N5-*3 43 41,30;-.30 7-

53,,3 1*1(6,-). 4+ 5).,067,3 37, 4+3 D *=186-773+0 )+ D *6 80)/).43+0 4+ 41/6+,# >=+,-*-76,-).



 !"#$%&' () "##*$ "%$+, -' *" %' !,$./' %!'&0+1$,-/ %$2'  ! 

0 10 20 30 40 50
−0.5

0

0.5

1

1.5

2

2.5

3

fréquence thermique (Hz)

C
o

n
tr

a
s
te

 d
e

 p
h

a
s
e

 (
 °

)

0.05 mm

0.1 mm

0.5 mm

1 mm

Epaisseur du défaut

 !"# !"#!$ %&'()*+', -./0)1,*+1((1 2) 3',*.45*1 21 67451 6'). 2+8/.1,*5 /64+551).5

2) 3',*.45*1 *71.9+0)1 2:496(+*)21 *')* 51)( 3'991 64.49;*.1 21 2+53.+9+,4*+', 15* 2',3

+,5)<54,*1 24,5 31 345" =4. 3',5/0)1,*> (1 .13').5 ? ),1 4,4(@51 ? A451 2) 3',*.45*1 21

67451 15* +,2+561,54A(1" B, 181*> (4 2/*1.9+,4*+', 21 (4 -./0)1,31 (+9+*1 fb 2/C,+1 24,5 (4

513*+', !"!"!"D ,')5 61.91* 21 54&'+. 5+ (:/(/&4*+', 2) 3',*.45*1 *71.9+0)1 2:496(+*)21 15*

2)1 ? (:/64+551). 'E ? (4 6.'-',21). 2) 2/-4)*" B, 6()5> 1((1 ,')5 61.91* /F4(191,* 21 2/C,+.

(4 6.'-',21). 1G43*1 2) 2/-4)*"

H4 CF).1 !"#! .16./51,*1 (:/&'()*+', -./0)1,*+1((1 2) 3',*.45*1 21 67451 6'). 2+8/.1,*15 /64+5I

51).5" J, 3',5*4*1 0)1 (1 94G+9)9 2) 3',*.45*1 15* 6.'6'.*+',,1( ? (:/64+551). 3'991 24,5

(1 345 2) 3',*.45*1 *71.9+0)1 2:496(+*)21" K161,24,*> (4 -./0)1,31 (+9+*1 fb 0)+ 2/C,+1 (4

6.'-',21). 2) 2/-4)* .15*1 6.4*+0)191,* +,374,F/1" H15 ./5)(*4*5 'A*1,)5 9',*.1,* 0)1 (:)*+I

(+54*+', 3',L'+,*1 215 3',*.45*15 21 67451 1* 2:496(+*)21 61.91* 21 2/*1.9+,1. 1* 21 2/C,+.

(:/64+551). 2) 2/-4)* 1* 21 54 6.'-',21)."

 !" #$%&'(')*$+ ',-. /' 01-(%$2('&1)- )+3('($42-

H15 ./5)(*4*5 'A*1,)5 24,5 (15 513*+',5 6./3/21,*15 9',*.1,* 0)1 (4 *137,+0)1 *71.9'I+,2)3*+&1

15* A+1, 4246*/1 6'). (4 2/*13*+', 215 2/-4)*5 1, *1,4,* 3'96*1 21 31.*4+,15 2+.13*+&15 ,/315I

54+.15 6'). 49/(+'.1. 515 61.-'.94,315" MC, 21 2/9',*.1. 5', +,*/.N*> ),1 /*)21 3'964.4*+&1

4&13 (4 *71.9'F.467+1 +,-.4.')F1 3(455+0)1 51.4 91,/1" H4 3'964.4+5', 4 /*/ 1813*)/1 6').

(:466(+34*+', 2/C,+1 1, 513*+', !"!" " H15 2+91,5+',5 21 (4 6(40)1 4+,5+ 0)1 (1 2/-4)* +,5/./

5',* 2/*4+((/15 64. (15 CF).15 !"D# 1* !"D!"

H:1G6('+*4*+', 215 ./5)(*4*5 2:+,5613*+', 6'). (15 21)G *137,+0)15 51 -4+* ? (4 A451 2) 3',*.45*1

*71.9+0)1" O')5 4&',5 2',3 34(3)(/ (1 3',*.45*1 *71.9+0)1 6'). ),1 6/.+'21 21 374)84F1 21

0.5s" H4 CF).1 !"#P4 9',*.1 (:/&'()*+', *196'.1((1 2) 3',*.45*1 34(3)(/ ? 64.*+. 2) 9'2;(1

,)9/.+0)1 1, -',3*+', 2) *1965 21 374)84F1 6'). (15 21)G *137,+0)15" J, .194.0)1 0)1

(:)*+(+54*+', 21 (4 *137,+0)1 *71.9'I+,2)3*+&1 49/(+'.1 (1 3',*.45*1 64. .466'.* ? 31()+ 'A*1,)
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#$% &$ '()%*+,%$#(-) -./%$%+0,) 1&$22-30) #+0% &$ *4*) #0-22$.1) '+'$&) -.5)1'6) 7$.2 &$

#&$30)8 9)'') $*6&-+%$'-+. )2' #&02 -.'6%)22$.') 30$.7 +. %),$%7) &:6;+&0'-+. 7)2 7-<6%).1)2

7) ')*#6%$'0%) 7$.2 &$ =,0%) !8>?@8 9)2 7)%.-)%2 2+.' *0&'-#&-6)2 #$% 7-A8 B. )<)'C 7$.2

&$ #%$'-30)C &) 76/$0' )2' -.76')1'$@&) #$% &$ 1$*6%$ -./%$%+0,) &+%230) &$ '()%*+,%$#(-)

-./%$%+0,) )2' 0'-&-26) 7$.2 1) 1$2 #0-230) &)2 ,%$7-).'2 D 76')1')% 2+.' '%E2 /$-@&)2 #$% %$##+%'

$0 2)0-& 7) 76')1'-+. *-.-*0* 7) &$ 1$*6%$ -./%$%+0,)8
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La technique thermo−inductive

Thermographie infrarouge
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La technique thermo−inductive

Thermographie infrarouge

 4" 5-67)$'%$ 0$ ($,27)!(/)$

 !"# !8>?F G:6;+&0'-+. ')*#+%)&&) 70 1+.'%$2') )' 70 ,%$7-).' 7) ')*#6%$'0%)

H=. 7:$##%+/+.7-% 1)'') 1+*#$%$-2+.C .+02 $;+.2 6'07-6 &$ 76')1'-+. 7)2 76/$0'2 #+0% &$

*4*) #&$30) *$-2 $;)1 0.) $0'%) 1+.=,0%$'-+.8 I& 2:$,-' 7:0.) =220%) ;)%'-1$&) 7+.' &)2

7-*).2-+.2 2+.' -.7-306)2 D &$ =,0%) !8>J8 K$.2 1) 1$2C &) 76/$0' )2' #%$'-30)*).' -.76')1'$@&)

#$% &$ '()%*+,%$#(-) -./%$%+0,) L1+.'%$2') '()%*-30) 6,$&) D  M8 9)#).7$.'C &:0'-&-2$'-+. 7)

&$ ')1(.-30) '()%*+N-.701'-;) $*6&-+%) 1+.2-76%$@&)*).' &$ 76')1'-+. 7)2 76/$0'2 1+**) &)

*+.'%) &$ =,0%) !8>O8

 !"# !8>JF 9+0#) PQR 7) &$ #&$30) -.2#)1'6)

G$ 1+*#$%$-2+. 7) &$ ')1(.-30) '()%*+N-.701'-;) $;)1 &$ '()%*+,%$#(-) -./%$%+0,) 7$.2 &) 1$2

7:0.) -.2#)1'-+. 7:0.) #&$30) #)%16) *+.'%) 2+. -.'6%4'8 B. )<)'C &$ #%62).1) 70 '%+0 $*#&-=)

&$ 2).2-@-&-'6 7) &$ ')1(.-30) #+0% &$ 76')1'-+. 7)2 76/$0'2 1+**) -& $ 6'6 )A#&-306 7$.2 &$

2)1'-+. !8!8"8>8 9)#).7$.'C &) 1(+-A 7) &$ /%630).1) 70 1($0<$,) $ 0.) ,%$.7) -.S0).1) 20%

&$ 2).2-@-&-'6 7) &$ ')1(.-30)8 T. 1(+-A 7) /%630).1)2 6&);6)2 L7)2 6#$-22)0%2 7) #)$0 /$-@&)2M

).,).7%) 7) /$-@&)2 1+.'%$2')2 )' #$% 1+.2630).1) 0.) *$0;$-2) 76')1'$@-&-'6 70 76/$0'8
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Technique thermo−inductive

Thermographie infrarouge

 !"# !#"$% &' ()*+,-.+' +/',0123' '* 4)*(+1)* 53 +'06. 7tch = 0.5s8 fr = 10kHz9

 !" #$%&'()*$%

:-*. (' (/-61+,'8 ;- 6/-.' 5' ()*('6+1)* '+ 5' (-,-(+<,1.-+1)* 5' ;- +'(/*123' +/',0)=

1*53(+1>' - <+< 01.' '* )'3>,' 6)3, 5'3? -66;1(-+1)*. 1*53.+,1';;'. +@6123'.# &'. 0)5A;'.

*30<,123'. +,1510'*.1)**';. 5<>';)66<. )*+ <+< 3+1;1.<. ()00' 3* )3+1; 5' .366),+ 6)3,

;' 6,)('..3. 5' 23-;1B(-+1)* 5' ;- +'(/*123'# :'3? 6-,-0A+,'. 5' 51.(,101*-+1)* ()06;<=

0'*+-1,'. )*+ <+< 3+1;1.<. 6)3, -*-;@.', ;'. ,<.3;+-+.# &' 6,'01', '.+ ;' ()*+,-.+' +/',0123'

5C-06;1+35' '+ ;' .'()*5 '.+ ;' ()*+,-.+' 5' 6/-.'# &'3, 3+1;1.-+1)* ()*D)1*+' .' ,<>A;' 1*51.=

6'*.-E;' 6)3, ->)1, 3*' E)**' 1*+',6,<+-+1)*#

&'. ,<.3;+-+. )E+'*3. 0)*+,'*+ 23' ;'. 0)5A;'. 5<>';)66<. .)*+ E1'* -5-6+<. 6)3, ;- ()*('6=

+1)* '+ ;C)6+101.-+1)* 5'. 51F<,'*+. <;<0'*+. 5' ;- +'(/*123'# G;. .)*+ -3..1 1*51.6'*.-E;'.

6)3, ;- 6/-.' 5' ;- (-,-(+<,1.-+1)* )H ;'. 6-,-0A+,'. ()00' ;- 4,<23'*(' <;'(+,)0-I*<+123'

'+ ;'. 5<4-3+. .)*+ <+351<.# G; - <+< 0)*+,< 23' ;- 5<+'(+1)* 5'. 5<4-3+. 5<6'*5 5' ;- 53,<'

53 (/-3F-I'8 5' ;- 4,<23'*(' 5C'?(1+-+1)* '+ 5' ;- +-1;;' 53 5<4-3+# J*' 1*.6'(+1)* 'K(-('

*<('..1+' 5)*( 3*' ()**-1..-*(' 5' ;C1*L3'*(' 5' ('. 6-,-0A+,'. -1*.1 23' 5'. 6,)6,1<+<.

6/@.123'. 5'. 0-+<,1-3? ()*+,M;<.#

N*B*8 3*' ()06-,-1.)* 5' ;- +'(/*123' +/',0)=1*53(+1>' ->'( ;- 0<+/)5' (;-..123' 5' ;- +/',=

0)I,-6/1' 1*4,-,)3I' - <+< 0'*<' '+ 0)*+,' 23' ;- *)3>';;' +'(/*123' '.+ 6;3. 1*+<,'..-*+'

'* +',0' 5' .'*.1E1;1+< O ;- 5<+'(+1)* 5'. 5<4-3+.#

P',+-1*'. ()*.1I*'. 6,-+123'. 6'3>'*+ Q+,' 5<DO 5)**<'. O 6-,+1, 5'. ,<.3;+-+. )E+'*3. 5-*.

(' (/-61+,' 6)3, ,'*5,' ;- +'(/*123' 6;3. -(('..1E;'# P'6'*5-*+8 *)3. -E),5',)*. ;C'?6).<

5' ('. ()*.1I*'. O ;- B* 53 (/-61+,' .31>-*+ )H *)3. *)3. .)00'. 1*+<,'..< O ;C1*.6'(+1)*

5'. 0-+<,1-3? ()06).1+'.# &C1*+','+ 5' ('++' 5<0-,(/' ,<.15' 5-*. ;' 4-1+ 23' ('. ()*.1I*'.

.',)*+ .3, 5'. 1*>'.+1I-+1)*. 6;3. ;-,I'. '+ >-,1<'.#



 !!



 !"#$%&' (

)##*$+"%$,-. ./& *'. 0"%1&$"/2

+,0#,.$%'. '% +,-.$3-'. 31-1&"*'.

 !" #$%&'()*%+'$

 !"# $% &'!()*+% (+,&,-%"*. "/0# !1/"# -,1%$/((, $2)"#(%&*)/" -% -%03 4+!"-%# 5!6)$$%# -%#

6!*,+)!03 7 #!1/)+ $%# !&)%+# 5%++/6!4",*)80%# %* $%# 6,*!03 "/" 5%++/6!4",*)80%#9  %(0)#

80%$80%# !"",%# $%# 6!*,+)!03 &/6(/#)*%# &/""!)##%"* 0" 4+!"- 4!)" -2)"*,+:* (+)"&)(!$%6%"*

4+;&% 7 $%0+# &/6(+/6)# (%+5/+6!"&%# 6,&!")80%# < (/)-#9 =%# 6!*,+)!03 +%6($!&%"* (%0 7

(%0 $%# 6!*,+)!03 &$!##)80%# -!"# $%# #%&*%0+# !0*/6/>)$% %* !,+/"!0*)80%9

 !"# &% &'!()*+%. $% &/"*+?$% "/" -%#*+0&*)5 -%# 6!*,+)!03 &/6(/#)*%# (!+ $! *%&'")80% *'%+6/@

)"-0&*)1% #%+! !>/+-,9 A $2!)-% -0 &/-% -% &!$&0$ -,1%$/((,. 0"% ,*0-% (!+!6,*+)80% #%+!

-,1%$/((,% !B" -2)-%"*)B%+ %* -2!6,$)/+%+ $%# (%+5/+6!"&%# -% $! *%&'")80%9 C0+ $! >!#% -%#

+,#0$*!*# />*%"0# %* !B" -% &/6($,*%+ $2,*0-%. -%# %##!)# %3(,+)6%"*!03 #%+/"* 6)# %" /%01+%9

A $! B" -0 &'!()*+%. -%# &/"#)4"%# 4,",+!$%# (+!*)80%# #%+/"* ,$!>/+,%# !B" -2!6,$)/+%+ $%#

(%+5/+6!"&%# -% $! *%&'")80% %* -% $! +%"-+% ($0# %D&!&% (/0+ 0"% ,1%"*0%$$% )"*,4+!*)/"

-!"# 0" (+/&%##0# )"-0#*+)%$9

 !, -%)(. (./ 01%2&+1)3 *'04'/+%./

E" 6!*,+)!0 &/6(/#)*% %#* 0" !++!"4%6%"* -% B>+%# %* -% 6!*,+)!03 (/##,-!"* -)F,+%"*%#

&!+!&*,+)#*)80%# 6,&!")80%# %* *'%+6)80%#9 G! &/6>)"!)#/" -%# -%03 6!*,+)!03 !((/+*% !0

6!*,+)!0 &/6(/#)*% -%# (+/(+),*,# -)#*)"&*%# %* -%# (%+5/+6!"&%# #0(,+)%0+%# 7 &%$$% -% #%#

&/6(/#!"*# (+)# #,(!+,6%"* HB40+% I9JK9 L+;&% 7 $%0+# !1!"*!4%#. $% &'!6( -2!(($)&!*)/" -%#

6!*,+)!03 &/6(/#)*%# %#* $!+4% %* &/"*)"0% -% #% -,1%$/((%+ -!"# ($0#)%0+# #%&*%0+# )"-0#@

*+)%$# %##%"*)%$$%6%"* -!"# $2!0*/6/>)$% %* $2!,+/"!0*)80%9 G%# (+)"&)(!$%# 80!$)*,# !((/+*,%#

JMI
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 !"# #$ % &'()'*+,- *,./,+01

)/. 2-* (/,1.+/34 5'()'*+,-* *'6, 27/38(-6,/,+'6 9- 2/ 93.1- 9- :+-; 2/ </5+2+,1 9- 5'65-)=

,+'6 9-* ).'93+,*; 2- )'+9 -, 2/ *153.+,1$ >2* )-.(-,,-6, /+6*+ 2/ </?.+5/,+'6 9-* ).'93+,* 9-

<'.,-* .1*+*,/65-* (15/6+@3-* -, ,A-.(+@3-* ,'3, -6 .193+*/6, 2-* (/**-* BC.+DDE$ &-)-69/6,;

9-* +()-.<-5,+'6* )-3:-6, /))/./F,.- 9/6* 2-* (/,1.+/34 5'()'*+,-* 93./6, 2-3. )A/*- 9712/=

?'./,+'6 '3 93./6, 2-3. 5G52- 9- :+-$ &-* 91</3,* )-3:-6, 63+.- H 2/ *153.+,1 -, /3 ?'6

<'65,+'66-(-6, 9-* *G*,I(-* -, 9-* ).'93+,*$ J/. -4-()2-; 2- )-.K/8- /:/6, .+:-,/8- 9-*

)2/@3-* 9- 5'()'*+,-* 3,+2+*1-* 9/6* 27/1.'6/3,+@3- )-3, </+.- /))/./F,.- 9/6* 2-* *,.35,3.-*

9+L1.-6,-* +()-.<-5,+'6*$ &-* 9-.6+I.-* *'6, 9+M5+2-(-6, 91,-5,/?2-* )/. 2-* ,-5A6+@3-* 93

&NO 52/**+@3-* -4+*,/6,-*$

P- 912/(+6/8- -*, 2736 9-* 91</3,* 2-* )23* '?*-.:1* 9/6* 5- ,G)- 9- (/,1.+/34$ >2 *- .1<I.- /34

*+,3/,+'6* 9/6* 2-*@3-22-* 36 (/6@3- 9- 5'A1*+'6 -6,.- 9-34 5'35A-* 9- *,./,+01* -*, '?*-.:1$

&-2/ /L-5,- 2-* 5/./5,1.+*,+@3-* (15/6+@3-* -, .193+, 2/ .1*+*,/65- 9-* (/,1.+/34 5'()'*+,-*$

O/6* 5- )/./8./)A-; 2/ ,-5A6+@3- ,A-.('=+6935,+:- / 1,1 (+*- -6 '-3:.- )'3. 27+6*)-5,+'6

9-* 912/(+6/8-* ).':'@31* *3+,- H 36- ')1./,+'6 9- )-.K/8- 9-* )2/@3-* 5'()'*+,-*$

 !"!# $%&'(&%)%* +),-%+

P71@3+)-(-6, .-@3+* )'3. (-,,.- -6 )2/5- 2/ ,-5A6+@3- ,A-.('=+6935,+:- -*, *+(+2/+.- H 5-23+

91,/+221 9/6* 2- 5A/)+,.- !; *-5,+'6 !$!$ $ &- ('6,/8- *- .1*3(- H 36 8161./,-3. 97+6935,+'6

/:-5 9-* <.1@3-65-* 9- ,./:/+2 5'().+*-* -6,.- @3-2@3-* 9+Q/+6-* 9- kHz -, @3-2@3-* MHz;

36 +6935,-3.; 36- )+I5- H +6*)-5,-. -, 36- 5/(1./ +6<./.'38- )'3. 91,-5,-. -, -6.-8+*,.-. 2-*

,-()1./,3.-*$

P/ )2/@3- 5'6,.R21- -*, 36 (/,1.+/3 5'()'*+,- 9'6, 2-* 9+(-6*+'6* *'6, +69+@31-* 9/6* 2/

083.- #$S?$ T-* ).').+1,1* 12-5,.'(/861,+@3-* -, ,A-.(+@3-* *'6, 9'661-* )/. 2- ,/?2-/3 #$ $

P-* (/,1.+/34 5'()'*+,-* *'6, 5/./5,1.+*1* -6,.- /3,.- )/. 2-3.* </+?2-* 5'6935,+:+,1* 12-5=
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 !" #$%&'%$($) *(+,$*  -" #$./0%$'0% ,/ 1! &1!2+/ &/34*/ !5/4 1/

,*1!.$0!6/

 !"# #$%& '( )*)+,-( .+/01.

σ (S ·m−1) µr λ (W ·m−1 ·K) ρ (kg ·m−3) Cp(J · kg−1 ·K) α (m2 · s−1)
σxx, σyy σzz λxx, λyy λzz

2 · 104 0 1 3 0.45 1600 1280 2.19 · 10−7

$%&# #$ & 234531.+.) 56*)17/() 0/ -8+.318/ 94-54)1+(

+317/() 583 385543+ : ;<8;/-1=1/-$ '8 5;8>( 0( ?3.7/(=9() .;(9+34-8>=.+17/() 0( +38@81; 0(@38

A+3( 5;/) .;(@.( 7/( 54/3 ;( 98) 0( ;<8;/-1=1/-$ '<.581))(/3 0( 5(8/ ()+ >.=.38;(-(=+ +3,)

>38=0( 08=) 9( 98)$ '( >.=.38+(/3 0<1=0/9+14= 041+ 8;43) A+3( 01-(=)14==. 0( )43+( 7/<1; 5/1))(

?4/3=13 0( 68/+() ?3.7/(=9()$

B( 5;/)C ;() -8+.318/D 94-54)1+() )4=+ 98389+.31).) 583 ;8 =8+/3( 8=1)4+345( 0( ;(/3) 534531.E

+.) 56*)17/()$ '<8=1)4+3451( ()+ 531)( (= 94-5+( (= 1=+340/1)8=+ ;() +(=)(/3) 0( 94=0/9+1@1+.)

.;(9+317/( (+ +6(3-17/($ '8 94=0/9+1@1+. .;(9+317/( ()+ .>8;( : F.34 )/1@8=+ ;8 534?4=0(/3 983

;() 94/96() )4=+ ).583.() (=+3( (;;() 583 /=( 3.)1=( 1)4;8=+($ B( 5;/)C ;() -8+.318/D 94-54)1+()

)4=+ 531=9158;(-(=+ 98389+.31).) 583 /=( ?81G;( 01H/)1@1+. +6(3-17/( )/1@8=+ ;8 013(9+14= 0( ;8

534?4=0(/3 αcompz
= 2.1973 ·10−7m2 ·s−1C 9( 7/1 (= ?81+ /= -8+.318/ 7/1 01)5(3)( ;(=+(-(=+ ;8

)+1-/;8+14= +6(3-17/($ I(++( ?81G;( 01H/)1@1+. =.9())1+( /= +(-5) 0<897/1)1+14= 3(;8+1@(-(=+

;4=> (= ?4=9+14= 0( ;8 534?4=0(/3 0/ 0.?8/+ 1=)5(9+.$ '( 58) 0<.968=+1;;4==8>( 7/8=+ : ;/1

5(/+ A+3( .>8;(-(=+ 1-543+8=+$ B8=) 9( 98)C ;() 5838-,+3() 0<897/1)1+14= 7/( =4/) 8@4=)

3(+(=/ )4=+ /= +(-5) 0<.968=+1;;4==8>( 0( 0.2s 54/3 /= +(-5) 0<897/1)1+14= 0( tacq = 80s$

J=( .+/0( 0( 94=9(5+14= (+ 0( 98389+.31)8+14= )1-1;813( : 9(;;( 0.@(;455.( 08=) ;( 98) 0()

5;87/() 0<8;/-1=1/- )(38 -(=.($ '( -40/;( 3(+(=/ 54/3 9(++( .+/0( ()+ ;8 ?43-/;8+14= -8E

>=.+40*=8-17/( A−Ψ 8=1)4+345( 0.@(;455.( 8/ 96851+3( K$ '( 9641D (+ ;( 01-(=)14==(-(=+

0( ;<1=0/9+(/3 81=)1 7/( ;() 01H.3(=+) 5838-,+3() 0/ 968/H8>( (+ 0/ 0.?8/+ )(34=+ 1=@()+1>/.)$
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 !"!" #$%&' &' ()*+,%'+-' &' ()*+&%-$'%.

#$%%& '$() *& +,-'./)& ')0+01&2/3 *40/(1& 14(2& .25/-**-/.$2 '$() *4.25'&+/.$2 1&5 106-(/5

'-) *- /&+,2.7(& /,&)%$8.21(+/.9& 20+&55./& (2& ',-5& ')0*.%.2-.)& 1& +$2+&'/.$2 &/ 1& %$8

10*.5-/.$2 -:2 14-%0*.$)&) *&5 '&)6$)%-2+&5 1& *- /&+,2.7(&; <& 1.5'$5./.6 ')$'$50 '$() *-

10/&+/.$2 1( 10*-%.2-=& 1-25 *&5 '*-7(&5 1& +$%'$5./&5 0/-2/ 5.%.*-.)& > +&*(. 109&*$''0

'$() *&5 '*-7(&5 14-*(%.2.(%3 *& 1.%&25.$22&%&2/ &/ *4$'/.%.5-/.$2 1& *- 6$)%& 1& *4.21(+8

/&() 5$2/ 1$2+ *&5 %?%&5;

@2 &A&/3 *&5 )05(*/-/5 $B/&2(5 $2/ %$2/)0 7(& *4.21(+/&() 1& 6$)%& C 1$22& 1&5 %&.**&()5

+$2/)-5/&5 1& ',-5& &/ 14-%'*./(1&; D* '&)%&/ 1& +)0&) (2& 1.5/).B(/.$2 -E.-*& 1&5 +$()-2/5

.21(./5 7(.3 1& '-)/ *- ')05&2+& 1( /)$(3 &2=&21)& (2& 0*09-/.$2 5(''*0%&2/-.)& 1& *- /&%'08

)-/()& &/ 6-9$).5& -.25. *- 10/&+/-B.*./0 1&5 10*-%.2-=&5 F9$.) 5&+/.$2 !;!;GH;

C2& 6$.5 7(& *- ',-5& 1& *- +$2+&'/.$2 &/ 1& 1.%&25.$22&%&2/ 1& *4.21(+/&() &5/ 109&*$''0&3

(2& 0/(1& '-)-%0/).7(& &5/ 10/-.**0& -:2 1& %$2/)&) *- +-'-+./0 1& *- /&+,2.7(& > 10/&+8

/&) *&5 106-(/5; #4&5/ (2& ',-5& $I *4.2J(&2+& 1&5 1.A0)&2/5 0*0%&2/5 /&*5 7(& *- 6)07(&2+&

14.21(+/.$23 *- 6$)%& 1( 106-(/ 5$2/ 0/(1.0&5;

 !"!/ 0+,%'+-' &' (1 2.34%'+-' 3('-$.5617+3$*4%' '$ &% $'689 &'

-:1%;17'

<4&A&/ 1& *- 6)07(&2+& 0*&+/)$%-=20/.7(& 5() *- 5&25.B.*./0 1& *- /&+,2.7(& '$() *- 10/&+/.$2

1&5 106-(/5 &5/ 0/(1.0 1-25 +&//& 5&+/.$2; K-25 /$(/& +&5 5.%(*-/.$253 *& %-/0).-( - 0/0 +,-(A0

'&21-2/ 1s3 *& /&%'5 14-+7(.5./.$2 &5/ )&5/0 > 80s; <- :=()& L;M- %$2/)& *409$*(/.$2 /&%'$8

)&**& 1( +$2/)-5/& /,&)%.7(& 14-%'*./(1& '$() (2 '$.2/ -(/$() 1( /)$(; N2 +$25/-/& 7(&

+$%%& '$() *& +-5 14(2& '*-7(& 14-*(%.2.(% *& +$2/)-5/& &5/ ')$'$)/.$22&**& > *- 6)07(&2+&

0*&+/)$%-=20/.7(&; #&'&21-2/3 *40+,&**& 1( /&%'5 &5/ *-)=&%&2/ 5('0).&(); @2 &A&/3 > +-(5&

1& 5- 6-.B*& 1.A(5.9./0 /,&)%.7(& 5(.9-2/ *- ')$6$21&() '-) )-''$)/ > *4-*(%.2.(%3 *- )0'$25&

/,&)%.7(& &5/ $B/&2(& -')O5 (2& 1()0& 1& *4$)1)& 1& *- 5&+$21& 9$.) 1& 7(&*7(&5 1.P-.2&5 1&

5&+$21&5 F+&+. 10'&21 1& *- ')$6$21&() 1( 106-(/ .25'&+/0H; Q*$)5 7(& *4-*(%.2.(% 20+&55./&

1&5 B)&65 10*-.5 F1& *4$)1)& 1( 1.E.O%& 9$.) 1( +&2/.O%& 1& 5&+$21&H;

#$%%& *- 1.A(5.9./0 /,&)%.7(& 1&5 %-/0).-(E +$%'$5./&5 &5/ 6-.B*&3 *& +$2/)-5/& /,&)%.7(&

-//&.2/ 5- 9-*&() %-E.%-*& 7(&*7(&5 5&+$21&5 -')O5 *- :2 1( +,-(A-=& F4s -')O5 *- :2 1(

+,-(A-=& '$() 2$/)& +-5H; #&/ .25/-2/ )&5/& .2+,-2=0 5. *- 6)07(&2+& 1( +,-(A-=& 9-).&;

@2 &A&/3 *& 106-(/ 5& /)$(9& > (2& ')$6$21&() :E&; <& '-)+$()5 1& *4$21& 1& *- /&%'0)-/()&

)0J0+,.& )&5/& 1$2+ +$25/-2/; <&5 )05(*/-/5 $B/&2(5 1$22&2/ (2& B$22& .21.+-/.$2 5() *- 6-R$2

1$2/ *& %-/0).-( +$%'$5./& )0'$21 > *4&E+./-/.$2 /,&)%.7(&;

K-25 *& +-5 1& *- '*-7(& 14-*(%.2.(%3 *& +$2/)-5/& 14-%'*./(1& &5/ %-E.%(% '$() 1&5 6)08

7(&2+&5 1$2/ *40'-.55&() 1& '&-( &5/ 0=-*& > *- %$./.0 1& *- ')$6$21&() F9$.) 5&+/.$2 !;!;MH;
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#$%$&'(&) *$+ ,()-./(01 23,%3+/)$+ 3&) 0&$ 4(/5*$ 23&'02)/6/)- -*$2)./70$ 8σcomposite =

104Ω−1 ·m−1
9: ;* 4(0) '3&2 0)/*/+$. '$+ '$+ 4.-70$&2$+ -*$6-$+ 8+0%-./$0.$+ < 70$7*0$+ 2$&)(/&$+

'$ kHz9 (=& '>35)$&/. 0& &/6$(0 (22$%)(5*$ '$ 23&).(+)$:
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 4" #- 2',*0!3*- *5-0.+6)- -, 7',2*+', 1- (! 70%8

6)-,2- %(-2*0'.!9,%*+6)-

 !"# ?:@A B63*0)/3& '0 23&).(+)$ )C$.,/70$ %30. '/D-.$&)$+ 4.-70$&2$+ -*$2).3,(E&-)/70$+

F( =E0.$ ?:@5 .$%.-+$&)$ *>-63*0)/3& '0 ,(1/,0, '0 23&).(+)$ $& 43&2)/3& '$ *( 4.-70$&2$

-*$2).3,(E&-)/70$: F( 6(./()/3& $+) %.()/70$,$&) */&-(/.$:

G30. (%%.343&'/. *>-)0'$H *$ 23&).(+)$ '$ %C(+$ ( -E(*$,$&) -)- 2(*20*- %30. 2C(70$ 4.-70$&2$

-*$2).3,(E&-)/70$: F( =E0.$ ?:! ,3&).$ 70$ *$ ,(1/,0, '0 23&).(+)$ $+) %.3%3.)/3&&$* < *(

4.-70$&2$: F$ ,(1/,0, '0 23&).(+)$ $+) 35)$&0 %30. *( ,I,$ 4.-70$&2$ )C$.,/70$: J(&+

*$ 2(+ '$ *>(*0,/&/0,H *( 4.-70$&2$ -*$2).3,(E&-)/70$ -)(/) */-$ < *( %.343&'$0. '0 '-4(0) (0

).(6$.+ *>-%(/++$0. '$ %$(0: J(&+ *$ 2(+ '$+ ,()-./(01 23,%3+/)$+H ,I,$ %30. *$+ 4.-70$&2$+

(0++/ C(0)$+ 70$ 2MHz 8*/,/)$ '$+ E-&-.()$0.+ /&'02)/3& (2)0$*+9H *>-%(/++$0. '$ %$(0 '-%(++$

*(.E$,$&) *$+ -%(/++$0.+ '$+ ,()-./(01 0)/*/+-+ '(&+ *>/&'0+)./$: ;* &>K ( %(+ (*3.+ 0&$ 4.-70$&2$

3%)/,(*$ .-(*/+(5*$ '(&+ *( %.()/70$ %30. 2$+ ,()-./(01:

;* $+) '$ ,I,$ %30. *( 4.-70$&2$ )C$.,/70$ */,/)$ fb %30. *(70$**$ *$ 23&).(+)$ '$ %C(+$

%(++$ %(. L-.3: J(&+ *$ 2(+ '$ *>(*0,/&/0,H 2$))$ 4.-70$&2$ )C$.,/70$ fb $+) '/+)/&2)$ %30.

'/D-.$&)$+ 4.-70$&2$+ -*$2).3,(E&-)/70$+ 30 '/D-.$&)$+ %.343&'$0. '$ '-4(0)+: J(&+ *$ 2(+

'$+ 23,%3+/)$+H 3& &>35)/$&) %(+ 2$))$ '/+)/&2)/3& 23,,$ *$ ,3&).$ *( =E0.$ ?:!:
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 !"# !#$% &'()*+,(- ./01*2-+,2))2 3* 4(-+/56+2 32 78562

 !"!# $%&'(%)( *( +, -./0/%*('. *' *10,'2

9-2 326 45/54+0/,6+,1*26 3* 30)5:,-5;2 26+ 65 7/(.(-32*/# <(*6 5'(-6 5)(/6 45)4*)0 )2 4(-+/56+2

7(*/ 3,=0/2-+26 075,662*/6 2+ 7/(.(-32*/6# >?(@A24+,. 26+ 32 30+2/:,-2/ )5 7/(.(-32*/ 3* 30B

.5*+ C 75/+,/ 32 65 /07(-62 +82/:,1*2# >5 D;*/2 !#!5 /27/062-+2 )?0'()*+,(- 3* 4(-+/56+2

+82/:,1*2 3?5:7),+*32E 7(*/ )2 7(,-+ )2 7)*6 485*3 6,+*0 5* @(/3 3* +/(*E 2- .(-4+,(- 3*

+2:76 7(*/ *- +2:76 32 485*=5;2 32 1s# >2 4(-+/56+2 26+ ,-'2/62:2-+ 7/(7(/+,(--2) C )5

7/(.(-32*/ 3* 30.5*+# F) 26+ :5G,:*: 7(*/ 326 30.5*+6 :(,-6 7/(.(-36 4(::2 )2 :(-+/2

)5 D;*/2 !#!@ (H )5 '5/,5+,(- 3* :5G,:*: 32 42 32/-,2/ 26+ +/5402 2- .(-4+,(- 32 )5 7/(B

.(-32*/# >2 30.5*+ 32',2-+ 32 7)*6 2- 7)*6 3,I4,)2:2-+ 30+24+5@)2 7(*/ )26 30.5*+6 7/(.(-36

J7/(.(-32*/≥ 2.5mmK# L2 7)*6E (- /2:5/1*2 1*2 )?,-6+5-+ (H )2 4(-+/56+2 5++2,-+ 65 '5)2*/

:5G,:5)2 3072-3 32 )5 7/(.(-32*/ 3* 30.5*+# M2++2 '5)2*/ 26+ (@+2-*2 7)*6 /57,32:2-+ 7(*/

*- 30.5*+ 7/(482 32 )5 6*/.542 1*2 7(*/ *- 30.5*+ 7)*6 7/(.(-3# M24, 6?2G7),1*2 75/ *-2

3,6+5-42 7)*6 4(*/+2 75/4(*/*2 75/ )?(-32 +82/:,1*2 /0N048,2# M2++2 45/54+0/,6+,1*2 72*+ O+/2

*+,),602 7(*/ )5 30+2/:,-5+,(- 32 )5 7/(.(-32*/ 326 30.5*+6#

>5 1*5-+,D45+,(- 32 )5 7/(.(-32*/ 326 30.5*+6 C 75/+,/ 32 )?5-5)P62 3* 4(-+/56+2 32 78562 26+

*- 72* 30),45+2 4(::2 (- )?5 2G7),1*0 7/04032::2-+# >5 D;*/2 !#Q 4(-D/:2 42 4(-6+5+ (H )5

./01*2-42 +82/:,1*2 ),:,+2 fb 7(*/ )51*2))2 )2 4(-+/56+2 32 78562 75662 75/ R0/( 26+ ,:72/427B

+,@)2# >5 ./01*2-42 +82/:,1*2 7(*/ )51*2))2 )2 4(-+/56+2 32 78562 26+ :5G,:*: 72*+ 3(--2/

*-2 ,-3,45+,(- 6*/ )5 7/(.(-32*/ 3* 30.5*+# M272-35-+E )5 +/S6 .5,@)2 '5)2*/ 3* 3078565;2 72*+

5@(*+,/ C 326 3,I4*)+06 3?2G7)(,+5+,(- 35-6 )5 7/5+,1*2# 9-2 0+*32 7)*6 577/(.(-3,2 26+ 5)(/6

-042665,/2 7(*/ 7(*'(,/ *+,),62/ )2 4(-+/56+2 32 78562 4(::2 *- 75/5:S+/2 32 3,64/,:,-5+,(-

7(*/ )26 :5+0/,5*G 4(:7(6,+26#
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 !" #$%&'()%* +' ,%*(-!.(/ (0/-1)2'/ 3%'- +)456

-/*(/. 3-%7%*+/'-.
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 8" 9%*(-!.(/ (0/-1)2'/ /* 7%*,()%* +/ &! 3-%7%*6

+/'- +' +5&!1)*!:/

 !"# !"!# $% &'()*+,)% )-%*./01% %( 2'(&)/'( 3% 4+ 5*'2'(3%1* 31 364+./(+7%
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Profondeur du défaut

 !"# !"8# 9:'41)/'( 2*601%()/%44% 31 &'()*+,)% 3% 5-+,% 5'1* 3/;6*%()%, 5*'2'(3%1*,

 !"! #$%&'$(' )' *+,-./00'&1 )& ),2.&3

$<65+/,,%1* 31 362+1) &'(,)/)1% 67+4%.%() 1( 5+*+.=)*% 76'.6)*/01% /()6*%,,+() 01/ 3'((%

1(% /(3/&+)/'( ,1* 4<+.54%1* 31 364+./(+7%" >'1* &%4+? ('1, +:'(, &+4&146 4% &'()*+,)% 5'1*

3/;6*%()%, 65+/,,%1*," @ 5+*)/* 3% 4+ A71*% !"B? '( *%.+*01% 01% 5'1* 1(% 2*601%(&% 3'(C

(6% D2MHz 3+(, &%) %E%.54%F? 4% &'()*+,)% 3<+.54/)13% +17.%()% +:%& 4<+17.%()+)/'( 3%

4<65+/,,%1* 31 364+./(+7%" $% .+E/.1. %,) +))%/() +1 .G.% /(,)+() 01%401% ,'/) 4<65+/,,%1*"

H( %;%)? 4% 362+1) ,% )*'1:+() I 4+ .G.% 5*'2'(3%1* D0.1mm 5'1* (')*% &+,F? 4+ 4'(71%1*

31 5+*&'1*, 3% 4<'(3% )-%*./01% %,) +4'*, 4+ .G.%" J%5%(3+()? 4<+.54/)13% (<%,) 5+, 4+

.G.% 51/,01% 4%, 3/.%(,/'(, 3%, 364+./(+7% ,'() 3/;6*%()%," J%))% /(3/&+)/'( .'()*% 01%

4% &'()*+,)% )-%*./01% 3<+.54/)13% 5%1) G)*% 1)/4/,6 5'1* 01+()/A%* 4<+.54%1* 3% 4<65+/,,%1*

31 364+./(+7% +/(,/ 01% ,+ 5*'2'(3%1*"

K+(, &%))% '5)/01%? ('1, +:'(, )*+&6 4<6:'41)/'( 31 &'()*+,)% I 4</(,)+() t = 1s %( 2'(&)/'(

3%, 3/;6*%()%, 65+/,,%1*, 31 364+./(+7% DA71*% !"BLF" $+ &'1*L% %,) 5+*)/01%.%() 4/(6+/*%"
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#$ %&'(& )& *$ )+,-(& ).%&') )&/ %+,%+-.(./ (0&+1-23&/ )3 1$(.+-$34 -'/%&5(./6

0 10 20 30 40 50 60 70 80

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

Temps (s)

C
o
n
tr

a
s
te

 d
’a

m
p
lit

u
d
e

10 µm

50 µm

100 µm

500 µm

 !" #$ %&'()!*($ (+$),-./$

0 0.2 0.4 0.6 0.8 1

x 10
−3

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

épaisseur (m)

C
o
n
tr

a
s
te

 d
’a

m
p
lit

u
d
e

 0" 12&3/(-&' 4/ %&'()!*($ $' 5&'%(-&' 4$ 3678!-**$/)

4/ 473!,-'!9$

 !"# !678 9:,*3(-,' )3 5,'(+$/(& (0&+1-23& %,3+ )-;.+&'(&/ .%$-//&3+/ )3 ).*$1-'$<&
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 !"# !6=8 9:,*3(-,' >+.23&'(-&**& )3 5,'(+$/(& )& %0$/&

#& 5,'(+$/(& )& %0$/& &/( %+,%,+(-,''&* ? *@.%$-//&3+ )3 ).*$1-'$<& 5,11& *& 1,'(+& *$ A<3+&

!6=6 #$ >+.23&'5& (0&+1-23& %,3+ *$23&**& 5& 5,'(+$/(& &/( 1$4-131 +&/(& -'50$'<.& 5& 23-

5,'A+1& *& >$-( 23& 5&((& >+.23&'5& ).%&') 3'-23&1&'( )& *$ %+,>,')&3+ )3 ).>$3(6 B,3+ 5&((&

>+.23&'5& .*&5(+,1$<'.(-23&C *& ).>$3( )&:-&'( -').(&5($D*& %,3+ )&/ .%$-//&3+/ -'>.+-&3+&/ ?

10µm6 B,3+ $1.*-,+&+ *&/ %&+>,+1$'5&/ )$'/ 5& 5$/C -* >$3( $3<1&'(&+ *$ >+.23&'5& )@-')35(-,'

.*&5(+,1$<'.(-23&6

 !"!# $%&'(%)( *( +, +,-.('- *' */+,01%,.(

#$ 5$%$5-(. )@3'& (&50'-23& ? ).(&5(&+ )&/ ).>$3(/ &/( >,+(&1&'( -'E3&'5.& %$+ /$ ($-**&6 F&

%$+$1G(+& ).A'-( *$ /&'/-D-*-(. )& *$ 1.(0,)& (0&+1,H-')35(-:&6 I&/ /-13*$(-,'/ ,'( .(. ).H
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#$%&''($) $* %$) +&,*-.)*$) &,* (*( +.%+/%() '&/- 012(-$,*$) %.-3$/-) 0/ 0(%.41,.3$5 67&89$+*1:

$)* 0$ ).#&1- %$) %141*$) 0$ %. 0(*$+*.81%1*( 0$) 0(%.41,.3$)5
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Rayon du délaminage

 !"# !5;< =#&%/*1&, 0/ +&,*-.)*$ *>$-41?/$ '&/- 012(-$,*$) %.-3$/-) 0/ 0(%.41,.3$

6. @3/-$ !5; '-()$,*$ %$ +&,*-.)*$ 07.4'%1*/0$ '&/- /, '&1,* ./*&/- 0/ *-&/5 A, -$4.-?/$

?/$ '%/) %$ 0(%.41,.3$ $)* %.-3$ '%/) ). 0(*$+*.81%1*( $)* 4$1%%$/-$5 B&/- %$) 0(:./*) 0$ :.18%$)

%.-3$/-) %$ +&,*-.)*$ $)* '-&+>$ 0$ %7/,1*( $* %$ 0(%.41,.3$ $)* '-.*1?/$4$,* 1,0(*$+*.8%$5

 !" #$%&' '()*+,-'.$/0'

C'-D) .#&1- (%.8&-($ /,$ (*/0$ '.-.4(*-1?/$ 0$) (%(4$,*) 1,E/$,*) )/- %. *$+>,1?/$ *>$-4&F

1,0/+*1#$ 0(01() G %71,)'$+*1&, 0$) 4.*(-1./H +&4'&)1*$)I ,&/) .%%&,) 4$,($ /,$ (*/0$ $H'(F

-14$,*.%$ .@, 0$ 4&,*-$- %. :.1).81%1*( 0$ %. 4(*>&0$ $* )&, 1,*(-J*5

6. @3/-$ !5 K. '-()$,*$ %$ 01)'&)1*1: $H'(-14$,*.% (*/01(5 L% )7.31* 07/,$ 1,)*.%%.*1&, *M'1?/$

0/ NOP '.- %. *$+>,1?/$ *>$-4&F1,0/+*1#$5 671,0/+*$/- +>&1)1 $)* 0$ :&-4$ Q .@, 07.4(%1&-$-

%$) '$-:&-4.,+$) +&44$ 1% . (*( 1,01?/( 0.,) %. )$+*1&, !5R5R5 B&/- 0$) -.1)&,) '-.*1?/$)I %.

+.4(-. 1,:-.-&/3$ $)* '%.+($ )/- %. :.+$ &''&)($ 0$ %71,0/+*$/-5 6. +.4(-. $,-$31)*-$ .1,)1

%$) *$4'(-.*/-$) 0$ %. )/-:.+$ 1,:(-1$/-$ 0$ %. '%.?/$5

P$/H 3-&/'$) 0$ )'(+14$,) &,* (*( 1,)'$+*()I %$ '-$41$- $)* +&4'&)( 0$ '%.?/$) +&4'&)1*$)

*-&/($) .#$+ 0$) 0(%.41,.3$) 0$ 012(-$,*$) ('.1))$/-)5 P.,) %$ 0$/H1D4$ 3-&/'$I 0$) *-&/)

,&, 0(8&/+>.,* )/- %. )/-:.+$ 0$ '-&:&,0$/-) 012(-$,*$) &,* (*( 1,)(-() 0.,) 0$) '%.?/$)

+&4'&)1*$)5 6$) '-&'-1(*() (%$+*-&4.3,(*1?/$) $* *>$-41?/$) 0/ +&4'&)1*$ /*1%1)( )&,* 0&,F

,($) '.- %$ *.8%$./ !5 5 N$ 4.*(-1./ S+.-8&,$TBUUV Q,101-$+*1&,,$%W . (*( +>&1)1 '&/- )&,

14'&-*.,*$ /*1%1).*1&, 0.,) %$ 0&4.1,$ .(-&,./*1?/$5

X/- %. @3/-$ !5  .I /, (+>.,*1%%&, 0/ '-$41$- 3-&/'$ $)* 4&,*-(5 L% $)* +&4'&)( 0$ 0$/H

'%.?/$) *-&/($)I 0$ 2mm 07('.1))$/-)I +&%%($) '.- /,$ +&%%$ G 8.)$ 07('&HM5 X/- /,$ 0$ +$)

0$/H '%.?/$) *-&/($) . (*( 1,)(-($ /, 0(%.41,.3$ '.- /)1,.3$ 0$ 0.5mm 0$ '-&:&,0$/-5 6$
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#$%&'()&*+ ,+ -./01+ &%/., 2 2mm #+ 3./4/)#+0. #+ %& ,0.4&5+ ()4$.(+0.+ #+ %& 3%&60+7 8+

#(&'9-.+ #0 -./0 +,- 5:/(,( #+ ';'+ %&.*+0. 60+ %<()#05-+0.7 =+ 5:/(> & $-$ #(,50-$ #&), %&

,+5-(/) "7"7?7@ #0 5:&3(-.+ "7

 !" #$%&'%$($) *+&,-$.*/(!0 ,(12$,  3" 456!/($00'/ 2* 0! &0!71* 5'.&'%$(* $/%&*5(,*

 !"# !7 AB C(,3/,(-(4 $-0#($

 !" 80!71* &*-5,* !9*5 1/ 2,0!.$/!:*

 3" 80!71* !9*5 1/ (-'1

 !"# !7  B C('+),(/), #+, $5:&)-(%%/), (),3+5-$,

8& D*0.+ !7  E 3.$,+)-+ 0) $5:&)-(%%/) #0 #+0>(9'+ *./03+7 =<+,- 0)+ 3%&60+ #+ 2mm #<$3&(,F

,+0. ,0. %&60+%%+ 0) #$4&0- #+ 0.5mm #+ 3./4/)#+0. & $-$ (),$.$7 =+ #$4&0- +,- #+ ,+5-(/)



 !"#$%&' () "##*$ "%$+, -.& *'- /"%0&$".1  +/#+-$%'-  !!

"#$"%&'#$( )( 27mm )( )#'*+,$(- ./%$ "0'1%( 2$/%3(4 )(5 6"0'7,#&&/75 5'75 )68'%,5 /7, 6,6

$6'&#565- 9&5 5/7, "/75#)6$65 "/**( )(5 3#+"(5 )( $686$(7"(-

:;7 )( *#7#*#5($ &(5 <$%#,5 )( *(5%$( )%5 = &' "/7,$#<%,#/7 )( &>(7?#$/77(*(7, (, = &'

?'$#',#/7 )>6*#55#?#,6 )( &' 5%$8'"( )(5 6"0'7,#&&/75 #753(",654 &' 5%$8'"( #786$#(%$( )% 536"#*(7

(5, $("/%?($,( 3'$ %7( 3(#7,%$( 7/#$( )/7, &>6*#55#?#,6 5( $'33$/"0( )( 1-

 !"!# $%&'()*+,% -( ./ './01( *2,13(

@7( 56$#( )( 5#*%&',#/75 (, )>(A36$#*(7,',#/75 ' 6,6 *#5( (7 /(%?$(5 3/%$ &>#753(",#/7 )(5

6"0'7,#&&/75 )( &' ;2%$( !-  '- B(5 $65%&,',5 */7,$65 )'75 "( ,$'?'#& "/$$(53/7) = )(%A 53("#C

*(754 &( 3$(*#($ (5, %7( 3&'1%( 5'#7( %,#&#56( "/**( %7( $686$(7"( (, &( )(%A#+*( "/75,#,%(

&' 3&'1%( )68(",%(%5(-

B>6"0'7,#&&/7 )( &' ;2%$( !-  ' ' 6,6 "0'%D6( 3'$ #7)%",#/7 3(7)'7, 3s '?(" %7( 8$61%(7"(

6&(",$/*'276,#1%( )( 277kHz-

B' ;2%$( !- E' 3$65(7,( %7( "'$,/2$'30#( )( &' ,(*36$',%$( )( &' 5%$8'"( #786$#(%$( )( &'

3&'1%( 5'#7( "'&"%&6( = &>'#)( )( 7/5 */)+&(5 7%*6$#1%(5 = &>#75,'7, t = 3s- @7( 6&6?',#/7

)( &' ,(*36$',%$( 5%$ &(5 </$)5 5%36$#(%$( (, #786$#(%$( )% ,$/% (5, $(*'$1%6(- F7 (D(,4

&(5 "/%$'7,5 #7)%#,5 5/7, "'7'&#565 3'$ &' &'$2(%$ )( &>#7)%",(%$ 1%# (5, )( *G*( ,'#&&( 1%(

&( )#'*+,$( )% ,$/%- 9&5 5( "/7"(7,$(7, '&/$5 5%$ 5(5 </$)5 (, "$6(7, %7( 5/%$"( )( "0'&(%$

5%33&6*(7,'#$( HI/7( :J- F7 3&%54 %7( 6&6?',#/7 )( &' ,(*36$',%$( 5%$ &(5 </$)5 )( &' 3&'1%(

(5, /<5($?6(- K(&&(C"# 3(%, G,$( (A3&#1%6( 3'$ &( </%"&'2( )(5 "/%$'7,5 #7)%#,5 5%$ &(5 </$)5

)( &' 3&'1%( HI/7( LJ-

M%$ &' <'5( )(5 $65%&,',5 /<,(7%5 3'$ 5#*%&',#/74 7/%5 '?/75 *#5 (7 /(%?$( %7( #753(",#/7 )(

&' *G*( 3&'1%(- B' ;2%$( !- N< */7,$( &>#*'2( ,0($*#1%( "'3,6( 3'$ &' "'*6$' #78$'$/%2(-

B(5 $65%&,',5 /<,(7%5 3$65(7,(7, %7( </77( "/7"/$)'7"( )( &' )#5,$#<%,#/7 )( &' ,(*36$',%$(

'#75# 1%>(7 ,($*( )>'*3&#,%)(-

O(5 5#*%&',#/75 (, *(5%$(5 5#*#&'#$(5 /7, 6,6 (D(",%6(5 3/%$ &>#753(",#/7 )(5 6"0'7,#&&/75 '?("

)6&'*#7'2(- B(5 ;2%$(5 !- N' (, !- N< 3$65(7,(7, &(5 #*'2(5 ,0($*#1%(5 5#*%&6(5 (, *(5%$6(5

'% *G*( #75,'7, 3/%$ %7( 3&'1%( "/7,(7'7, %7 )6&'*#7'2( )( 0.5mm- B' "/*3'$'#5/7

)(5 )(%A #*'2(5 "/7)%#, '%A *G*(5 "/75,',',#/75- K(3(7)'7,4 &' "/*3'$'#5/7 (7,$( &(5

#*'2(5 '?(" (, 5'75 )6&'*#7'2( */7,$( 1%>#& (A#5,( %7 6"'$, )( ,(*36$',%$( (7,$( &(5 )(%A

"'$,/2$'30#(5- K(,,( )#D6$(7"( 5>'""(7,%( 5%$ &(5 </$)5 )% ,$/%- F&&( (5, )%( = &' 3$65(7"( )%

)6&'*#7'2(-

:;7 )( 1%'7,#;($ "(,,( )#D6$(7"(4 7/%5 '?/75 "'&"%&6 (, *(5%$6 &>6?/&%,#/7 ,(*3/$(&&( )( &'

,(*36$',%$( )>%7 3/#7, '%,/%$ )% ,$/% 5#,%6 = &' 5%$8'"( #786$#(%$( )( &' 3&'1%( "/**( &(

*/7,$( &' ;2%$( !- P- B' 3$65(7"( )% )6&'*#7'2( ' 3/%$ (D(, )>'%2*(7,($ &' ,(*36$',%$(

)( &' 5%$8'"(- ./%$ &( 536"#*(7 '?(" )68'%,4 &' ,(*36$',%$( *'A#*'&( (5, )( 65 C- :&/$5
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 !" #$!%& '(&)$*+,& -*$,./&  0" #$!%& '(&)$*+,& $&-,)/&

 !"# !# $% &'()*+(',-./ 0/ 1' )/2,3(')4(/ 0/ 1' 54(6'7/ .863(./4(/ 0/ 1' ,1'94/ 5'.8/: t = 3s;

 !" #$!%& '(&)$*+,& -*$,./&  0" #$!%& '(&)$*+,& $&-,)/&

 !"# !# <% &'()*+(',-./ 0/ 1' )/2,3(')4(/ 0/ 1' 54(6'7/ .863(./4(/ 0/ 1' ,1'94/ '=/7

031'2.8'+/:t = 3s;

94/ ,*4( 1' ,1'94/ 5'.8/> 1' ='1/4( 2'?.2'1/ /5) 0/ 57 C# @/ 2'?.242 0A37'() '))/.8) 48

2'?.242 0/ 8 C /8 2/54(/ /) 0/ 7 C /8 5.241').*8 7*22/ 1/ 2*8)(/ 1' B+4(/ !# !'> ,4.5

0.2.84/ '=/7 1/ )/2,5 C 7'45/ 0/ (/6(*.0.55/2/8) 04 2')3(.'4# D8/ E*88/ 7*87*(0'87/ /8)(/

1/5 7*4(E/5 2/54(3/5 /) 7'17413/5 /5) *E5/(=3/# &/,/80'8)> 48 13+/( 37'() /5) 7*85)')3 ,/80'8)

1' ,-'5/ 0/ (/6(*.0.55/2/8) 0/ 1' ,1'94/# &/))/ 0.F3(/87/ ,/4) 5A/?,1.94/( ,'( 1/5 E(4.)5 0/

1A/8=.(*88/2/8) /) 0/ 2/54(/5 045 C 1' 5/85.E.1.)3 0/ 1' 7'23(' .86('(*4+/ 0A48/ ,'()> /) '4?

0.G741)35 1.3/5 C 1' 03)/(2.8').*8 /?'7)/ 0/5 ,(*,(.3)35 31/7)(*2'+83).94/5 /) )-/(2.94/5 04

2')3(.'4 .85,/7)3 0A'4)(/ ,'()#

H*4( ',,(*6*80.( 1' 7*2,'('.5*8> 1/5 7*8)('5)/5 0A'2,1.)40/ /) 0/ ,-'5/ *8) 3)3 7'174135

,*4( 1/5 0/4? 7'5# @' B+4(/ !# !E 2*8)(/ 94/ 1/ 7*8)('5)/ 2'?.242 /5) 0/ 1A*(0(/ 0/ 1.145

/8 2/54(/ /) 0/ 1.135 /8 5.241').*8# @' 7*2,'('.5*8 /8)(/ 1/ 7*8)('5)/ 2/54(3 /) 7/14.

*E)/84 ,'( 5.241').*8 2*8)(/ 94A.1 I ' 48 37'() 94. 0/=./8) (/1').=/2/8) .2,*()'8) '=/7

1A'4+2/8)').*8 04 )/2,5 0A*E5/(=').*8# &/7. /5) 04 '4 6'.) 94A'=/7 1A'4+2/8)').*8 04 )/2,5
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Avec défaut simulation

Sans défaut simulation

 !"# !# $% &'()*+,(- ./ )0 +/12340+*4/ ./ )0 5*4607/ 5,1*)3/ /+ 1/5*43/

.8(95/4'0+,(- -37/550,4/ 2(*4 2/41/++4/ 0*: (-./5 +;/41,<*/5 ./ 5/ 24(20=/4> )/ 4022(4+

5,=-0)?94*,+ ./',/-+ )*, 0*55, 2)*5 60,9)/#
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Différence de température simulée

Différence de température mesurée

 !" #$%&'()%* (+,-%.+&&+ /+ &! /)01.+*2+ /+ (+,-13

.!('.+

0 10 20 30 40 50 60 70
1

1.05

1.1

1.15

Temps (s)

C
o
n
tr

a
s
te

 d
’a

m
p
lit

u
d
e

Contraste simulé

Contraste mesuré

 4" #$%&'()%* (+,-%.+&&+ /' 2%*(.!5(+ /6!,-&)('/+

 !"# !# !% @,A34/-7/ ./ +/12340+*4/ /+ 7(-+405+/ .8012),+*./ 2(*4 *- 2(,-+ 5*4 )0 607/

,-634,/*4/ 0* 7/-+4/ ./ )0 2)0<*/

B*4 )0 2;05/ ./ )0 +/12340+*4/ ./57/-.0-+/> -(*5 0'(-5 022),<*3 )0 +40-56(413/ ./ C(*4,/4

2(*4 )/ 70)7*) .* 7(-+405+/ ./ 2;05/# D83'()*+,(- ./ 7/++/ =40-./*4 /5+ +4073/ 5*4 )0 E=*4/

!# F# D80))*4/ =3-340)/ ./5 ./*: 7(*49/5 /5+ 5/19)09)/# G/2/-.0-+> (- -(+/ <*/ )/ 7(-+405+/

,55* ./5 +/12340+*4/5 1/5*43/5 /5+ +4H5 94*,+3# G/7, /5+ 24,-7,20)/1/-+ .I 0*: 60,9)/5 '0)/*45

./ 7/)*,?7, <*, /5+ ./ )8(4.4/ ./ =40-./*4 ./5 94*,+5 .807<*,5,+,(-5 ./ )0 701340 ,-6404(*=/# D/

7(-+405+/ ./ 2;05/ ./',/-+ 0,-5, .,J7,)/1/-+ /:2)(,+09)/# K) .32/-. 6(4+/1/-+ ./ )0 <*0),+3

./5 1/5*4/5 /A/7+*3/5 /+ .* +40,+/1/-+ .8,10=/5 2437(-,53#
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Contraste mesuré

Contraste simulé

 !"# !# $% &' ()*+,-.+' /' 01-.' '* 2)*(+3)* /' 4- 2,567'*(' +1',8367'

 !"!# $%&'()*+,% -( ./ './01( /2() 1% *3,1 -45,1)6/%* &13 1%( &137

8/)(

9-*. (' (-.: 4'. .05(38'*. 3*.0'(+5. .)*+ /5(,3+. 0-, 4- ;<7,' !#  =# &' /52-7+ '.+ 7* +,)7

3*.5,5 /-*. 4- 2-(' )00).5' > 4- 2-(' '?0).5' > 4- (-85,- 3*2,-,)7<'# &' .05(38'* 3*.0'(+5

'.+ (1-7@5 0'*/-*+ 3s -A'( 7*' 2,567'*(' 54'(+,)8-<*5+367' /' 373kHz#

&- ;<7,' !# B 0,5.'*+' 4'. 38-<'. /' +'805,-+7,'. (-4(745' '+ 8'.7,5' .7, 4- .7,2-(' 3*25,3'7,'

/' 4- 04-67' .-3*'# &'. ()7,-*+. 3*/73+. .)*+ ()*('*+,5. -7 /'..)7. /' 4C3*/7(+'7,: (' 673 .'

+,-/73+ 0-, 7*' 1-7..' /' +'805,-+7,' /-*. ('++' D)*'# E'++' /',*3F,' '.+ /' 8G8' 2),8' '+

4-,<'7, 67' 4C3*/7(+'7, H2),8' ,'(+-*<74-3,' 0)7, 4C3*/7(+'7, '* IJ# K* ,'A-*(1': 4),.67C)*

A3.7-43.' 4'. (-,+)<,-013'. /' +'805,-+7,' 0)7, 4'. .05(38'*. -A'( /52-7+: 4'. 38-<'. 8)*+,'*+

7*' /52),8-+3)* /' 4- D)*' (1-7/' -7 /'..)7. /' 4C3*/7(+'7,# K* '@'+: 4- 0,5.'*(' /7 +,)7

3*/73+ /'. .7,(1-7@'. .70458'*+-3,'.# E'++' /52),8-+3)* /)**' 7*' 3*2),8-+3)* .7, 4' /52-7+

,'(1',(15# K44' 0',8'+ /' 0,5/3,' .- 2),8' .-*. 0)7, -7+-*+ /)**', 7*' 3*/3(-+3)* .7, .)*

-804'7, 673 .',- /5;*3 0-, 4' (-4(74 /7 ()*+,-.+'#

L)7. -A)*. +)7+ /C-=),/ (-4(745 '+ 8'.7,5 4C5A)47+3)* +'80),'44' /' 4- +'805,-+7,' /C7* 0)3*+

-7 ('*+,' /' 4- 2-(' '?0).5' > 4- (-85,- 3*2,-,)7<'# E)88' /-*. 4' (-. /7 /54-83*-<': 4-

;<7,' !# M 8)*+,' 67' 4'. 8)/F4'. *785,367'. /)**'*+ /'. ,5.74+-+. 0,)(1' /' ('7? 8'.7,5.#

&- +'805,-+7,' 8-?38-4' /-*. (' (-. -++'3*+ 70 C H69 C '* .3874-+3)*J 0)7, 7*' 04-67'

-A'( /52-7+ '+ 7*' +'805,-+7,' /' 63 C H63.5 C '* .3874-+3)*J 0)7, 7*' 04-67' .-3*'#

&C5A)47+3)* /' 4- /3@5,'*(' /' 4- +'805,-+7,' '.+ /5(,3+' 0-, 4- ;<7,' !#NO-# P)* 8-?3878 '.+

/' 4C),/,' /' 7 C '* .3874-+3)* '+ '* 8'.7,'# E'+ 5(-,+ /50-..' 4-,<'8'*+ 4' .'734 83*3878

/' /5+'(+3)* /'. .3<*-7? 0-, 4- (-85,- 3*2,-,)7<'# &' ()*+,-.+' /C-8043+7/' 67-*+ > 473 '.+

8-?3878 > 4C3*.+-*+ t = 5s 073. /5(,)3+ -A'( 4C-7<8'*+-+3)* /7 +'80. /' 4C)=.',A-+3)* HA)3,

;<7,' !#NO=J# P- A-4'7, 8-?38-4' 8'.7,5' '.+ /' 4C),/,' /' 1.14 ()*+,' 1.11 '* .3874-+3)*#
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 !"# !# $% &'()*+(',-./ 0/ 1' )/2,3(')4(/ 0/ 1' 54(6'7/ .863(./4(/ 0/ 1' ,1'94/ 5'.8/: t = 10s;

 !" #$!%& '(&)$*+,& -*$,./&  0" #$!%& '(&)$*+,& $&-,)/&

 !"# !# <% &'()*+(',-./ 0/ 1' )/2,3(')4(/ 0/ 1' 54(6'7/ .863(./4(/ 0/ 1' ,1'94/ '=/7 )(*4

:t = 10s;

>/5 (3541)')5 0/ 5.241').*8 /) /?,3(./2/8)'4? ,(35/8)/8) 48/ '55/@ A*88/ 7*87*(0'87/# &/5

37'()5 ,*4='8) B)(/ .2,4)35 '4? 2B2/ .87/().)40/5 94/ ,(37/0/22/8)#

C8D8E 1/ 7*8)('5)/ 0/ ,-'5/ ' 3)3 )('73 /8 6*87).*8 0/5 6(394/87/5 )-/(2.94/5 :D+4(/ !#F ;#

&*22/ 0'85 1/ 7'5 0/ 1' ,1'94/ '=/7 031'2.8'+/E 1/ 7*8)('5)/ /5) 5/85.A1/ '4? A(4.)5 0/

2/54(/5# G8/ +('80/ 0.H3(/87/ /8)(/ 1/5 2/54(/5 /) 1/5 5.241').*85 /5) 7*85)')3/# &/))/ 0.6I

63(/87/ (/80 1/5 2/54(/5 .8/?,1*.)'A1/5 0'85 7/ 7'5 '4? (.594/5 0J.8)/(,(3)').*8 3(*883/5 0/5

(3541)')5# G8/ 3)40/ ',,(*6*80./ 54( 1/ )('.)/2/8) 0/5 .2'+/5 *A)/84/5 0/=(' B)(/ (3'1.53/

,*4( ,'1./( K 7/ ,(*A1L2/#
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Différence de température mesurée
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 4" #$%&'()%* (+,-%.+&&+ /' 2%*(.!5(+ /6!,-&)('/+

 !"# #$9"& :-;450.80 /0 ,023451,+50 0, 8).,516,0 /<123*-,+/0 3)+5 +. 3)-., 6+5 *1 7180
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 !"# #$9 & >0 8).,516,0 /0 3?160 0. 7).8,-). /0 *1 754=+0.80 ,?052-=+0

>1 2-60 0. )0+(50 /0 *1 ,08?.-=+0 ,?052)@-./+8,-(0 3)+5 *<-.6308,-). /06 3*1=+06 8)23)6-,06

3)+5 /0+A ,B30 /0 /471+,6 2).,50 *1 71-61C-*-,4 /0 *1 ,08?.-=+0$ ><+,-*-61,-). /+ 8).,516,0
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"#$%&'()*"+ ",--+ *-+ .,--+ (-"(/$)(,- 0*1 '+0 "23$*)0 1+/4+1/4205 6+&+-"$-)7 '#+8&',()$)(,-

"* /,-)1$0)+ "+ &4$0+ +0) "2'(/$)+ +) -2/+00()+ *- )1$()+%+-) "#(%$9+0 0&2/(:;*+5

<+0 0(%*'$)(,-0 +) '+0 +8&21(%+-)$)(,-0 +=+/)*2+0 $* /4$&()1+ > +) "$-0 /+ /4$&()1+ 0,-)

',(- "#?)1+ +84$*0)(@+05 6+&+-"$-)7 +''+0 &+*@+-) ?)1+ *)('(02+0 /,%%+ (-"(/$)+*1 &,*1 ,.A

)+-(1 ;*+';*+0 '(9-+0 "(1+/)1)(/+0 "#,1"1+ &1$)(;*+ "$-0 '#*)('(0$)(,- "+ '$ )+/4-(;*+ )4+1%,A

(-"*/)(@+5 B$-0 '$ 0+/)(,- 0*(@$-)+7 -,*0 &120+-),-0 /+0 /,-0(9-+0 92-21$'+0 ;*( 1+-"+-) /+))+

)+/4-(;*+ &'*0 +C/$/+5
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 !" #$%&'(%)& (*%*+,-)&

#$% &'%()*+*% ,$ %-.()+*-/0 $* ,1$23'&-.$0*+*-/0 /4*$0(% ,+0% )$% %$5*-/0% 3&'5',$0*$% $* ,+0%

)$ 56+3-*&$ 7 ./0*&$0* 8($ )+ 8(+)-*' ,$ )+ ,'*$5*-/0 ,$% ,'9+(*% $%* 9/&*$.$0* -0:($05'$ 3+&

)+ 9/&.$ ,$ )1-0,(5*$(&; )$% 5+&+5*'&-%*-8($% 36<%-8($% ,$ )+ 3-=5$ $* ,$% ,'9+(*% -0%3$5*'%;

)+ 9&'8($05$ ')$5*&/.+>0'*-8($ $* )$ *$.3% ,$ 56+(?+>$ $* ,1+58(-%-*-/0@ A1$%* 3/(&8(/- ,$%

3&'5+(*-/0% 3+&*-5()-=&$% ,/-B$0* C*&$ 3&-%$% $0 5/.3*$ )/&% ,1(0$ -0%3$5*-/0 3+& )+ *$560-8($

*6$&./D-0,(5*-B$@ A$% 3&'5+(*-/0% %/0* &'%(.'$% ,+0% 5$**$ %$5*-/0 %/(% 9/&.$ ,$ 5/0%->0$%

>'0'&+)$%@ E))$% 5/.3&$00$0* ,$% &=>)$% %(& )$ 56/-2 ,( >'0'&+*$(& ,1-0,(5*-/0; %(& )+ 3/%-*-/0

$* )+ 5/05$3*-/0 ,$ )1-0,(5*$(&; %(& )+ 9&'8($05$ ,$ 56+(?+>$ ')$5*&/.+>0'*-8($ $* %(& )+

3/%-*-/0 $* )+ >'/.'*&-$ ,$% 3-=5$% -0%3$5*'$%@

 !"!# $%&'(&&%)* &(+ ,- '.)%/ 0( 12*2+34-(+ 05%*0('4%)* -4 0- ,5%*6

0('4-(+

F+0% )1-0,(%*&-$; )$% ,'9+(*% 5&-*-8($% ,'3$0,$0* >'0'&+)$.$0* ,$% 5/0*&+-0*$% $2$&5'$% %(& )$%

3-=5$%@ A$% 5/0*&+-0*$% %/0* )-'$% G )+ 0+*(&$ ,( 9/05*-/00$.$0* $* +(2 /3'&+*-/0% +(28($))$%

)$% 3-=5$% %/0* %/(.-%$%@ #$% *<3$% $* )$% 3/%-*-/0% 3/*$0*-$)% ,$% ,'9+(*% %/0* +)/&% 5/00(%

3&'+)+4)$.$0*@ A$3$0,+0* )$(&% +.3)$(&% &$%*$ (0$ -05/00($ 5&-*-8($ 8(1-) 9+(* ,'H0-& +H0

,1'B+)($& )$(& .$0+5$ %(& )+ %I&$*' ,$ 9/05*-/00$.$0*@ A$**$ 5/00+-%%+05$ ,( *<3$ ,( ,'9+(*

5/.4-0'$ G 5$))$ ,$% 3&/3&-'*'% 36<%-8($% ,$% .+*'&-+(2 3$&.$* )$ 4/0 56/-2 ,( >'0'&+*$(&

,1-0,(5*-/0 $* )1+,+3*+*-/0 ,$ )+ 9/&.$ $* )+ 5/05$3*-/0 ,$ )1-0,(5*$(&@

E0 $?$*; (0 ,'9+(* ,/-* >'0'&+)$.$0* 3&/,(-&$ (0 %->0+) *6$&.-8($ %(3'&-$(& G 5$)(- /4*$0(

3+& )$% 4&(-*%@ F$ 3)(%; )$% ,-?'&$05$% ,$ *$.3'&+*(&$ ,/-B$0* ,'3+%%$& )$ %$(-) ,$ ,'*$5*-/0

.-0-.(. ,$ )+ 5+.'&+ -09&+&/(>$ JKELF D K/-%$ E8(-B+)$0* L$.3$&+*(&$ F-?$&$05$M +(

&-%8($ ,$ 0$ 3+% +3$&5$B/-& )1')'B+*-/0 ,$ )+ *$.3'&+*(&$ ,($ G )+ 3&'%$05$ ,( ,'9+(*@

#1')'B+*-/0△T ,$ )+ *$.3'&+*(&$ 0$ ,/-* 3+% C*&$ 0'5$%%+-&$.$0* -.3/&*+0*$@ F+0% )+ 3)(3+&*

,$% 5+%; (0$ ')'B+*-/0 ,$ 8($)8($% ,$>&'% $%* %(N%+0*$ 3/(& 8($ )+ 5+.'&+ -09&+&/(>$ ,'*$5*$

3&'5-%$.$0* )$% 5/0*&+%*$% ,1+.3)-*(,$ $* ,$ 36+%$@ F1+(*&$ 3+&*; 0/(% +B/0% ,'./0*&' 8($

,+0% )+ %*-.()+*-/0 -.3()%-/00$))$; )+ ,(&'$ ,( 56+(?+>$ tch $%* +( .+2-.(. ,$ )1/&,&$ ,$

)+ %$5/0,$@ A$% ,$(2 3+&+.=*&$% /0* (0$ -0:($05$ -.3/&*+0*$ %(& )+ 3(-%%+05$ ,( >'0'&+*$(&

,1-0,(5*-/0@ E0 $?$*; %- m $%* )+ .+%%$ ,$ )+ 3-=5$ -0%3$5*'$ $* Cp %+ 56+)$(& %3'5-H8($;

)1'0$&>-$ 0'5$%%+-&$ 3/(& ./0*$& ,$ △T )+ *$.3'&+*(&$ ,$ )+ 3-=5$ $%* ,/00'$ 3+& O

W = m · Cp · △T JP@ M

#+ 3(-%%+05$ 0'5$%%+-&$ $%* +)/&% O
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P =
m · Cp · △T

tch
#$%&'

()**+ △T +,- .+-/-+0 1234+56/+ 7)4,)**3+ .+8- 9-5+ :;/<1+% =4 5+>;47?+0 7)**+ tch +,-

;8,,/ .+-/-0 1; .8/,,;47+ @8+ A)/- :)854/5 1+ 63435;-+85 .+8- 9-5+ /*.)5-;4-+% B1 +,- 3>/A+4-

@8+ 7+--+ :)5*81+ ,/*.1/C3+ 42+,- .;, ;..1/7;<1+ .)85 A+, ./D7+, 7)*.1+E+, A8 ,/*.1+ :;/-

@8+ 1; -+*.35;-85+ A+ 7+, ./D7+, 42+,- .;, 84/:)5*+ +- @82+11+ 3>)18+ ;>+7 1+ -+*.,% F;/,0 1;

-+4A;47+ 63435;1+ 5+,-+ 1; *9*+%

G)85 1; -+7?4/@8+ -?+5*)H/4A87-/>+0 /1 :;8- ;1)5, 84 63435;-+85 ,8I,;**+4- .8/,,;4- *;/,

8-/1/,3 ,85 84+ 7)85-+ A853+% (+--+ 7)4718,/)4 ; A+, 7)4,3@8+47+, +E-59*+*+4- /*.)5-;4-+,

,85 1; 7)47+.-/)4 A8 63435;-+85 J ,;>)/5 K

 B1 42+,- .;, 437+,,;/5+ A2;>)/5 84 63435;-+85 @8/ A31/>5+ 84+ .8/,,;47+ 7)4,-;4-+ ,85 1)468+

A853+% L4 ,M,-D*+ A+ A37?;56+ A+ -M.+ 7;.;7/-/: A;4, 84+ 7?;56+ N0O +,- .;5 +E+*.1+

+4>/,;6+;<1+%

 O+ -+*., A+ 7?;8P+ 3-;4- :;/<1+0 1+, 313*+4-, A8 ,M,-D*+ -+1, @8+ 1+, 7)4A+4,;-+85, +-

12/4A87-+85 4+ ,8</,,+4- .;, A+, 313>;-/)4 A+ -+*.35;-85+ /*.)5-;4-+,% B1 42+,- .+8- 9-5+

.;, ;1)5, 437+,,;/5+ A+ 1+, 5+:5)/A/5 J 12+;8% (2+,- 1+ 7;, .;5 +E+*.1+ A8 63435;-+85 J 50Hz

8-/1/,3 .)85 12/4,.+7-/)4 A+, ./D7+, :+55)*;643-/@8+,% O+ 7)85;4- A;4, 12/4A87-+85 3-;/- A+

12)5A5+ A+ 1500A ,;4, ;>)/5 <+,)/4 A+ 5+:5)/A/5 12/4A87-+85% O2;<,+47+ A+ 5+:5)/A/,,+*+4-

A/*/48+ ;1)5, 34)5*3*+4- 1+ 7)Q- A+ 5+>/+4- A8 63435;-+85 +- .;5 7)4,3@8+4- 1+ .5/E A+

12/4,-;11;-/)4 -?+5*)H/4A87-/>+%

O; .5):)4A+85 A+ 1; ,-/*81;-/)4 -?+5*/@8+ 7)4A/-/)44+ 1; 4;-85+ A8 7?;8P;6+ ,)8?;/-3%

(+--+ A+54/D5+ A3.+4A A+ 1; :53@8+47+ A8 7?;8P;6+ +- A+, .5).5/3-3, 31+7-5)*;643-/@8+, A8

*;-35/;8 /4,.+7-3% =4 +P+-0 A;4, 84+ /4,.+7-/)4 -?+5*)H/4A87-/>+0 1; .1;6+ A+, :53@8+47+,

A+ -5;>;/1 A/,.)4/<1+ +,- 1;56+ #fr = 50Hz J fr = 2Mz '% =11+ A3.+4A A+ 1; *;4/D5+ ;>+7

1;@8+11+ 1+, ./D7+, ,)4- /4,.+7-3+,% L4+ /4,.+7-/)4 +4 ,85:;7+ 437+,,/-+ A+ -5;>;/11+5 ;>+7 A+,

:53@8+47+, 31+>3+,% =4 5+>;47?+0 .)85 1+, A3:;8-, .5):)4A,0 A+, <;,,+, +- *)M+44+, :53@8+47+,

,)4- 437+,,;/5+,% =11+ A3.+4A ;8,,/ A+ 1; 4;-85+ 31+7-5)*;643-/@8+ A8 *;-35/;8 /4,.+7-3

7)**+ /1 ; 3-3 *)4-53 A;4, 1+, ,+7-/)4, .5373A+4-+,% R5)/, 65)8.+, .+8>+4- 9-5+ /A+4-/C3, K

 O+, *;-35/;8E :+55)*;643-/@8+, 7)**+ 12;7/+5 +- 1+ 4/7S+1 ,)8>+4- 5+47)4-53, A;4, 1; ,/A3H

5856/+ +- 12/4A8,-5/+ ;8-)*)</1+% B1, ,)4- 7;5;7-35/,3, .;5 84+ ?;8-+ .+5*3;</1/-3 *;643-/@8+

+- 84+ <)44+ 7)4A87-/>/-3 31+7-5/@8+% O23.;/,,+85 A+ .+;8 31+7-5)*;643-/@8+ 4+ .+8- .;,

9-5+ A3C4/+ A;4, 7+ 7;, J 7;8,+ A8 7)*.)5-+*+4- 4)4 1/43;/5+ A+ 1; .+5*3;</1/-3 *;643H

-/@8+% (+.+4A;4-0 65T7+ J 7+, .5).5/3-3,0 1; .1;6+ A+ :53@8+47+, A+ -5;>;/1 +,- 5+1;-/>+*+4-

:;/<1+% =11+ +,- A+ 12)5A5+ A+ A/U;/4+, A+ Hz +- .+8- ;11+5 V8,@82J A+, A/U;/4+, A+ kHz.

R)8- A3.+4A A+ 1; .5):)4A+85 A8 A3:;8- /4,.+7-3 7)**+ +E.1/@8+5 A;4, 1+ .;5;65;.?+

.5373A+4-%
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 #$% &'()*+',- ./. 0$**/&'1.)(+2,$% 3/&&$ 45'4,&+.+,& 1).)*'4$&$.( *$.3/.(*)% 6'.%

45+.6,%(*+$ ')*/.',(+2,$7 84% %/.( %/,9$.( 6$ (*:% ;/. 3/.6,3($,*% )4$3(*+2,$%7 #' ./(+/. 6$

45)<'+%%$,* 6$ <$', )4$3(*/&'1.)(+2,$ <$,( =(*$ 6)>.+$ 6'.% 3$ 3'%7 ?44$ $%( ,(+4+%)$ </,*

6)>.+* 4' <*/0/.6$,* 6, 3@',A'1$7 #$% 0*)2,$.3$% 6$ (*'9'+4 <$,9$.( '(($+.6*$ B,%2,5C

2,$42,$% 3$.('+.$% 6$ kHz %$4/. 4$ (D<$ 6$ 6)0',(%7

 #$% &'()*+',- ./. 0$**/&'1.)(+2,$% 6/.( 4' 3/.6,3(+9+() )4$3(*+2,$ $%( 0'+;4$ ($4% 2,$ 4$%

&'()*+',- 3/&</%+($% 2,+ %/.( 1).)*'4$&$.( ,(+4+%) </,* 6$% '<<4+3'(+/.% ')*/.',(+2,$%7

E$ <'*( 4$,*% <*/<*+)()%F 45)<'+%%$,* 6$ <$', 6'.% 3$ 3'% $%( 1*'.6$7 #$% 0*)2,$.3$% %/.(

'4/*% )4$9)$% $( <$,9$.( '(($+.6*$ 2,$42,$% MHz 9/+* <4,% %+ 4$% &/D$.% ($3@./4/1+2,$% 4$

<$*&$(($.( G4$% 1).)*'($,*% 65+.6,3(+/. '3(,$4% %/.( 4+&+()% C 2,$42,$% MHzH7

#/*% 6, 6+&$.%+/..$&$.( 6, 1).)*'($,* 65+.6,3(+/.F 4' .'(,*$ 6$% &'()*+',- +.%<$3()% 6/+(

=(*$ 6/.3 <*+%$ $. 3/&<($ </,* 4$ 3@/+- 6$ 4' 1'&&$ 6$ 0*)2,$.3$% ,(+4+%)$%7 #$ (';4$',

I7J *)%,&$ 4$% <*/<*+)()% )4$3(*/&'1.)(+2,$% 6$% &'()*+',- *$<*)%$.('(+0% 6$% (*/+% 1*/,<$%

6)>.+% '+.%+ 2,$ 4$% <4'1$% 6$ 0*)2,$.3$% .)3$%%'+*$%7

 !"#$%!& σ
(
Ω−1 ·m−1

)
µr '(!)* +* ,$#-&*./*0 #(*/"$12!).#"%-&*0

3/%*$ 4567 107 100− 10000 +%8!%.*0 +* Hz 9&0-&:; +%8!%.*0 +* kHz

3(&2%.%&2 3.7 · 107 1 +%8!%.*0 +* Hz 9&0-&:; /*."!%.*0 +* kHz

512<10%"* 4 · 104 1 /*."!%.*0 +* kHz 9&0-&:; -&*(-&*0 MHz

 !"# I7JK L*/<*+)()% )4$3(*/&'1.)(+2,$ 6$ &'()*+',- %/,9$.( *$.3/.(*)% 6'.% 4$ MNE

E'.% ,.$ +.%<$3(+/. <'* 4' ($3@.+2,$ (@$*&/O+.6,3(+9$F 4' 6+%(*+;,(+/. 6$% 3/,*'.(% +.6,+(%

6'.% 4$ %<)3+&$. $%( 65,.$ +&</*('.3$ 3'<+('4$7 M5$%( 4$ *P4$ 6$ 45+.6,3($,* 2,+ 6)>.+( 4'

&'.+:*$ $( 4$% <$*0/*&'.3$% 6, (*'.%0$*( ).$*1)(+2,$ $.(*$ 4' %/,*3$ $( 4' <+:3$ +.%<$3()$7 ?.

$A$(F +4 0',( '%%,*$* 4' &'Q(*+%$ 6, (*'.%0$*( $.(*$ 45+.6,3($,* $( 4$ &'()*+', 6$ 0'R/. C /;($O

.+* 4' <,+%%'.3$ +.B$3()$ .)3$%%'+*$ '9$3 4' 6+%(*+;,(+/. 6$% 3/,*'.(% +.6,+(% *$3@$*3@)$7 #$%

'<<4+3'(+/.% )(,6+)$% &/.(*$.( 2,$ 4' ($3@.+2,$ (@$*&/O+.6,3(+9$ /A*$ ,.$ 1*'.6$ %/,<4$%%$

$( ,.$ 3'<'3+() 65'6'<('(+/. C 4' 1)/&)(*+$ 6$% <+:3$% +.%<$3()$% $. B/,'.( %,* 4' 0/*&$ 6$

45+.6,3($,*7

L/,* ,.$ <+:3$ 6)6+)$ C ,.$ '<<4+3'(+/. 6/..)$F 4' </%+(+/. $( 4' 6+*$3(+/. 6$% 6)0',(% 3*+(+2,$%

<$,9$.( =(*$ $%(+&)$% <*)'4';4$&$.( <,+%2,$ 4$% $A/*(% $-$*3)% %,* 3$(($ <+:3$ %/.( 3/..,%7 #'

3/.3$<(+/. 6$ 45+.6,3($,* 6/+( <*$.6*$ $. 3/.%+6)*'(+/. 3$% )4)&$.(%7 S' </%+(+/. $( %' 0/*&$

6/+9$.( =(*$ )(';4+$% '9$3 3/&&$ /;B$3(+0 45'&)4+/*'(+/. 6$% <$*0/*&'.3$% $( 6$ 4' %$.%+;+4+()

6$ 4' ($3@.+2,$7 M$3+ 6)<$.6 6, (D<$ 6, 6)0',( $( 6$ 4' 1)/&)(*+$ 6$ 4' <+:3$ +.%<$3()$7

L'* $-$&<4$F L/,* 4$% 6)0',(% 6$ %,*0'3$F 4$% *)%,4('(% /;($.,% 6'.% 4$ 3@'<+(*$ " %$3(+/.

"7J &/.(*$ 2,$ 4' 6)($3(';+4+() 6$% 6)0',(% $%( &$+44$,*$ 4/*%2,$ 4' 6+*$3(+/. 6$ 3$% 6$*.+$*%

$%( <$*<$.6+3,4'+*$ C 4' 6+%(*+;,(+/. 6$% 3/,*'.(% +.6,+(%7 E$ <4,%F ./,% '9/.% &/.(*$* 2,5+4

$-+%($ ,. 6+'&:(*$ 6$ 45+.6,3($,* </,* 4$2,$4 4$ *$.6$&$.( 6, %D%(:&$ $%( &'-+&,&7 E$
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#$#% &'() *% +,- .% */01-&%+20'1 .%- &*,3(%- ./,*(#010(# %2 .% +'#&'-02%- .42,0**4% .,1-

*%- +5,&02)%- 6 %2 "7 8, 9')#% .% */01.(+2%() %-2 +5'0-0- %1 9'1+20'1 .( +'12),-2% 25%)#03(%

'&20#,* %2 .% *, :'1% 01-&%+24%7
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($( ,&-)/'#)*4 .1/ +1 )&#0(*5'& )0&/%$6*(,'#)*7&8

9/$*- 1..+*#1)*$(- *(,'-)/*&++&- ,' :;< ,1(- +&- -&#)&'/- 1')$%$=*+& &) 12/$(1')*5'& $()

2)2 2)',*2&- &) %*-&- &( $&'7/&8 :&- 1..+*#1)*$(- )/1*)&() ,& %1)2/*1'> ,& (1)'/& ,*?2/&()&-

@4&//$%1A(2)*5'& .$'/ +B1#*&/C ($( 4&//$%1A(2)*5'& .$'/ +B1+'%*(*'% &) 1(*-$)/$.& .$'/ +&-

#$%.$-*)&-D .$'/ ,&- ,241')- ,& )E.&- 71/*2- @,241')- ,& -'/41#&C *()&/(& &) +&- ,2+1%*(1A&-D8

F&- /2-'+)1)- $=)&('- %$()/&() 5'& +1 .&/)*(&(#& ,& +B*(-.&#)*$( ,& +1 )&#0(*5'& )0&/%$6

*(,'#)*7& ,2.&(, ,& .+'-*&'/- .1/1%G)/&- #$%%& +&- ,*%&(-*$(- &) +1 4$/%& ,& +B*(,'#)&'/C

+1 4/25'&(#& &) +& )&%.- ,' #01'?1A& &) +1 (1)'/& ,' ,241')8 HI( ,B2)',*&/ +B*(J'&(#& ,& #&-

2+2%&()-C ($'- 17$(- ')*+*-2 ,&'> .1/1%G)/&- ,*-#/*%*(1()- #$%.+2%&()1*/&-8 F& ./&%*&/ &-)

+& #$()/1-)& )0&/%*5'& ,B1%.+*)',& &) +& -&#$(, &-) +& #$()/1-)& ,& .01-&8 F&'/ ')*+*-1)*$(

#$(K$*()& -& /27G+& -$'7&() *(,*-.&(-1=+& .$'/ 17$*/ '(& &>.+$*)1)*$( I1=+& &) ./2#*-&8

;$'- 17$(- %$()/2 5'& +B$=)&()*$( ,B'( =$( #$()/1-)& ,& )&%.2/1)'/& @,B1%.+*)',& $' ,&

.01-&D ,2.&(, ,B'( #0$*> K',*#*&'> ,' A2(2/1)&'/ ,B*(,'#)*$( &) ,& -&- .1/1%G)/&- ,& 4$(#6

)*$((&%&()8 L++& ,2.&(, 2A1+&%&() ,& +1 4$/%& ,& +B*(,'#)&'/C ,& +1 (1)'/& ,& +1 .*G#& *(-6

.&#)2& @A2$%2)/*&C ./$./*2)2- 2+&#)/$%1A(2)*5'& &) )0&/%*5'&D 1*(-* 5'& +1 (1)'/& ,&- ,241')-

/&(#$()/2-8 9$'- #&- .1/1%G)/&- $() 2)2 $=)&('- &) $.)*%*-2- M +B1*,& ,' +$A*#*&+ ,& #1+#'+

,27&+$..28 ;$'- 17$(- .' 1*(-* ,2I(*/ .$'/ #01#'(& ,&- 1..+*#1)*$(- 2)',*2&- +&- .+1A&- ,&

4/25'&(#&- &) +&- 4$/%&- ,B*(,'#)&'/- +&- .+'- 1,1.)2-8

F&- /2-'+)1)- &>.2/*%&()1'> ($'- $() %$()/2 5'& +1 ,2)&#)*$( &) +1 5'1()*I#1)*$( ,&- ,241')-

-$() ,&- ./$#2,'/&- ,2+*#1)&- &( /1*-$( ,& )$')&- +&- -$'/#&- ,& ,2A/1,1)*$( ,&- -*A(1'> ,& +1

#1%2/1 *(4/1/$'A&8 ;$'- 17$(- ,27&+$..2 '(& ,2%1/#0& 5'* ($'- .&/%&) ,B$=)&(*/ ,&- *%1A&-

)0&/%*5'&- /*#0&- &( *(4$/%1)*$(- -'/ +&- ,241')- .$)&()*&+-8 :&))& ,2%1/#0& &-) =1-2& -'/ '(

#0$*> K',*#*&'> ,' )&%.- ,B1#5'*-*)*$( &) ,' .1- ,B2#01()*++$((1A&8 :&))& 1../$#0& #$()/*='&

M 1%2+*$/&/ +& #$()/1-)& &()/& +&- N$(&- ,24&#)'&'-&- &) ($( ,24&#)'&'-&- &) .1/ #$(-25'&() +1

,2)&#)1=*+*)2 ,&- ,241')-8

F&- /2-'+)1)- ,&- -*%'+1)*$(- #$(I/%2- .1/ +B&>.+$*)1)*$( &>.2/*%&()1+& ,&- *%1A&- )0&/6

%*5'&- ($'- $() %$()/2 +1 #1.1#*)2 ,& +1 )&#0(*5'& )0&/%$6*(,'#)*7& M ,2)&#)&/ +&- ,241')-8

O+- $() %$()/2 2A1+&%&() +1 .$--*=*+*)2 ,& 5'1()*I&/ #&/)1*(- ,& +&'/- .1/1%G)/&- .1/ +B')*+*-16

)*$( #$(K$*()& ,&- #$()/1-)&- ,B1%.+*)',& &) ,& .01-&8 :& ,&/(*&/ &-) #&.&(,1() )/G- -&(-*=+&

1'> #$(,*)*$(- &>.2/*%&()1+&- ,1(- +& #1- ,&- %1)2/*1'> #$%.$-*)&-8

HI( ,& %$()/&/ +1 .&/)*(&(#& ,& +1 )&#0(*5'& )0&/%$6*(,'#)*7&C '(& #$%.1/1*-$( ,& +1 )&#06

(*5'& )0&/%$6*(,'#)*7& 17&# +1 %2)0$,& #+1--*5'& ,& +1 )0&/%$A/1.0*& *(4/1/$'A& 1 2)2 /21+*6

-2&8 :&))& #$%.1/1*-$( %$()/& 5'& +1 ($'7&++& )&#0(*5'& &-) .+'- &P#1#& &( )&/%& ,& #1.1#*)2

M ,2)&#)&/ ,&- ,241')-8

F& )/171*+ &?&#)'2 ,1(- +& #1,/& ,& #& %2%$*/& 1 .&/%*- ,B2)1=+*/ '(& =1-& -$+*,& .$'/ +B2)',&

,& +1 )&#0(*5'& )0&/%$6*(,'#)*7&8 F&- .&/-.&#)*7&- ,& #& )/171*+ -$() ($%=/&'-&- &) 71/*2&- Q
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 "# $%& '()'%*$(%+,#$ )-$(.'/0'. #$% .1%2#&+&% 3,&$(2% )+(% /$ &.+4+'# *+. 2($ '(4$%&'5+&'3( $&

2($ %6(&07%$ 5#3,+#$ %2. #$% )'81.$(&% &6*$% )$ )19+2&% *3&$(&'$#% *+. %$/&$2.% '()2%&.'$#%:

 ;+(% #-3,<$/&'9 )-2($ +**#'/+&'3( '()2%&.'$##$ )$ /3(&.=#$ $( #'5($> '# $%& '(&1.$%%+(& )$

)14$#3**$. )$% ?3)7#$% (2?1.'@2$% @2' &'$(($(& /3?*&$ )2 ?324$?$(& )$ #+ %32./$ 1#$/A

&.3?+5(1&'@2$ 32 )$ #+ *'7/$ '(%*$/&1$:

 B3&.$ &.+4+'# + *$.?'% )$ ?$&&.$ $( 14')$(/$ 2($ 93.&$ %$(%','#'&1 )2 /3(&.+%&$ )$ *0+%$

*32. /$.&+'(% &6*$% )-+**#'/+&'3(: "# $%& +#3.% '()'%*$(%+,#$ )-1&+,#'. )$% /3##+,3.+&'3(%

+4$/ )$% #+,3.+&3'.$% )$ &.+'&$?$(& )-'?+5$% *32. 2($ ?$'##$2.$ $C*#3'&+&'3( )$% .1%2#&+&%:

 D(E(> #-'(&15.+&'3( )$ #+ &$/0('@2$ &0$.?3A'()2/&'4$ )+(% 2( *.3/$%%2% '()2%&.'$# (1/$%%'&$

%3'& #$ )14$#3**$?$(& )$ ?3)7#$% )-'(4$.%'3( .+*')$%> %3'& #+ ?'%$ $( *#+/$ )-+,+@2$%:
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$% &'%(" ") *+,!-" )'"./012"

 !"# $%& '()*$& "%+%"& ,-.')"//&$0 +%"&1 2) '()*$& &/# 34)$5.& /$0 /) /$06)3& /$'.0"&$0&1 7)%/

3& 3)/8 !% 3!%/",90& *$& () ,&%/"#. ,& '$"//)%3& :!($;"*$& ' &/# .<)(& = >.0!1 2-.*$)#"!% ?1@A

/-.30"# )(!0/ /!$/ () 6!0;& B

d2T

dz2
− j · ωth · ρ · Cp

λ
· T = 0 CD1AE

F% '!/& B

γ2 =
j · ωth · ρ · Cp

λ
⇒ γ = (1 + j) ·

√
ωth · ρ · Cp

2λ
CD1?E

F% ,.+%"# (-.')"//&$0 ,& '&)$ #4&0;"*$& ')0 B

δth =

√√√√ 2λ

ωth · ρ · Cp

 !"#$

!%&'( )

γ =
1 + j

δth

 !"*$

+, (&%-./&0 12 %345-,./&0 !"6 2(. 1&0042 7,' )

T = A · cosh (γ · z) +B · sinh (γ · z)  !"8$

+2( 9&01/./&0( ,-: %/;/.2( (&0. %2( (-/<,0.2( )

= z = 0 − λ · dT

dz
= q  !">$

6?#



 !!"#"  $ % &' (" ") %*+!," )'"-./01"  !"

# z = h − λ · dT

dz
= 0 $%&!'

()*+ z = 0, )- . /

−λ · dT

dz
=
[
1 + j

δth

· A · sinh (γ · z) + 1 + j

δth

·B · cosh (γ · z)
]
|z=0 = q $%&0'

B 12+. 3)-4 56.72 # /

B = − q · δth

λ · (1 + j)
$%&8'

()*+ z = h, 7. 4)-39:9)- %&! 32;92-: /

A · sinh (γ · h) +B · cosh (γ · h) = 0 $%& <'

=- +2>?7.42 B ?.+ 12 ;.72*+, )- )@:92-: /

A = −B · cosh (γ · h)
sinh (γ · h) =

q · δth

λ · (1 + j)
· cosh (γ · h)
sinh (γ · h) $%&  '

A. :2>?5+.:*+2 32 7. 1*+B.42 32 7. ?7.C*2 $z = 0' 21: 3)--52 ?.+ /

T (z = 0) = A =
q · δth

λ · (1 + j)
· cosh (γ · h)
sinh (γ · h) $%& D'

E: 72 35?F.1.62 ?.+ /

ϕ = −45 + arg(
cosh (γ · h)
sinh (γ · h) ) $%& G'

=- -):2 C*2 72 35?F.1.62 ϕ 21: 9-35?2-3.-: 3* H*I q& J7 35?2-3 *-9C*2>2-: 32 7. B+5K

C*2-42, 321 4.+.4:5+91:9C*21 :F2+>9C*21 3* >.:5+9.* 2: 3* :+.L2: h C*9 ?2*: 4)++21?)-3+2 #

7. ?+)B)-32*+ 3* 35B.*:&
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%& '"(&)*+! "!)'" (& ,'+-+!."/' ") ("

)"0,1 .2+31"'4&)*+!

 !"# $%& '()*$& +&,"-"%.%"& /01')"++&$2 .%"&3 4% ",'!+& $%& #&,'12)#$2& /& 21512&%6& +$2 ()

+$25)6& /& () '()*$&3 7)%+ 6& 6)+8 !% 6!%+"/92& *$& () /&%+"#1 /& '$"++)%6& :!($,"*$& ' &+#

1;)(& < =12!3 >01*$)#"!%?3@? +0162"# )(!2+ +!$+ () 5!2,& A

∂2T

∂z2
− 1

α
· ∂T

∂t
= 0 BC3DE

!F α &+# () /"G$+":"#1 #H&2,"*$& /& () '()*$&3 I:&6 (&+ 6!%/"#"!%+ "%"#")(&+ &# )$J (","#&+

+$":)%#&+ A

< z = 0 T (0, t) = T0 BC3?E

< t = 0 T (z, 0) = 0 BC3KE

>01*$)#"!% C3D &+# 21+!($& < (0)"/& /& () #2)%+5!2,1& /& >)'()6& A

T (z, p) = L(T (z, t)) =

ˆ

∞

0

exp(−pt) · T (z, t) · dt⇒ d2T

dz2
= q2 · T BC3LE

):&6 q2 = p
a
8 () 6!%/"#"!% C3? /&:"&%# )(!2+ A T0 =

T0

p
3

)'21+ /1:&(!''&,&%# () +!($#"!% &+# /!%%1& ')2 A

T =
T0
p
· exp (−q · z)⇒ T (z, t) = T0ercf(

z

2 ·
√

α · t
) BC3@E

4% !M#"&%# )(!2+ A

DN@
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T (z, t)

T0
= ercf(

z

2 ·
√

α · t
) #$%"&

T (z,t)
T0

'()'*+(,-( .( '/))0'- (,-'( ./ -(1)*'/-2'( 342, )05,- 6 .45,-*'5(2' 3( ./ )./72( (- ./

-(1)*'/-2'( 6 ./ +2'8/9(% :5; 0, 90,+53<'( 72( .40,3( -=('1572( / /--(5,- 2, )05,- 30,,* 6

)/'-5' 3(+ '/))0'-+

T (z,t)
T0

= 0.5% >/' 90,+*72(,-; .( -(1)+ ,*9(++/5'( t )02' 72( 9(--( 0,3(

/--(5?,( 9( )05,- (+- )'0)0'-50,,(..( /2 9/''* 3( +/ )'080,3(2' z% @, 0A-5(,- B

z

2 ·
√

α · t
= 0.48 #$%!&

@, / /.0'+ B

t ≈ z2

α
#$%C&
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 !"# $%&#'!(& )&# *$*+&",# )& -./,"&01 $&# 2'*3!,&43# grad1 rot &, div #2", 3&+'$!(* '!3

$&43 5&3#/2"# )/#(3*,/#*&#1 (& #2", )&# +!,3/(&# 3&(,!"64$!/3&# G )& )/+&"#/2" A × N 1 R )&

)/+&"#/2" F ×A &, D )& )/+&"#/2" V ×A7 8&# +!,3/(&# &9'3/+&", $&# 3&$!,/2"# ,2'2$26/:4&#

&9/#,!", &",3& $&# "2&4)#1 !3;,&#1 <!(&,,&# &, 52$4+&# )%4" +!/$$!6&7

 !"#$%!"% !&%'$()*+,%

=&# !3;,&# #2", )&# *$*+&",# 6*2+*,3/:4&# :4/ #2", 23/&",*# )& +!"/>3& !3?/,3!/3&7 @" '&4,

(.2/#/3 '!3 &9&+'$&1 4"& 23/&",!,/2" )4 "2&4) !0!", $%/")/(& $& '$4# '&,/, A (&$4/ !0!", $%/")/(&

$& '$4# 63!")7 B!3 )*C"/,/2"1 $%/"(/)&"(& )%4" "2&4) n )!"# 4"& !3;,& a 5!4, D

- G(a, n) = −1 #/ n &#, $& "2&4) 23/6/"& )& $%!3;,& a7

- G(a, n) = +1 #/ $& "2&4) n &#, $%&9,3*+/,* )& $%!3;,& a7

- G(a, n) = 0 #/ n "%!''!3,/&", '!# A $%!3;,& a7

E$ ! *,* )*+2",3* :4& )%!'3># $&# '32'3/*,*# )&# +!,3/(&# )%/"(/)&"(&1 2" ! FG&<#H D

A∑

i=1

G(ai, nj)wai
= gradwnj

I87JK

L/ 4"& <2"(,/2" #(!$!/3& vn !''!3,&"!", A W 0
1 &, 4"& !4,3& 5&(,23/&$$& va !''!3,&"!", A W1

1

,&$$&# :4& D

va = gradvn I87MK

2" '&4, +2",3&3 :4& D

Va = GVn I87NK

JOO



 !!"#" $% & '()$"* +,)!$)+"!$"  !"

#$%& Va ∈ W1
' Vn ∈ W 0

( )# *#+,-&% G .%/+ 012& 3+,% &124-05,5 &1**% 671.5,#+%/, 0-4&,%+

0/ 8,#0-%2+(

 !"#$%!"% &'()% *&"%))%

)%4 9#&%++%4 412+ 0%4 565*%2+4 851*5+,-:/%4 1,-%2+54( )71,-%2+#+-12 07/2% 9#&%++% .%/+ 3+,%

01225%' .#, &12$%2+-12' .#, 6% 4%24 0%4 21%/04 &,1-44#2+4 0#24 6% &#4 0% 9#&%++%4 +,-#28/6#-,%4(

;% 6# *3*% 9#<12' 67565*%2+ 0% 6# *#+,-&% 07-2&-0%2&% 9#&%++% #,3+% R %4+ 05=2- .#, >

+ R(f, a) = −1 4-' %2 .#,&1/,#2+ 6# 9,12+-?,% 0% 6# 9#&%++% f 0#24 6% 4%24 .14-+-9' 67#,3+% a %4+

.#,&1/,/% 0#24 412 4%24 1..145(

+ R(f, a) = +1 4-' %2 .#,&1/,#2+ 6# 9,12+-?,% 0% 6# 9#&%++% f 0#24 6% 4%24 .14-+-9' 67#,3+% a %4+

.#,&1/,/% 0#24 412 4%24 .14-+-9(

+ R(f, a) = 0 4- 67#,3+% a 27#..#,+-%2+ .#4 @ 6# 9#&%++% f (

A- 12 .,%20 *#-2+%2#2+ /2% 912&+-12 $%&+1,-%66% vf #..#,+%2#2+ @ W 2
' +%6 :/% vf = rotva(

B2 .%/+ *12+,%,' %2 %C%&+/#2+ /2% 05*#,&D% 5:/-$#6%2+% :/% .,5&50%**%2+' :/% >

Vf = RVa EF(GH

#$%& Vf ∈W2
( )# *#+,-&% R %4+ &124-05,5% 012& &1**% 671.5,#+%/, 0-4&,%+ 0/ ,1+#+-122%6(

 !"#$%!"% *&"%))% ,-,.%!)

)# *#+,-&% -2&-0%2&% 9#&%++% 565*%2+ D %4+ 05=2-% 0% 6# 9#<12 4/-$#2+% >

+ D(v, f) = −1 4- 6# 9#&%++% f #..#,+-%2+ #/ $16/*% v %+ %4+ 1,-%2+5% 0#24 6% 4%24 &12+,#-,%

@ 671,-%2+#+-12 0/ $16/*%(

+ D(v, f) = +1 4- 6# 9#&%++% f #..#,+-%2+ #/ $16/*% v %+ %4+ 1,-%2+5% 0#24 6% 4%24 .14-+-9 @

671,-%2+#+-12 0/ $16/*%(

+ D(v, f) = 0 4- 6# 9#&%++% f 27#..#,+-%2+ .#4 #/ $16/*% v(

I1/, /2% 912&+-12 4&#6#-,% uv #..#,+%2#2+ @ W 3
%+ 05=2-% +%66% :/% uv = divvf ( B2 .%/+

*12+,%, :/% >

Uv = DVf EF(JH

#$%& Uv ∈ W 3
' D ,%.,54%2+% 671.5,#+%/, 0-4&,%+ 0% 6# 0-$%,8%2&%(
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 !" #$%&'()$*%+,)&' -.)*.+$,/01' 21 34.3.*1&+ $.13

 !"!#$%"&'!%&() *+ ,-$,$#+)% "$+,

 !"#$%&'!"# (" &)&*+", -!)(*$.(+ K/ %$, '&+)/ +, "!,!"# (x, y, z) )+# 0!!'%!""&+# %1(" 2!$",

.(+)0!".(+ x %3"# 0+, &)&*+",4 5"+ 0+',3$"+ 23'3*&,'$#3,$!" %+ 0+, &)&*+",/ 01+#, 6 %$'+ 7

x = x(u, v, w)

y = y(u, v, w)

z = z(u, v, w)

!( x = x(u) 894:;

!< u = (u, v, w)∈ Kr/ 2+'*+, %+ =3$'+ 0!''+#2!"%'+ %+ >$("$-!.(+/ ,!(, 2!$", (x, y, z) %+ K

3-+0 (" 2!$", (u, v, w) %+ Kr/ 3)!'# 322+)&  ! "#$% &# ' ( '#$)#* ?3 ,'3"#=!'*3,$!" $"-+'#+

+#, "!,&+ 7

u = u(x) 894@;

 !"# 94:7  !''+#2!"%3"0+ >$("$-!.(+ +",'+ K +,Kr

:AB



 !!"#" $% &'(&()"!*$" +(,(+"!-" "* &". ,/!-*0/!. $" ,/+)" ../-0(".  !"

 !"#$%%&'( )$% )*#&+*$%, -./#&0$ 1.0'2&$(($ )$ /#.(%3'#-./&'(

#$% &'()*'$% &)($+,)-..$//$% %$/-. /$% +--(&-..'$% ('$//$% $, &$ ('0'($.+$ %-., ($/)'$% %$/-. /$%

($/1,)-.% 21,()+)$//$% %3)*1.,$% 4




∂
∂u
∂
∂v
∂

∂w


 =




∂x
∂u

∂y
∂u

∂z
∂u

∂x
∂v

∂y
∂v

∂z
∂v

∂x
∂w

∂y
∂w

∂z
∂w


 ·




∂
∂x
∂
∂y
∂
∂z


 = Jac ·




∂
∂x
∂
∂y
∂
∂z


 56789




∂
∂x
∂
∂y
∂
∂z


 =




∂u
∂x

∂v
∂x

∂w
∂x

∂u
∂y

∂v
∂y

∂w
∂y

∂u
∂z

∂v
∂z

∂w
∂z


 ·




∂
∂u
∂
∂v
∂

∂w


 = Jac−1 ·




∂
∂u
∂
∂v
∂

∂w


 567:9

#1 21,()+$ Jac $%, 1;;$/'$  !"#$%& '!%()$&**& +& "#!*,-(# !"$(*7 #$% ($/1,)-.% 678 $, 67:

;$3*$., <,($ '+(),$% %-3% /$% 0-(2$% ($%;$+,)*$% 4

∂

∂u
= Jac · ∂

∂x
1*$+ Jac =

∂x

∂u
567=9

>/ $%, ).,'($%%1., &$ ($21(?3$( ?3$ /$% +-/-..$% &$ Jac−1 567:9 %-., /$% @(1&)$.,%A ;1( (1;;-(,

13B +--(&-..'$% ('$//$% xA &$% 0-.+,)-.% u(x)A v(x) $, w(x)7 C$% @(1&)$.,% ;$3*$., 1/-(% <,($

-D,$.3% E ;1(,)( &$% '/'2$.,% &$ /1 21,()+$ JacA $, ;/3% ;('+)%'2$., E ;1(,)( &$% /)@.$% &$

JacA ?3) %-., ∂
∂u

xTA ∂
∂v

xT $,

∂
∂w

xT 56789A $, ?3) %-., $. @'.'(1/$ ;/3% 01+)/$% E $B;()2$(7 F-3%

1*-.% &-.+ 4

gradxu(x) =
(

∂
∂v

x ∧ ∂
∂w

x
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Résumé : 

La complexité grandissante des pièces fabriquées et les exigences croissantes en terme de sûreté de fonctionnement 

conduisent à mettre en place de nouveaux procédés de CND. Dans ce travail, une nouvelle méthode appelée technique 

thermo-inductive a été développée et étudiée. C'est une combinaison et alternative intéressante du CND par courant de 

Foucault et de la thermographie infrarouge. Cette méthode est basée sur l'utilisation conjointe des phénomènes 

électromagnétique et thermique pour avoir une bonne sélectivité des défauts. La pièce inspectée est chauffée par 

induction et la présence du défaut est révélée par la perturbation des courants induits et du champ de température qui se 

propage à la surface et peut être ainsi détecté par une caméra infrarouge. 

L'étude porte sur la conception, la caractérisation et l'optimisation de cette nouvelle méthode. Dans cet objectif, un 

logiciel de simulation numérique 3D basé sur la méthode des éléments finis décrit dans l’espace des éléments de 

Whitney a été développé dans un environnement Matlab
®
. Le comportement non linéaire et la nature anisotropique des 

matériaux sont pris en compte par le code développé. Cet outil est bien adapté à la modélisation des défauts grâce aux 

éléments coques implémentés. Une estimation fiable des caractéristiques géométriques de défauts est obtenue par 

l’analyse des résultats à l’aide de deux paramètres de discrimination complémentaires que sont les contrastes 

d'amplitude et de phase. Ces analyses complétées par des essais expérimentaux montrent que la qualité de la détection 

des défauts est fortement influencée par la forme de l’inducteur, les caractéristiques physiques de la pièce et des défauts, 

la fréquence électromagnétique et le temps de chauffage et d’acquisition. Une comparaison de la technique thermo-

inductive avec la thermographie infrarouge classique montre que cette nouvelle technique est plus efficace en terme de 

détection de défauts. Des applications industrielles typiques du CND dans les secteurs automobile et aéronautique ont 

été étudiées et mises en œuvre. Les résultats ont montré la capacité d'adaptation et la pertinence de la technique pour une 

potentielle intégration dans un processus industriel. 

Mots-clés : Contrôle non destructif, thermographie infrarouge, CND par courants de Foucault, modélisation 

magnétothermique, chauffage par induction, éléments finis 3D, éléments de Whitney, éléments coques. 

Contribution to the three-dimensional modeling of the non-destructive thermo-inductive technique: 
Development of a tool for design, analysis and decision support 

Abstract: 

The growing complexity of manufactured pieces and the increasing need of reliability lead to development of new 

processes of NDT. In this work, a new method called the thermo-inductive technique has been developed and studied. It 

is an interesting alternative of eddy current NDT and infrared thermography. This method is based on the use of both 

electromagnetic and thermal phenomena in order to obtain a good selectivity of defects. The piece is heated by induction 

and the presence of default is detected by the perturbation of eddy currents and temperature field which propagates at 

the piece surface and can be observed by an infra red camera. 

The study focuses on the design, characterization and optimization of the new method. In this perspective, a 3D 

numerical coupled software using Whitney’s elements has been developed under Matlab environment. The non linear 

behaviour and the anisotropy of the different physical properties of materials are taken into account. This tool is well 

suited for modeling defects thanks to the shell elements implemented in it. A reliable estimation of defect characteristics 

is obtained by analysing the results using two complementary discrimination parameters which are the temperature and 

phase contrast. Theses analyses completed by experimental results show that the quality of detection depend largely on 

the inductor form, the physical properties of the piece, the electromagnetic frequency and the heating and sampling time. 

A comparison of the thermo-inductive technique with the conventional infrared thermography method showed that the 

new technique is more efficient in terms of defect detection. Some typical industrial applications of NDT in the 

aeronautic and automotive sectors have been studied and implemented. The results have demonstrated the relevance of 

the thermo-inductive technique and its adaptability to a possible integration into an industrial process. 

Keywords: Non destructive testing, infrared thermography, Eddy current NDT, magneto-thermal modeling, induction 

heating, 3D finite elements, Whitney elements, shell elements. 
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